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Abstract:

In this paper, using the n' order positive and negative extorial function, we derive higher order difference operator values of
n" order positive and negative extorial function. Correct examples are inserted to explain the main theorems.

1. Introduction

The difference operator A , Au(k) = u(k + 1) — u(k) where {u(k)} sequence of numbers. The factorial polynomial is kl(s) =
$Z1(k — rl). This extorial function verify the difference equation A} u(k) = v(k).

Definition: 1.1
If I # 0 is any real and u(k) is any real valued function, Then the difference operator on u(k) defined as,
Au(k) =ulk +1) —u(k)
Example : if u(k) = e?*,
Then Au(k) = = e?(k+h — g2k

APu(k) = = e2(k+2) _ 2p2(k+D) | o2k
NPu(k) = = e2(+3D) _ 3020k+2D) | 3020k+) _ g2k
Aru(k) = e2(k+4D) — 4o2(k+3D | go2(e42D) _ 4o2(k+D) 4 o2k
Definition: 1.2

The generalized polynomial factorial is,
kS = k(k =Dk = 20) ... (k — (s = D)D)
Lemma: 1.3
For fixed k € R,[,r € N, we have

0 AED)=rikl™

.. 1 -rl
11 M —=|=—7F=
( ) l (kl(r)) (k+l)§r+1)
(r+1)
s A-1(,MY _ K
(”I) Al (kl ) - I(r+1)

2. r'horder positive extorial function

Definition: 2.1
. L . GO S
If —1 < I < 1,k is real, then r*" order extorial function is defined as e, (k;) =1 + % + ﬁ (;—r), +too L ()
Lemma: 2.2
For ke R, and [, € N,
er(k(_l)), if riseven
i) e (k) = KD e en
_ken oo koo e
1 o T @ G + -+, if risodd
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er(k(l)), if riseven

i) e (—kp) = [OICO R
) r( ( l)) _% I;r), (;r)l o, if ris odd
Theorem 2.3
k(tr—s)
Letk e Nandr,l € Nand ¢r # 1,7 # s. Then we have A (e, (k;)) = IS T2 1(" -T
Proof:
OISO
We have e, (k) =1+ # + (ér)’ (;m + 400
PGy
[z, 5|
ALy
Muler () = &y [5205)
(t'r—l)
Ae (k) =122 1(tr o

A7 (e, (k) = 0,(Dge, (k)
(tr—l)
= o iz i)

tr—1)!
. k(tr 2)
Al (er(k )) =1 Zt 1 (tr-2)!
Similarly,
_3)
m@xhn—ﬁztan@,
(tr—4—)
A (er(k )) =13, (tr Y
In general,
(tr S)
8(ek))=VEL = e )
Example:2.5

Putl = 4,r = 2, s = 3. These values substitute in previous lemma.

L.H.Sin (2) = AZ(es(ky))
k(s) O] k(9)

=A2<1+ to ot +oo)

(1) (4) (7)
42["4 +i gl +oo]

. n kl(tm n)

RHSin(2)=0"Y2 o
2 (3: 2)
Zt 1 (3t 2)!
KD kD

=42 |2 T T + + -+ oo]
LHS=R.H.S
Lemma: 2.6

(ts+r)

For any positive s and real k,r # s. We have A7 (e, (k;)) = lSZt i (mr)l

Proof:
PG
We have e,.(k;) = [Zt 0 (tr)]
1 1 K
8 (e k) =07 2
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(tr+1)

Ay (er(k )) = Zt 0(tr+1)'

Al_z(er(kl)) = Al_1 ( Al_l(er(kl)))

1 ®© kl(tr+1)
= Al_l —_ _—
— (tr + 1!

1 @ k(tr+2)
- 7(2 I(tr + 2)')

t=0

1 (i k(tr+2) >
2 1
l £ (tr + 2)!
(tr+2)
Al_z(er(kl)) 1z Zt 0 (tr+2)'
Similarly,
(tr+3)
A (en (k) = 5 X2 om
(tr+4)
AT (er (k) = 728 om
In general,
k(tr+s)
A7 (e (k) = 5 e o s TS
3. r'" order negative extorial function
Definition: 3.1
If|I] <1 and k is any real ,the negative r'" order extorial function is
1 1 1 1 1

1
e(_r)(kl):1+;@+(2—r)lm (3—1“)!F+“.+00

Lemma: 3.2

Fork>0-1<l<15s# randﬁ= kT, we have
l

pr+ D(pr+2)..(pr+(s—1))
(or — D! (k +sHP™Y

Bi(en(k)) = (-1 18 Y &

p=1

Proof:

We have e_ ,)(k)—1+ L :

7! k(” + @t kP G

1
— 4 -4+ 0
kl(3r)

_Zp 0 (pT)'k(pT)

My (k) = A Zm _
1e(=r)\f1 l p=0 (pr)! kl(tr)

_ Z“ —lpn
p=1pr(pr — D! (k + l)gpn“)

c 1
Aec_ (k) = -1
et ;(pr — D!k + P
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e 1
Me_(k)zA-4§z
A l[ p=1(pr — D! (k + D™

< (pr+1)
Aty (k) =12 Z I (pr+2)
= (pr — D! (k + 2D),

imi 3 — _13y® (pr+1)(pr+2)
Slml"arly Al (e(—r)(kl)) =l szlm

In general,
r+1)(pr +2 r+(s—1
m@mm%(mﬁzw )(p )@”;))
~ (pr — D! (k +sD)?
Theorem: 3.3
For—-1<l<1,7#s k>0and (r) =k, we have
(5) o 1

1
Ay (e( r)(kz)) s

-t o) (or — _ RPN T
= pr)! (pr — D(pr — 2) ... (pr — s)(k — s1);

Proof:
We have,
1 1 1 1 1 1
e(—r)(kl)=1+ﬁﬁ+ﬁw m@‘l‘""l‘m
Zp- O(W)'k(m
— _ © 1
4 I(e(—r)(kl)) = Az Zp:om
L
AT (erory (k) =2 "l ~3 L
1 enl)) = p= 1(pr)!(pr_1)(k_l)§pr—1)
82 ey = S L
ten - —'_z (pr-1)
1 Senipr-1k-
A7 (en (kD) = K2 X 1
L7 enlie)) =57 > o5
=12 e (r)! (pr — D(pr — 2)(k - 21),
Similarly,
0 e =LA L
ceEental) = —'_Z (pr-3)
BI 3L & ent(pr - Dr - 2)(pr - 3)(k - 3D,

In general,

1|k C 1
A7 (een (k) =55 |=+ (1
: (e( P ) 5] s! ; ) (pr—D@r—2)..(pr —s)(k — sl)gp )

Conclusion

The n order positive and negative extorial functions are explained the values of n™ order difference operator values. Here we solved
the values for the inverse higher order difference operator.
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