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Abstract: 

   In this paper, using the nth order positive and negative extorial function, we derive higher order difference operator values of 

nth order positive and negative extorial function. Correct examples are inserted to explain the main theorems. 

1. Introduction 

 The difference operator ∆ , ∆𝑢(𝑘) = 𝑢(𝑘 + 1) − 𝑢(𝑘) where {𝑢(𝑘)} sequence of numbers. The factorial polynomial is 𝑘𝑙
(𝑠)

=
∏ (𝑘 − 𝑟𝑙)𝑠−1

𝑟=𝑜 . This extorial function verify the  difference equation ∆𝑙
𝑟 𝑢(𝑘) = 𝑣(𝑘). 

Definition: 1.1 

 If 𝑙 ≠ 0 is any real and 𝑢(𝑘) is any real valued function, Then the  difference operator on 𝑢(𝑘) defined as, 

 ∆𝑙𝑢(𝑘) = 𝑢(𝑘 + 𝑙) − 𝑢(𝑘) 

Example : if 𝑢(𝑘) = 𝑒2𝑘, 

Then  ∆𝑙𝑢(𝑘) = = 𝑒2(𝑘+𝑙) − 𝑒2𝑘 

 ∆𝑙
2𝑢(𝑘) = = 𝑒2(𝑘+2𝑙) − 2𝑒2(𝑘+𝑙) + 𝑒2𝑘 

  ∆𝑙
3𝑢(𝑘) = = 𝑒2(𝑘+3𝑙) − 3𝑒2(𝑘+2𝑙) + 3𝑒2(𝑘+𝑙) − 𝑒2𝑘 

  ∆𝑙
4𝑢(𝑘) = 𝑒2(𝑘+4𝑙) − 4𝑒2(𝑘+3𝑙) + 6𝑒2(𝑘+2𝑙) − 4𝑒2(𝑘+𝑙) + 𝑒2𝑘 

Definition: 1.2 

 The generalized polynomial factorial is, 

 𝑘𝑙
(𝑠)

= 𝑘(𝑘 − 𝑙)(𝑘 − 2𝑙) … (𝑘 − (𝑠 − 1)𝑙) 

Lemma: 1.3 

For fixed 𝑘 ∈ ℝ, 𝑙, 𝑟 ∈ ℕ , we have 

(i) ∆𝑙(𝑘𝑙
(𝑟)

) = 𝑟𝑙 𝑘𝑙
(𝑟−1)

 

(ii) ∆𝑙 (
1

𝑘𝑙
(𝑟)) =

−𝑟𝑙

(𝑘+𝑙)𝑙
(𝑟+1) 

(iii) ∆𝑙
−1(𝑘𝑙

(𝑟)
) =

𝑘𝑙
(𝑟+1)

𝑙(𝑟+1)
+ 𝐶 

 

2. rth order positive extorial function 

Definition: 2.1 

 If −1 < 𝑙 < 1, 𝑘 𝑖𝑠 𝑟𝑒𝑎𝑙, then 𝑟𝑡ℎ order extorial function  is defined as  𝑒𝑟(𝑘𝑙) = 1 +
𝑘𝑙

(𝑟)

𝑟!
+

𝑘𝑙
(2𝑟)

(2𝑟)!
+

𝑘𝑙
(3𝑟)

(3𝑟)!
+ ⋯ + ∞     …..(1)                                    

Lemma: 2.2 

 For  𝑘 ∈ ℝ,  and 𝑙, 𝑟 ∈ ℕ, 

i)  𝑒𝑟(−𝑘𝑙) = {

𝑒𝑟(𝑘(−𝑙)),                                  𝑖𝑓 𝑟 𝑖𝑠 𝑒𝑣𝑒𝑛

1 −
𝑘(−𝑙)

(𝑟)

𝑟!
+

𝑘(−𝑙)
(2𝑟)

(2𝑟)!
−

𝑘(−𝑙)
(3𝑟)

(3𝑟)!
+ ⋯ ,   𝑖𝑓 𝑟 𝑖𝑠 𝑜𝑑𝑑 
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ii) 𝑒𝑟(−𝑘(−𝑙)) = {
𝑒𝑟(𝑘(𝑙)),                                  𝑖𝑓 𝑟 𝑖𝑠 𝑒𝑣𝑒𝑛

1 −
𝑘𝑙

(𝑟)

𝑟!
+

𝑘𝑙
(2𝑟)

(2𝑟)!
−

𝑘𝑙
(3𝑟)

(3𝑟)!
+ ⋯ ,   𝑖𝑓 𝑟 𝑖𝑠 𝑜𝑑𝑑 

 

Theorem 2.3 

 Let 𝑘 ∈ ℕ and 𝑟, 𝑙 ∈ ℕ and 𝑡𝑟 ≠ 1, 𝑟 ≠ 𝑠. Then we have ∆𝑙
𝑠(𝑒𝑟(𝑘𝑙)) = 𝑙𝑠 ∑

𝑘𝑙
(𝑡𝑟−𝑠)

(𝑡𝑟−𝑠)!

∞
𝑡=1  

Proof: 

We have 𝑒𝑟(𝑘𝑙) = 1 +
𝑘𝑙

(𝑟)

𝑟!
+

𝑘𝑙
(2𝑟)

(2𝑟)!
+

𝑘𝑙
(3𝑟)

(3𝑟)!
+ ⋯ + ∞  

                             =[∑
𝑘𝑙

(𝑡𝑟)

(𝑡𝑟)!

∞
𝑡=0 ] 

∆𝑙(𝑒𝑟(𝑘𝑙)) = ∆𝑙 [∑
𝑘𝑙

(𝑡𝑟)

(𝑡𝑟)!

∞
𝑡=0 ] 

∆𝑙(𝑒𝑟(𝑘𝑙)) = 𝑙 ∑
𝑘𝑙

(𝑡𝑟−1)

(𝑡𝑟−1)!

∞
𝑡=1  

 ∆𝑙
2(𝑒𝑟(𝑘𝑙)) = ∆𝑙(∆𝑙𝑒𝑟(𝑘𝑙)) 

             = ∆𝑙 [𝑙 ∑
𝑘𝑙

(𝑡𝑟−1)

(𝑡𝑟−1)!

∞
𝑡=1 ] 

 ∆𝑙
2(𝑒𝑟(𝑘𝑙)) = 𝑙2 ∑

𝑘𝑙
(𝑡𝑟−2)

(𝑡𝑟−2)!

∞
𝑡=1  

Similarly, 

 ∆𝑙
3(𝑒𝑟(𝑘𝑙)) = 𝑙3 ∑

𝑘𝑙
(𝑡𝑟−3)

(𝑡𝑟−3)!

∞
𝑡=1  

 ∆𝑙
4(𝑒𝑟(𝑘𝑙)) = 𝑙4 ∑

𝑘𝑙
(𝑡𝑟−4)

(𝑡𝑟−4)!

∞
𝑡=1  

In general, 

 ∆𝑙
𝑠(𝑒𝑟(𝑘𝑙)) = 𝑙𝑠 ∑

𝑘𝑙
(𝑡𝑟−𝑠)

(𝑡𝑟−𝑠)!

∞
𝑡=1     ………….(2) 

Example:2.5 

Put 𝑙 = 4, 𝑟 = 2, 𝑠 = 3. These values substitute in previous lemma. 

L.H.S in (2) = ∆4
2(𝑒3(𝑘4)) 

 = ∆4
2 (1 +

𝑘4
(3)

3!
+

𝑘4
(6)

6!
+

𝑘4
(9)

9!
+ ⋯ + ∞) 

 = 42 [
𝑘4

(1)

1!
+

𝑘4
(4)

4!
+

𝑘4
(7)

7!
+ ⋯ + ∞] 

R.H.S in (2) = 𝑙𝑛 ∑
𝑘𝑙

(𝑡𝑚−𝑛)

(𝑡𝑚−𝑛)!

∞
𝑡=1  

 = 42 ∑
𝑘4

(3𝑡−2)

(3𝑡−2)!

∞
𝑡=1  

 = 42 [
𝑘4

(1)

1!
+

𝑘4
(4)

4!
+

𝑘4
(7)

7!
+ ⋯ + ∞] 

L.H.S = R.H.S 

Lemma: 2.6 

For any positive 𝑠 and real 𝑘, 𝑟 ≠ 𝑠. We have ∆𝑙
−𝑠(𝑒𝑟(𝑘𝑙)) =

1

𝑙𝑠
∑

𝑘𝑙
(𝑡𝑠+𝑟)

(𝑡𝑠+𝑟)!

∞
𝑡=0  

Proof: 

We have 𝑒𝑟(𝑘𝑙) = [∑
𝑘𝑙

(𝑡𝑟)

(𝑡𝑟)!

∞
𝑡=0 ] 

    ∆𝑙
−1(𝑒𝑟(𝑘𝑙))            = ∆𝑙

−1 [∑
𝑘𝑙

(𝑡𝑟)

(𝑡𝑟)!

∞
𝑡=0 ] 
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 ∆𝑙
−1(𝑒𝑟(𝑘𝑙)) =

1

𝑙
∑

𝑘𝑙
(𝑡𝑟+1)

(𝑡𝑟+1)!

∞
𝑡=0  

 

 ∆𝑙
−2(𝑒𝑟(𝑘𝑙)) = ∆𝑙

−1 ( ∆𝑙
−1(𝑒𝑟(𝑘𝑙))) 

= ∆𝑙
−1 [

1

𝑙
∑

𝑘𝑙
(𝑡𝑟+1)

(𝑡𝑟 + 1)!

∞

𝑡=0

] 

 

=
1

𝑙
(∑

𝑘𝑙
(𝑡𝑟+2)

𝑙(𝑡𝑟 + 2)!

∞

𝑡=0

) 

 

=
1

𝑙2
(∑

𝑘𝑙
(𝑡𝑟+2)

(𝑡𝑟 + 2)!

∞

𝑡=0

) 

  ∆𝑙
−2(𝑒𝑟(𝑘𝑙)) =

1

𝑙2
∑

𝑘𝑙
(𝑡𝑟+2)

(𝑡𝑟+2)!

∞
𝑡=0  

Similarly, 

  ∆𝑙
−3(𝑒𝑟(𝑘𝑙)) =

1

𝑙3
∑

𝑘𝑙
(𝑡𝑟+3)

(𝑡𝑟+3)!

∞
𝑡=0  

  ∆𝑙
−4(𝑒𝑟(𝑘𝑙)) =

1

𝑙4
∑

𝑘𝑙
(𝑡𝑟+4)

(𝑡𝑟+4)!

∞
𝑡=0  

In general, 

  ∆𝑙
−𝑠(𝑒𝑟(𝑘𝑙)) =

1

𝑙𝑠
∑

𝑘𝑙
(𝑡𝑟+𝑠)

(𝑡𝑟+𝑠)!

∞
𝑡=0 , 𝑟 ≠ 𝑠 

3. rth order negative extorial function 

Definition: 3.1 

 If |𝑙| < 1  and k is any real ,the negative  rth  order extorial function is  

 𝑒(−𝑟)(𝑘𝑙) = 1 +
1

𝑟!
 

1

𝑘𝑙
(𝑟) +

1

(2𝑟)!
 

1

𝑘𝑙
(2𝑟) +

1

(3𝑟)!
 

1

𝑘𝑙
(3𝑟) + ⋯ + ∞ 

 

Lemma: 3.2 

For 𝑘 > 0, −1 < 𝑙 < 1, 𝑠 ≠ 𝑟 and 
1

𝑘𝑙
(𝑟) = 𝑘𝑙

(−𝑟)
, we have  

∆𝑙
𝑠(𝑒(−𝑟)(𝑘𝑙)) = (−1)𝑠 𝑙𝑠  ∑

(𝑝𝑟 + 1)(𝑝𝑟 + 2) … (𝑝𝑟 + (𝑠 − 1))

(𝑝𝑟 − 1)! (𝑘 + 𝑠𝑙)𝑙
(𝑝𝑟+𝑠)

∞

𝑝=1

 

Proof: 

We have 𝑒(−𝑟)(𝑘𝑙) = 1 +
1

𝑟!
 

1

𝑘𝑙
(𝑟) +

1

(2𝑟)!
 

1

𝑘𝑙
(2𝑟) +

1

(3𝑟)!
 

1

𝑘𝑙
(3𝑟) + ⋯ + ∞ 

                                =∑
1

(𝑝𝑟)!𝑘𝑙
(𝑝𝑟)

∞
𝑝=0  

∆𝑙𝑒(−𝑟)(𝑘𝑙) = ∆𝑙 (∑
1

(𝑝𝑟)! 𝑘𝑙
(𝑡𝑟)

∞

𝑝=0
) 

= [∑
−𝑙𝑝𝑛

𝑝𝑟(𝑝𝑟 − 1)! (𝑘 + 𝑙)𝑙
(𝑝𝑛+1)

∞

𝑝=1
] 

∆𝑙𝑒(−𝑟)(𝑘𝑙) = −𝑙 ∑
1

(𝑝𝑟 − 1)! (𝑘 + 𝑙)𝑙
(𝑝𝑛+1)

∞

𝑝=1

 



Copyrights @Kalahari Journals Vol. 7 (Special Issue, Jan.-Feb. 2022) 

International Journal of Mechanical Engineering 

387 

∆𝑙
2𝑒(−𝑟)(𝑘𝑙) = ∆𝑙 [−𝑙 ∑

1

(𝑝𝑟 − 1)! (𝑘 + 𝑙)𝑙
(𝑝𝑟+1)

∞

𝑝=1
] 

∆𝑙
2𝑒(−𝑟)(𝑘𝑙) = 𝑙2 ∑

(𝑝𝑟 + 1)

(𝑝𝑟 − 1)! (𝑘 + 2𝑙)𝑙
(𝑝𝑟+2)

∞

𝑝=1

 

Simillarly      ∆𝑙
3(𝑒(−𝑟)(𝑘𝑙)) = −𝑙3 ∑

(𝑝𝑟+1)(𝑝𝑟+2)

(𝑝𝑟−1)!(𝑘+3𝑙)𝑙
(𝑝𝑟+3)

∞
𝑝=1  

In general, 

∆𝑙
𝑠(𝑒(−𝑟)(𝑘𝑙)) = (−1)𝑠 𝑙𝑠  ∑

(𝑝𝑟 + 1)(𝑝𝑟 + 2) … (𝑝𝑟 + (𝑠 − 1))

(𝑝𝑟 − 1)! (𝑘 + 𝑠𝑙)𝑙
(𝑝𝑟+𝑠)

∞

𝑝=1

 

Theorem: 3.3 

For −1 < 𝑙 < 1, 𝑟 ≠ 𝑠 ,k>0 and 
1

𝑘𝑙
(𝑟) = 𝑘𝑙

(−𝑟)
, we have  

∆𝑙
−𝑠(𝑒(−𝑟)(𝑘𝑙)) =

1

𝑙𝑠
[
𝑘𝑙

(𝑠)

𝑠!
+ ∑

1

(𝑝𝑟)! (𝑝𝑟 − 1)(𝑝𝑟 − 2) … (𝑝𝑟 − 𝑠)(𝑘 − 𝑠𝑙)𝑙
(𝑝𝑟−𝑠)

∞

𝑝=1

] 

Proof: 

We have,  

  𝑒(−𝑟)(𝑘𝑙) = 1 +
1

𝑟!
 

1

𝑘𝑙
(𝑟) +

1

(2𝑟)!
 

1

𝑘𝑙
(2𝑟) +

1

(3𝑟)!
 

1

𝑘𝑙
(3𝑟) + ⋯ + ∞  

                             =∑
1

(𝑝𝑟)!𝑘𝑙
(𝑝𝑟)

∞
𝑝=0  

            ∆𝑙
−1(𝑒(−𝑟)(𝑘𝑙)) = ∆𝑙

−1 ∑
1

(𝑝𝑟)!𝑘𝑙
(𝑝𝑟)

∞
𝑝=0  

  ∆𝑙
−1(𝑒(−𝑟)(𝑘𝑙)) =

1

𝑙
[

𝑘𝑙
(1)

1!
− ∑

1

(𝑝𝑟)!(𝑝𝑟−1)(𝑘−𝑙)𝑙
(𝑝𝑟−1)

∞
𝑝=1 ]  

∆𝑙
−2(𝑒(−𝑟)(𝑘𝑙)) = ∆𝑙

−1
1

𝑙
[
𝑘𝑙

(1)

1!
− ∑

1

(𝑝𝑟)! (𝑝𝑟 − 1)(𝑘 − 𝑙)𝑙
(𝑝𝑟−1)

∞

𝑝=1

] 

 

∆𝑙
−2(𝑒(−𝑟)(𝑘𝑙)) =

1

𝑙2
[
𝑘𝑙

(2)

2!
+ ∑

1

(𝑝𝑟)! (𝑝𝑟 − 1)(𝑝𝑟 − 2)(𝑘 − 2𝑙)𝑙
(𝑝𝑟−2)

∞

𝑝=1

] 

Similarly, 

∆𝑙
−3(𝑒(−𝑟)(𝑘𝑙)) =

1

𝑙3
[
𝑘𝑙

(3)

3!
− ∑

1

(𝑝𝑟)! (𝑝𝑟 − 1)(𝑝𝑟 − 2)(𝑝𝑟 − 3)(𝑘 − 3𝑙)𝑙
(𝑝𝑟−3)

∞

𝑝=1

] 

In general, 

∆𝑙
−𝑠(𝑒(−𝑟)(𝑘𝑙)) =

1

𝑙𝑠
[
𝑘𝑙

(𝑠)

𝑠!
+ (−1)𝑠 ∑

1

(𝑝𝑟)! (𝑝𝑟 − 1)(𝑝𝑟 − 2) … (𝑝𝑟 − 𝑠)(𝑘 − 𝑠𝑙)𝑙
(𝑝𝑟−𝑠)

∞

𝑝=1

] 

 

Conclusion 

The n order positive and negative extorial functions  are explained  the values of nth order difference operator values. Here we solved 

the values for the inverse higher order difference operator.  
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