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ABSTRACT

In this paper, we give some results for the W-weighted Drazin inverse of a modified matrix M = A − CWDd,wWB in terms of the W -
weighted Drazin inverse of the matrix A and the generalized Schur complement Z = D − BWAd,wWC, generalizing some recent results
in the literature.
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1. Introduction

Let Cm×n denote the set of m × n complex matrices. The Drazin inverse of A ∈ Cn×n is the unique matrix X ,
denoted by Ad, satisfying the following equations

Ak+1X = Ak, XAX = X, AX = XA, (1.1)

where k = ind(A) is the index of A, the smallest nonnegative integer for which rank(Ak+1) = rank(Ak)
(see[1-3]). In particular, when ind(A) = 1, the Drazin inverse of A is called the group inverse of A and is denoted
by Ag . If A is nonsingular, it is clearly ind(A) = 0 and AD = A−1. Throughout this paper, we denote by
Aπ = I−AAd and define A0 = I , where I is the identity matrix with proper sizes. In addition, the symbols r(A)
and ‖A‖ will stand for rank and spectral norm of A ∈ Cm×n.

Let A ∈ Cm×n, W ∈ Cn×m with ind(AW ) = k and X ∈ Cm×n be a matrix such that

(AW )k+1XW = (AW )k, XWAWX = X, AWX = XWA, (1.2)

then X is called W-weighed Drazin inverse of A and denoted by X = Ad,w [4]. In particular, when A is square
matrix and W = I then Ad,w = Ad.

The importance of the Drazin inverse (W-weighted Drazin inverse) and its applications are very useful which
can be found in [1-13]. In 2006, Hartwig et al. [5] gave some expressions for the Drazin inverse and the W-
weighted Drazin inverse in order to find the solution of a second-order differential equation

Ex′′(t) + Fx′(t) + Gx(t) = 0.

In 1975, Shoaf [6] found the result of the Drazin inverse of modified square matrix, in 1994, Radoslaw et al.
[14] presented an explicit representation for the generalized inverse of a modified matrix, and in 2002, Wei [11]
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have discussed the expression of the Drazin inverse of a modified square matrix A − CB. Recently, in 2008, Xu
et al. [15,16] gave some explicit expressions for the weighted Drazin inverse of a rectangular matrix A−CB and
A− CWB.

This paper is organized as follows. In section 2, we give some results for the W-weighted Drazin inverse of
the modified matrix M = A− CWDd,wWB in terms of the W-weighted drazin inverse of the matrix A and the
generalized Schur complement Z = D−BWAd,wWC. Some relative results in [10,11,17] are the corollaries of
our paper.

2. The W-weighted Drazin inverse of a modified matrix

In this section, we present some results for the W-weighted Drazin inverse of the modified matrix M = A −
CWDd,wWB in terms of the W-weighted drazin inverse of the matrix A and the generalized Schur complement
Z = D −BWAd,wWC. As a result, some conclusions in [10,11,17] are obtained directly from our results.

Let A, B, C, D ∈ Cm×n, W ∈ Cn×m. Throughout this paper, we adopt the following notations:

K = Ad,wWC, H = BWAd,w, Γ = HWK, (2.1)

P = (I −AWAd,wW )C, Q = B(I −WAd,wWA). (2.2)

Theorem 2.1. Suppose P = 0, Q = 0, C(I−WDd,wWD)WZd,wWB = 0, CWDd,wW (I−ZWZd,wW )B =
0, C(I −WZd,wWZ)WDd,wWB = 0 and CWZd,wW (I −DWDd,wW )B = 0, then

Md,w = Ad,w + KWZd,wWH. (2.3)

Proof. Let the right hand side of (2.3) be X . Since

MWX

= (AW − CWDd,wWBW )(Ad,w + KWZd,wWH)

= AWAd,w + AWKWZd,wWH − CWDd,wWBWAd,w

−CWDd,wWBWKWZd,wWH

= AWAd,w + CWZd,wWH − CWDd,wWH

−CWDd,wW (D − Z)WZd,wWH

= AWAd,w + C(I −WDd,wWD)WZd,wWBWAd,w

−CWDd,wW (I − ZWZd,wW )BWAd,w

= AWAd,w

and

XWM

= (Ad,w + KWZd,wWH)(WA−WCWDd,wWB)

= Ad,wWA−Ad,wWCWDd,wWB + KWZd,wWHWA

−KWZd,wWHWCWDd,wWB

= Ad,wWA−KWDd,wWB + KWZd,wWB

−KWZd,wW (D − Z)WDd,wWB

= Ad,wWA−Ad,wWC(I −WZd,wWZ)WDd,wWB

+Ad,wWCWZd,wW (I −DWDd,wW )B

= Ad,wWA.
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Thus

MWX = XWM. (2.4)

While

XWMWX = Ad,wWAW (Ad,w + KWZd,wWH)

= Ad,wWAWAd,w + Ad,wWAWKWZd,wWH

= Ad,w + KWZd,wWH

= X.

Finally, by induction we will prove that

(MW )k+1XW = (MW )k, (2.5)

where k ≥ l = Ind(AW ). For the case l = Ind(AW ) = 1, it is easy to see from (AW )2Ad,wW = AW that

(MW )2XW = MWMWXW

= (A− CWDd,wWB)WAWAd,wW

= AW − CWDd,wWBW

= MW.

Generally, for l = Ind(AW ) > 1, note the fact (AW )l+1Ad,wW = (AW )l that

(MW )l+1XW

= (MW )lMWXW

= [(A− CWDd,wWB)W ]lAWAd,wW

= (A− CWDd,wWB)W (A− CWDd,wWB)W · · ·
×(A− CWDd,wWB)WAWAd,wW

= (I − CWDd,wWBWAd,wW )AW (I − CWDd,wWBWAd,wW )AW · · ·
×(I − CWDd,wWBWAd,wW )AWAWAd,wW

= (I − CWDd,wWBWAd,wW )[I −AWCWDd,wWBW (Ad,wW )2](AW )2 · · ·
×(I − CWDd,wWBWAd,wW )AWAWAd,wW

= · · ·
= (I − CWDd,wWBWAd,wW )[I −AWCWDd,wWBW (Ad,wW )2]

×[I − (AW )2CWDd,wWBW (Ad,wW )3] · · ·
×[I − (AW )l−1CWDd,wWBW (Ad,wW )l](AW )l+1Ad,wW

= (I − CWDd,wWBWAd,wW )[I −AWCWDd,wWBW (Ad,wW )2] · · ·
×[I − (AW )l−2CWDd,wWBW (Ad,wW )l−1](AW )l−1

×(AW − CWDd,wWBWAd,wWAW )

= · · ·
= (AW − CWDd,wWBWAd,wWAW )(AW − CWDd,wWBWAd,wWAW ) · · ·
×(AW − CWDd,wWBWAd,wWAW )

= [(A− CWDd,wWB)W ]l

= (MW )l.
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For k ≥ l = Ind(AW ), now we obtain that

(MW )k+1XW = (MW )k.

Therefore, (2.5) holds, which completes the proof. 2

When A, B, C, D are square and W = I in our Theorem 2.1, we obtain Theorem 2.1 in [17] as a corollary of
our Theorem 2.1.

Corollary 2.1 ([17]). Let A, B, C, D ∈ Cm×m, and W = I in (2.1) and (2.2). Suppose P = 0, Q = 0,
C(I −DDd)ZdB = 0, CDd(I − ZZd)B = 0, C(I − ZZd)DdB = 0 and CZd(I −DDd)B = 0, then

Md = Ad + KZdH.

Specially, when D = I, we get

Md = Ad + KZdH.

Moreover, if Z is nonsingular, then

Md = Ad + KZ−1H.

From Corollary 2.1, when C = I , we get a result of perturbation of the Drazin inverse.

Corollary 2.2 ([10]). Suppose B(I −AAd) = 0, (I −AAd)Dd = 0 and ‖Ad‖ · ‖DdB‖ ≤ 1, then

(A−DdB)d = (I −AdDdB)−1Ad = Ad(I −DdBAd)
−1

and

(A−DdB)d −Ad = (A−DdB)dDdBAd = AdDdB(A−DdB)d,

with

‖(A−DdB)d −Ad‖
‖Ad‖

≤ kd(A)‖DdB‖/‖A‖
1− kd(A)‖DdB‖/‖A‖

,

where kd(A) = ‖A‖‖Ad‖ is the condition number with respect to the Drazin inverse.

Theorem 2.2. Suppose P = 0, Q = 0, Z = 0, C(I − WDd,wWD)WΓd,wWB = 0, CWDd,wW (I −
ΓWΓd,wW )B = 0, C(I −WΓd,wWΓ)WDd,wWB = 0 and CWΓd,wW (I −DWDd,wW )B = 0, then

Md,w = (I −KWΓd,wWHW )Ad,w(I −WKWΓd,wWH). (2.6)

Proof. Let the right hand side of (2.6) be X . Firstly, we have

MWX

= (A− CWDd,wWB)W (I −KWΓd,wWHW )Ad,w(I −WKWΓd,wWH)

= (AW − CWDd,wWBW )(Ad,w −Ad,wWKWΓd,wWH

−KWΓd,wWHWAd,w + KWΓd,wWHWAd,wWKWΓd,wWH)

= AWAd,w −AWAd,wWKWΓd,wWH −AWKWΓd,wWHWAd,w

+AWKWΓd,wWHWAd,wWKWΓd,wWH − CWDd,wWBWAd,w

+CWDd,wWBWAd,wWKWΓd,wWH + CWDd,wWBWKWΓd,w

×WHWAd,w − CWDd,wWBWKWΓd,wWHWAd,wWKWΓd,wWH

Darbose
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= AWAd,w −KWΓd,wWH − CWΓd,wWHWAd,w

+CWΓd,wWHWAd,wWKWΓd,wWH − CWDd,wWBWAd,w

+CWDd,wWΓWΓd,wWH + CWDd,wWDWΓd,wWHWAd,w

−CWDd,wWDWΓd,wWHWAd,wWKWΓd,wWH

= AWAd,w −KWΓd,wWH

and

XWM

= (I −KWΓd,wWHW )Ad,w(I −WKWΓd,wWH)W (A− CWDd,wWB)

= (Ad,w −Ad,wWKWΓd,wWH −KWΓd,wWHWAd,w

+KWΓd,wWHWAd,wWKWΓd,wWH)(WA−WCWDd,wWB)

= Ad,wWA−Ad,wWCWDd,wWB −Ad,wWKWΓd,wWHWA

+Ad,wWKWΓd,wWHWCWDd,wWB −KWΓd,wWHWAd,wWA

+KWΓd,wWHWAd,wWCWDd,wWB + KWΓd,wWHWAd,wWKWΓd,w

×WHWA−KWΓd,wWHWAd,wWKWΓd,wWHWCWDd,wWB

= Ad,wWA−Ad,wWCWDd,wWB −Ad,wWKWΓd,wWB

+Ad,wWKWΓd,wWDWDd,wWB −KWΓd,wWH

+KWΓd,wWΓWDd,wWB + KWΓd,wWHWAd,wWKWΓd,wWB

−KWΓd,wWHWAd,wWKWΓd,wWDWDd,wWB

= Ad,wWA−KWΓd,wWH,

i.e.,

MWX = XWM. (2.7)

Secondly, we get

XWMWX

= (Ad,wWA−KWΓd,wWH)W (I −KWΓd,wWHW )Ad,w

×(I −WKWΓd,wWH)

= (Ad,wWAW −Ad,wWAWKWΓd,wWHW −KWΓd,wWHW

+KWΓd,wWHWKWΓd,wWHW )Ad,w(I −WKWΓd,wWH)

= (Ad,wWAW −KWΓd,wWBWAd,wW )Ad,w(I −WKWΓd,wWH)

= (I −KWΓd,wWBWAd,wW )Ad,wWAWAd,w(I −WKWΓd,wWH)

= (I −KWΓd,wWHW )Ad,w(I −WKWΓd,wWH)

= X.

Finally, we shall prove that

(MW )k+1XW = (MW )k, (2.8)

by induction on k ≥ l = Ind(AW ). For the case l = Ind(AW ) = 1, it is easy to see from (AW )2Ad,wW = AW
that

(MW )2XW = MWMWXW

Darbose
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= (A− CWDd,wWB)W (AWAd,w −KWΓd,wWH)W

= (AWAWAd,w −AWKWΓd,wWH − CWDd,wWBWAWAd,w

+CWDd,wWBWKWΓd,wWH)W

= (AWAWAd,w − CWDd,wWBWAWAd,w)W

= (A− CWDd,wWB)W

= MW.

Generally, for l = Ind(AW ) > 1, note the fact (AW )l+1Ad,wW = (AW )l that

(MW )l+1XW

= (MW )lMWXW

= [(A− CWDd,wWB)W ]l(AWAd,w −KWΓd,wWH)W

= [(A− CWDd,wWB)W ]lAWAd,wW (I −Ad,wWCWΓd,wWHW )

= [(A− CWDd,wWB)W ]l(I −Ad,wWCWΓd,wWHW )

= [(A− CWDd,wWB)W ]l − [(A− CWDd,wWB)W ]lAd,wWCWΓd,wWHW

= [(A− CWDd,wWB)W ]l − [(A− CWDd,wWB)W ]l−1

×(AWAd,wWCWΓd,wWHW − CWDd,wWBWAd,wWCWΓd,wWHW )

= [(A− CWDd,wWB)W ]l − [(A− CWDd,wWB)W ]l−1

×(CWΓd,wWHW − CWDd,wWDWΓd,wWHW )

= [(A− CWDd,wWB)W ]l

= (MW )l.

For k ≥ l = Ind(AW ), it is easy to verify that

(MW )k+1XW = (MW )k.

Therefore, (2.8) holds, which completes the proof. 2

By Theorem 2.2, when A, B, C, D are square and W = I , we can directly get Theorem 2.2 in [17].

Corollary 2.3 ([17]). Suppose P = 0, Q = 0, Z = 0, C(I − DDd)ΓdB = 0, CDd(I − ΓΓd)B = 0,
C(I − ΓΓd)DdB = 0 and CΓd(I −DDd)B = 0, then

Md = (I −KΓdH)Ad(I −KΓdH).

By Corollary 2.3, when D = I , we get Theorem 2.2 in [11].

Corollary 2.4 ([11]). Suppose P = 0, Q = 0, Z = 0, and C(I − ΓΓd)B = 0, then

Md = (A− CB)d = (I −KΓdH)Ad(I −KΓdH).

Next, we present another result of this paper.

Theorem 2.3. Suppose P = 0, Q = 0, Ind(ZW ) = 1, C(I −WDd,wWD) = 0, (I − DWDd,wW )B =
0, CWDd,wW (I − ΓWΓd,wW ) = 0, (I − WΓd,wWΓ)WDd,wWB = 0 and WZd,wWZWΓd,wW =
WΓd,wWZWZd,wW , then

Md,w = [I −KW (I − Zd,wWZW )Γd,wWHW ]Ad,w ×

Darbose
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[I −WKWΓd,wW (I − ZWZd,wW )H] + KWZd,wWH. (2.9)

Proof. Let the right hand side of (2.9) be X . First, note the facts:

MW [I −KW (I − Zd,wWZW )Γd,wWHW ]

= MW − (AW − CWDd,wWBW )(KWΓd,wWHW

−KWZd,wWZWΓd,wWHW )

= MW −AWKWΓd,wWHW + AWKWZd,wWZWΓd,wWHW

+CWDd,wWBWKWΓd,wWHW

−CWDd,wWBWKWZd,wWZWΓd,wWHW

= MW

similarly, we get

[I −WKWΓd,wW (I − ZWZd,wW )H]WM = WM,

now, we have

MWX

= MW [I −KW (I − Zd,wWZW )Γd,wWHW ]Ad,w

×[I −WKWΓd,wW (I − ZWZd,wW )H] + MWKWZd,wWH

= (AW − CWDd,wWBW )Ad,w[I −WKWΓd,wW (I − ZWZd,wW )H]

+(AW − CWDd,wWBW )KWZd,wWH

= AWAd,w −AWAd,wWKWΓd,wW (I − ZWZd,wW )H

−CWDd,wWBWAd,w + CWDd,wWBWAd,wWKWΓd,wW (I

−ZWZd,wW )H + AWKWZd,wWH − CWDd,wWBWKWZd,wWH

= AWAd,w −KWΓd,wWH + KWΓd,wWZWZd,wWH − CWDd,wWH

+CWDd,wWΓWΓd,wWH − CWDd,wWΓWΓd,wWZWZd,wWH

+CWZd,wWH − CWDd,wWDZd,WH + CWDd,wWZWZd,wWH

= AWAd,w −KWΓd,wWH + KWΓd,wWZWZd,wWH − CWDd,wW

×(I − ΓWΓd,wW )H + CWDd,wW (I − ΓWΓd,wW )ZWZd,wWH

= AWAd,w −KWΓd,wWH + KWΓd,wWZWZd,wWH

and

XWM

= [I −KW (I − Zd,wWZW )Γd,wWHW ]Ad,w

×[I −WKWΓd,wW (I − ZWZd,wW )H]WM + KWZd,wWHWM

= [I −KW (I − Zd,wWZW )Γd,wWHW ]Ad,w(WA−WCWDd,wWB)

+KWZd,wWH(WA−WCWDd,wWB)

= Ad,wWA−KW (I − Zd,wWZW )Γd,wWHWAd,wWA

−Ad,wWCWDd,wWB + KW (I − Zd,wWZW )Γd,wWHWAd,wW

×CWDd,wWB + KWZd,wWHWA−KWZd,wWHWCWDd,wWB

= Ad,wWA−KWΓd,wWH + KWZd,wWZWΓd,wWH −KWDd,wWB

+KWΓd,wWΓWDd,wWB −KWZd,wWZWΓd,wWΓWDd,wWB

Darbose
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+KWZd,wWB −KWZd,wWDWDd,wWB + KWZd,wWZWDd,wWB

= Ad,wWA−KWΓd,wWH + KWZd,wWZWΓd,wWH −K(I −WΓd,wWΓ)

×WDd,wWB + KWZd,wWZW (I −WΓd,wWΓ)WDd,wWB

= Ad,wWA−KWΓd,wWH + KWZd,wWZWΓd,wWH,

i.e.,

MWX = XWM. (2.10)

Secondly, we get

XWMWX = (Ad,wWA−KWΓd,wWH + KWZd,wWZWΓd,wWH)W

×[I −KW (I − Zd,wWZW )Γd,wWHW ]Ad,w

×[I −WKWΓd,wW (I − ZWZd,wW )H] + (Ad,wWA

−KWΓd,wWH + KWZd,wWZWΓd,wWH)WKWZd,wWH

= (I −KWΓd,wWHW + KWZd,wWZWΓd,wWHW )

×[I −KW (I − Zd,wWZW )Γd,wWHW ]Ad,wWAWAd,w

×[I −WKWΓd,wW (I − ZWZd,wW )H] + KWZd,wWH

= (I −KWΓd,wWHW + KWZd,wWZWΓd,wWHW )

×(I −KWΓd,wWHW + KWZd,wWZWΓd,wWHW )Ad,w

×[I −WKWΓd,wW (I − ZWZd,wW )H] + KWZd,wWH

= [I −KW (I − Zd,wWZW )Γd,wWHW ]Ad,w

×[I −WKWΓd,wW (I − ZWZd,wW )H] + KWZd,wWH

= X.

Finally, we shall prove that

(MW )k+1XW = (MW )k, (2.11)

by induction on k ≥ l = Ind(AW ). For l = Ind(AW ), note the facts:

MW (I −KW (I − Zd,wWZW )Γd,wWHW ) = MW

and

(MW )lAWAd,wW = (MW )l.

Now, we have

(MW )l+1XW

= (MW )lMWXW

= (MW )l(AWAd,wW −KWΓd,wWHW + KWΓd,wWZWZd,wWHW )

= (MW )l(I −KWΓd,wWH + KWΓd,wWZWZd,wWH)WAWAd,wW

= (MW )l−1[MW (I −KWΓd,wWH + KWΓd,wWZWZd,wWH)]WAWAd,wW

= (MW )l−1MWAWAd,wW

= (MW )l. (2.12)

For k ≥ l = Ind(AW ). From (2.12), we get (2.11), which completes the proof. 2

Darbose
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When A, B, C, D are square and W = I , we get the following corollary.

Corollary 2.5. Suppose P = 0, Q = 0, Ind(Z) = 1, C(I−DDd) = 0, (I−DDd)B = 0, CDd(I−ΓΓd) = 0,
(I − ΓdΓ)DdB = 0 and ZdZΓd = ΓdZZd, then

Md = [I −K(I − ZZd)ΓdH]Ad[I −KΓd(I − ZZd)H] + KZdH.

By Corollary 2.5, when D = I , we have the following result.

Corollary 2.6. Suppose P = 0, Q = 0, Ind(Z) = 1, C(I−ΓΓd) = 0, (I−ΓdΓ)B = 0 and ZdZΓd = ΓdZZd,
then

Md = (A− CB)d = [I −K(I − ZZd)ΓdH]Ad[I −KΓd(I − ZZd)H] + KZdH.
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