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ABSTRACT

In this paper, the first integral method is used to construct exact traveling wave solutions of (2 + 1)— dimensional dispersive long wave
equation. The first integral method is an efficient method for obtaining exact solutions some of nonlinear partial differential equations. This
method can be applied to nonintegrable equations as well as to integrable ones.

Keywords: First integral method; (2 + 1)—dimensional dispersive long wave equation

1. Introduction

Nonlinear evolution equations (NLEEs) have been the subject of study in various branches of mathematical-
physical sciences such as physics, biology, chemistry. The analytical solutions of such equations are of funda-
mental importance since a lot of mathematical physical models are described by NLEEs. Among the possible
solutions to NLEE:s, certain special form solutions may depend only on a single combination of variables such as
traveling wave variables. In the literature, there is a wide variety of approaches to nonlinear problems for con-
structing traveling wave solutions, such as tanh-sech method [1, 2, 3], extended tanh method [4, 5, 6], hyperbolic
function method [7], sine-cosine method [8,9, 10], Jacobi elliptic function expansion method [11], and the first
integral method [12, 13].

The first integral method was first proposed by Feng [12] in solving Burgers-KdV equation which is based on
the ring theory of commutative algebra. Recently, this useful method is widely used by many such as in [14, 15]
and by the reference therein. The present paper investigates for the first time the applicability and effectiveness of
the first integral method on high-dimensional partial differential system.

2. The first integral method(FIM)
Consider the nonlinear partial differential equation:

F(u, ug, uy, Ut, Ugg, Ugy, Ugt, -..) = 0, 2.1
where u = u(z,y, t) is the solution of (1). We use the traveling wave transformations,

u(z,y,t) = f(£), (2.2)
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where & = kx + ly — At. Based on this we obtain
a9, 0 ag, . 0 a. . 0 0? 9 0?
&(J = _)\875(')’ %(-) = kig(')’ @(') = 155(-)’ @(-) =k 6752(')’ (2.3)

We use (3) to change the nonlinear partial differential equation (1) to nonlinear ordinary differential equation

of(§) 9°f(&)

G(F(©). e gz ) = 24
Next,we introduce a new independent variable
0
X =1, (e =2 @)
which leads a system of nonlinear ordinary differential equations
0X(&) _
249!

S = RX©.Y ©).

By the qualitative theory of ordinary differential equations [13] , if we can find the integrals to (6) under the same
conditions, then the general solutions to (6) can be solved directly. However, in general, it is really difficult for
us to realize this even for one first integral, because for a given plane autonomous system, there is no systematic
theory that can tell us how to find its first integrals, nor is there a logical way for telling us what these first integrals
are. We will apply the Hilbert-Nullstellensatz theorem to obtain one first integral to (6), which reduces (4) to a
first-order integrable ordinary differential equation. An exact solution to (1) is then obtained by solving this
equation. Now, let us recall the Division Theorem:

Theorem 2.1 (Division Theorem). Suppose that P(w, z) and Q(w, z) are polynomials in C|w, z]; and P(w, z)
is irreducible in Clw, z]; If Q(w, z) vanishes at all zero points of P(w, z) , then there exists a polynomial G(w, z)
in Clw, 2] such that

Q(w,z) = P(w, 2)G(w, 2)
The Division theorem follows immediately from the Hilbert-Nullstellensatz theorem [16]:

Theorem 2.2 (Hilbert-Nullstellensatz Theorem). Let k be a field and L an algebraic closure of k.

(i) Every ideal v of k| X1, ..., X,,] not containing 1 admits at least one zero in L™.

(ii) Let x = (21, ..., Zpn), Y = (Y1, ..., Yn) be two elements of L"; for the set of polynomials of k[ X1, ..., X,,] zero
at x to be identical with the set of polynomials of k[X1, ..., X,,] zero at y, it in necessary and sufficient that there
exists a k-automorphism s of L such that y; = s(x;) for 1 < i < n.

(iii) For an ideal o of k[ X1, ..., X,,] to be maximal, it is necessary and sufficient that there exists and x in L™ such
that « is the set of polynomials of k[ X1, ..., X,,] zero at x.

(iv) For a polynomial Q of k[ X1, ..., X,] to be zero on the set of zeros in L™ of an ideal v of k[ X1, ..., Xp], it is
necessary and sufficient that there exist and integer m > 0 such that Q™ € ~.

3. (2 + 1)—dimensional dispersive long wave equation

Let us apply the first integral method to find out exact solutions of the (2 + 1)—dimensional dispersive long wave
equation [17] with source

Uyt + Vg + Uglly + Ulgy = 0, (3.1
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Vg + Ug + (U/U)x + Ugzy = 0,

where u = u(z,y,t), v = v(z,y,t) are unknown functions.
We use the traveling wave transformations

u(z,y,t) = u(§), v(z,y,t) =v(§), §=kx+ly— At 3.2)

Using (8) system (7) becomes
A" 4+ B2 + kl(u')? + kluu” = 0, (3.3)
2\ + kv 4 k(uww) + k2" = 0. (3.4)

Integrating (9) twice with respect to &, then we have

Kl

—Nu + kv + EuQ = Ry, (3.5)

where R; is second integration constant and the first one is taken to zero. Rewrite this equation as follows
Ry A L5

v(§) = =t ﬁu(f) BT (). (3.6)

Inserting Eq. (12) into Eq. (10) yields
I\? Al + 2kl l
(k+ % - ﬁ)u' + %uu’ - %uQU’ + K" = 0. (3.7

Integrating Eq. (13) once leads to
Ry 1)
B R %

where Rs is an integration constant. Rewrite this second-order ordinary differential equation as follows

(N +2k1) , 1

(k+ u? — §u3 + K2 lu" = Ry. (3.8)

, k% + Rik — I\? A+ 2k 1 R

w(€) + ] buge) + | T >u2<§>—@u3(£)—kﬁ:0. (3.9)
Using (5) and (6), we can get

X(€) = Y(©), (3.10)

o1 g (A +2k) _, (k3 + Rik — I\?) Ry

Y(¢) = @X &) — TX (&) — =] X(§) + 2 (3.11)

According to the first integral method, we suppose the X (£) and Y (£) are nontrivial solutions of (16)-(17), and
Q(X,Y)=>",a;(X)Y" = 0is an irreducible polynomial in the complex domain C[X, Y] such that

QX (8),Y () = Zai(X €)Y (€ =0, (3.12)

1=0

where a;(X)(i = 0,1,...,m), are polynomials of X and a,,(X) # 0. Equation (18) is called the first integral
0 (16)-(17). Due to the Division Theorem, there exists a polynomial g(X) + h(X)Y, in the complex domain
C[X,Y] such that

e 4 e = () + A(OY) Y (XY™ G.13)
=0

d¢ ~ dX d¢ ' dy df
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In this example, we take two different cases, assuming that m = 1 and m = 2 in (18).
Case A:
Suppose that m = 1, by comparing with the coefficients of Y(i = 2, 1,0) on both sides of (19), we have

@1(X) = h(X)a1(X), (3.14)
do(X) = g(X)ar(X) + h(X)ao(X), (3.15)

I s (A+2k) 5 (
2k;2X 2k3 X k4l

B+ Rik—1)2) Ry

ar(X)] X + 221 = g(X)ao(X). (3.16)

Since a;(X) (¢ = 0,1) are polynomials, then from (20) we deduce that a;(X) is constant and h(X) = 0. For
simplicity, take a;(X) = 1. Balancing the degrees of g(X) and ao(X), we conclude that deg(g(X)) = 1 only.
Suppose that g(X) = A1 X + Ap, then we find ao(X),

1
ao(X) =c1 + AgX + §A1X27 (3.17)
where ¢, is arbitrary integration constant.

Substituting ag(X) and g(X) into (22) and setting all the coefficients of powers X to be zero, then we obtain a
system of nonlinear algebraic equations and by solving it, we obtain

A +2k 1 B 9c1 k31 — 8IN? + 4lkX + 4Kk21 + 9k3 _lea(M+2k)
Ag=-"gm Ai=p, Ri=— o L Ry= - —H5
(3.18)
A+ 2k A _ 1 R 9c1 k31 + 8IN? — 41k — 4Kk21 — 9k3 R — ler (N + 2E)
0 — 3k2 ) 1= k’ 1 — 9k I 2 — 3 ’
(3.19)
where k, [, A and c; are arbitrary constants.
Using the conditions (24) in (18), we obtain
(A +2k) 1 s
Yi(¢) = — ——X (&) — =X4(&). 2
1(§) = —e1 + o X (E) — - XA(E) (320)

Combining (26) with (16), we obtain the exact solution to equations (16)-(17):

(A +2k) _ V181 k3 — A2 — 4k\ — 4k2 mn(\/18clk3 — A2 —4kX — 4k?
3k 3k 6k2

and the exact solution to (2 + 1)—dimensional dispersive long wave equation can be written as:

Hi§) = (€ +80))3.21)

(A +2k) _ V18c1 k3 — X2 — k) — 4k2

U1($7yat) - 3k 3k
18c1k3 — N2 — 4k\ — 4k2
x tan( VISe) o (kx +ly — X+ &)), (3.22)
9c1 k31 — 8IN2 + 4Nk + 4k>1 + 9K3 A(A+ 2k I\ +2k)?

9k3 3k3 18k3
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| 2k = N)VIBe KT — X7~ dkX — 4R

03
« tan(Y 18K 2;_ AN = Ay — X+ &)
U(18c kP — A2 — 4]\ — 4K?)
18K3
< tan2(YIBAR - 222— A= AR bty — M+ &),

where & is an arbitrary constant.
Similarly, in the case of (25), from (18), we obtain

Y€)= e - AW e 4 L

and then the exact solution of (2 + 1)—dimensional dispersive long wave equation can be written as:

(A +2k)  VISCR® £ AT+ dkA + 4R7

X2(6). (3.23)

1) =
'LLQ(-T,y, ) 3k 3k
18¢c1 k3 + A2 + 4k + 4k2
« tanh(Y13F+ Gk,j T2 k4 1y — M+ &), (3.24)
(961 K31+ 8INZ — AINk — AR — 9K3)  N(A+2k)  1(A + 2k)?
va(® 4, 1) = 9K3 M—TE 1843
N 2U(k — M\)V18c1k3 + A2 + 4k X + 4k2
9k3
18c1k3 + A2 + 4k + 4k2
X tanh(\/ Berk” + 6k2+ i (kx4 ly — M+ &)
(181K + N? o+ 4kX 4 4K7)
18k3
18¢1 k3 + A2 + 4k + 4k2
tanhQ(\/ av”t Gk; + (kx +1ly — M+ &)),
where & is an arbitrary constant.
Case B:
Suppose that m = 2, by equating the coefficients of Y(i = 3,2, 1, 0) on both sides of (19), we have
a2 (X) = h(X)az(X), (3.25)
a1 (X) = g(X)az(X) + h(X)a1(X), (3.26)
. 1 (A + 2k) (k3 + Rik — 1)\?) Ry
X) = —2a0(X) 55 X3 - X X+
do(X) (X533 23 Kl + 2]
+ 9(X)a1(X) + h(X)ao(X), (3.27)

1 o3 (A+2k) o (EP+Rik—1)%) Ry

a(X) gz X* — X2 - et X+ 571 = 9(X)ao(X). (3.28)
Since a;(X) (¢ = 0, 1,2) are polynomials, then from (31) we deduce that a(X) is constant and A(X) = 0. For
simplicity, take as(X) = 1. Balancing the degrees of g(X), a1(X) and as(X), we conclude that deg(g(X)) = 1

only. Suppose that g(X) = A1 X + By, then we find a1 (X) and ao(X) as follows

1
a1(X) = Ag + BoX + §A1X2, (3.29)
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1, 1 A2 1,3 (A + 2k)

ao(X) =d+ 1(—ﬁ+7)X4+§(§B0A1+ 3 )X3
1 2(k% + Rk — IN? 2R
+ 5B+ AoAr + (k” + 0 VX2 4 (By Ao — S)X (3.30)

Substituting ao(X), a1 (X) and g(X) in the last equation in (34) and setting all the coefficients of powers X to be
zero, then we obtain a system of nonlinear algebraic equations and by solving it with aid Maple, we obtain

A? 2 2(3Bp + 24,) BylAg
= — = — = - = . 1
d 45 k Ala A A% 7R2 A% ’ (33)
2(—8B21 — 12Byl Ay — 41A2 + AgA1l + 2A,)
Ry =— 3 ,
Ay
A? 2 2(3Bg + 24;) BylAg
d=20 p—_ 2 =Z2\W220Tanl) = 3.32
4 A17 A% ) 2 A% ) ( )
2(—8B31 — 12BglA; — 41A3 + Ag A1l — 24A,)
Ry = 3 ,
A
1
with By, Ag, A; and [ are arbitrary constants.
Using the conditions (37) into (18), we get
A B A
Y3() = =5 = 5 X(©) — X% (3.33)

Combining (39) with (16), we obtain the exact solution to equations (16) — (17) and the exact solution to (2 +
1)—dimensional dispersive long wave equation can be written as:

By V2A0A; — B? tan( V2A0A; — B?

U3($,y,t) = _Ail Al 4 (5—’_50))7 (334)
_ 2 _ _ 2 2
vs(@s 1) = — 8IBg — 121By A4 AﬁlllAl +1AgAq + 24, + 130(35?4;1— 241) B %
_ 2 _ 2
+ l(Bo +A1)\A/ 240A; — B§ tan(\/2A0i1 Bg €+ &)
1
— B2 _ 2
- @A = B0), 2 V2L =B 6y )
1

where & = A%:v + ly + %t and & is an arbitrary constant.
1
Similarly, in the case of (38), from (18), we obtain

_ A

2
XA (3.35)

Y3(8) = —— — - X(&)

and then the exact solution to (2 + 1)—dimensional dispersive long wave equation can be written as:

B 2404, — B? 240A; — B?
ug(z,y,t) = —A—? — v OAll Otan(\/ 0 41 2+ &), (3.36)
_ 2 _ _ 2 _ 2
’U4(£E, " t) _ SZBO 121By A4 4ZA1 +1AgA — 24, n ZB()(?)B() + 2A1) ZBO

A 24, 44,
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B l(Bo +A1)\/2A0A1 — Bgtan(\/ZA()Al —Bg (erfo))

Ay 4
[(2A0A; — B3) |, \/2A0A; — B?
t
+ 4A1 an ( 4 (€+'SO)),
where & = f%m +ly — %t and & is an arbitrary constant.
1 1

4. Conclusion

In this work the first integral method was applied successfully for solving the (2 4+ 1)—dimensional dispersive
long wave equation, Thus, we conclude that the proposed method can be extended to solve the nonlinear problems
which arise in the theory of solitons and other areas.
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