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Abstract

In this article, we use the concept of weighted set sharing and study uniqueness of two differential polynomials which shares a set of
small functions. Results obtained here generalizes the results of Zhang and Lii, Banerjee and Majumder, Charak and Lal and D.C
Pramanik.
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1 Introduction and Definitions

In this article, a non-constant meromorphic functions denoted by f in the complex plane C. Throughout the paper, the
standard notations of Nevanlinna theory are adapted as explained in [1, 2, 3, 4]. It is convenient to let E denote aset of positive real
numbers of finite linear measure, not necessarily the same at each occurrence. For a nonconstant meromorphic function f , We
denote T(r, ) the Nevanlinna characteristic of f and by S(r, f) any quantity satisfying S(r, f)=ofT(r, f)}, as
r—o rekE . We represent the small function by 7(2) with respect to f(2) if T(r,7(2)) =5(r, f) . The collection of

all small functions with respect to f is denoted by S(f) . Clearly C u{o}e S(T) is a field over the set of complex number.

If aeC U{Oo}, then

i)
o(a, f):l—limsupW

and

N(r,fl]
O(a, ) =1—Iimsupr_)a

f

are called the deficiency and ramification index of a function respectively.

ae Cu{x}

I o o E,(a; f .
Definition 1.1 Let p be non-negative integer or infinity. For ﬁ( ) the set of all & -points of

f where an @ -point of multiplicity M s counted M times if m<f and p+1 times if m>ﬂ. If
E;(a f)=E,(a;9)

, we denote

we say that f.g share the value a with weight B ,

Clearly, if .9 share (a'ﬁ), then .9 share (a, p) for any integer p, O<ps ﬂ. Also we note that f.g share a
value @ M or CM if and only if Y share (a,0) and () respectively.

E((S)=E,(S) (E:(S)=E«(9))

We say that two function f and 9 share the set S CM (IM) if where the set
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S CCu{oo}.

Definition 1.2 [5]. An expression of the form

(1.1)

is called as differential polynomial in f of degree d(P) , lower degree d(P) and weight FP, where Migs My oo Mi are

a,(z) T(r,a)=3S(r,f)

non-negative integers and are meromorphic functions satisfying and

_ k

d(P) :max{Znij 1<i<t}

j=0

d(P) =min{Zk:nij ;1<i<t}

r, = max{zk:(j+1)nij ; 1<i<t}.

i=0

If dP=dP=n (say), then we say that P[T] is called a homogeneous differential polynomial in f of degree N Otherwise
it is called as non-homogeneous differential polynomial.

From last two decades researchers are interested in proving uniqueness results between entire(or meromorphic) function and their

derivatives. One can refer Rubel and Yang [11] for f and f share & B CM where & 7 B and Mues and Steinmertz

[1979] ., f ft

and share & B IM where ¢ * 'B. In 2020, Banerjee and Mazumder [17] answered the open question

posed by Zhang and L u [16] using the concept of weighted sharing method sharing a small function a for the functions f and

my (k)
(") . Later on Charak and Lal [18] used the concept for proving uniqueness between polynomial of degree n>1 with
p(0)=0 and a non-constant differential polynomial. In 2019, D.C. Pramanik [19] used the concept weighted set sharing to prove
uniqueness results of the p(f) and P[T] .

Motivated by these results, we used the concept of weighted set sharing to study the uniqueness results of two non-homogeneous
differential polynomials and prove the following results.

f a(z)eS(f)NS(g) .., a=0,m

Theorem 1.11 Let and 9 be two non-constant meromorphic functions. Let and

that H[f] and HIg] are two differential polynomials as defined in (1.1) which are non-constant. If HIf] and HIg] share
(CH))

i) 122 and
min{(3+ mQ +2mI" —2mdH ) (oo, f) +mQO(0, f ) +2m&,, 4, (0, F 1)

,(3+mQ+2mI" —2md (H))®(, g) + MQO(0, §) + 2Mé,,_y4,(0,9%™)}
< (2mQ +2ml’ +4mdH —7md(H) +3+2m)

. Suppose

with one of the following conditions hold:

1.2)

i) 1 =1 and
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min{(ZmQ+5mF—5mg(H)+7

> j@(oo, f)+mQe(o, f)

m
+E51+r_g(H) 0, F4™)+2m6,, 4y (0, F4M),

2mQ +5mI-5md(H)+7
( 2 5 d) j®(°0.9)+mQ®(o,g)
51+F_Q(H) 0,94 + 2m52+r_g(H)(0’ gy}

4mQ +5mI" +10mdH —17mg(H)+7+5m]
2

+

N3

<

VR

(1.3)

Giiy 1 =0 and
min{(mQ +5mI'—5md(H) +6)®(o0, f) + mQO(0, f)
+2M6,, gy (0, f4) +3M6, gy (0, fem),
(mQ +5mI'-=5md(H) +6)®(w, g) + mQO(0, g)
+2m52+r7g(|-|) ©, gg(H)) +3m51+r7g(|-|)(oa gg(H))}
<(2mQ+5mI’+10dH —16d (H) + 6 +5m) (1.4)

Then either HLfI=HIOI o, HIfIH[g]=1
Lemmas

In this section we use the following lemmas which are needed to prove our theorem. Lemma 2.1 [6]: Let f be a non-constant

meromorphic function and P[T] be a differential polynomial of f . Then

PLIf]_ Gp_ 1
m[r, fang(dP QP)m[r, 1:j+8(r, f)

P[f])_ = 1 — —( 1
N (r, fHP]S(dP_QP)N (r,Tj+Q{N(r, f)+N (r,TH+S(r, f)

N (r,%jgcgﬁ(r, f)+(aP—gP)m[r,%j+N(r, fdl(P)}S(r, F).

Q=max1l<i<m{n,+n,+2n,+...+kn,}

f

Where

and 9 be two non-constant meromorphic functions. If f and 9 share (I’O),then

N{r,i}sﬁ[r,%}rﬁ(r, f)+S(r).

Lemma 2.2 [7]: Let

f

Lemma 2.3 [8]: Let and 9 be two non-constant meromorphic functions. If f and 9 share (I’I),then
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2NL I’,L +2NL I’,L —f—N(E2 I’,L —Nf>2 I’,L
f-1 g-1 f-1 g-1
SN(r,LJ—N(r,LJ.
g-1 g-1

Lemma 2.4 [9]: Let ) and P be two positive integers satisfying )=
HIT]

P+l g T>(k+DA(H)=(P+1) yon for a

and
differential polynomial

N (FOTHLFD) SN0 (1,0 £ 2) +-(T = d (H))N(r, o0; )
+(a(H)—Q(H))[m[F,%j+T(r, f)}+8(r, ).

H[f]

Lemma 2.5 [10]: For a differential polynomial , we have

d(H)T(r, f)—Q[N(r, f)+ﬁ£r,%ﬂ+8(r, f)

<T(r,H[f]) <ON(r, f)+d(H)T(r, f)+S(r, f).

Proof of Theorem 1.11:
Let

Set

F=(R)" G=(G)"

Then F and G share (1) with the possible exception of the zeros and poles of a(z)
Also we have

N(r,F) = N(r, f)+5S(r, f)
N(r,G) = N(r,g)+S(r, 9)

_(F” _2F j_(e" _2G j
"\FTF1) e 61
Suppose that y = O. Then m(r,y) =3(r, f) . By Second Fundamental Theorem of Nevanlinna we have

T(r,F)+T(r,G) sN(r,f)+N(r,g)+N(r,éj+N(r,FL_J+N(r,éJ

+N(r,ij—ﬁo(r,#j—ﬁo(r,i,j+8(r, f)
G-1 F G (32)

Case 1: For I 21, if Zo is a common simple 1-point of F and G . Then substituting their Taylor series at Zo in w(2) . We

We define

(3.1)
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see that Z is a zero of v(2) . Then we get

Né’(r,ij <N (r,lj+5(r, f)
F-1 7%

<T(r,y)+S(r, f)
=N(r,p)+S(r, )

<N(r,F)+Ng rl +Ne S Y P
F G F_1

+NL(|’,LJ+ No(r,i,j+ No(r,i,j+8(r, f)
G-1 F G (33)

F(F-1)#0

1

NO ( , 'j
Here F is the counting function which only counts those points such that F'=0 but since F and

G share 1 1M, it is easy to see that

N(r,—l j :Né’(r,—l j+NL(r,—l j+NL(r,—1 )
F-1 F-1 F_1 G-1

=z
me
VR
-
M
| | ol
[EY

Nt <in r,i|F¢o
F-1) ~ 2 F’

1— 1— 1
<=N(r,F)+=N(r,=),
2 2 F (3.5)

N (r,ij F = O)
where denotes the zeros of F' , which are not the zeros of F . Now from (2.5) and (3.5) we get
2N, (rij +2N, (r,ij+ N& (r,ij+ N (rij
F-1 G-1 F-1 G-1
N[r—t JiN[r +5(r, f)
G-1 F-1

<N (r,_l j+lﬁ(r, F)+1N(r,1j+ S(r, f)
G-1) 2 2 F (3.6)

From (3.4) and (3.6) we have
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3.7)
From (2.3), (3.2) and (3.7) we get

T(r,F)+T(r,G) < N(r, f)+ﬁ(r,g)+ﬁ(r,éj+ﬁ(r,éj+ﬁ(r, f)

1 1
(r,F)+= N(rE)+T(rG)+N( Fj

N
F
+N0(r,ij— No(r, ]—NO( ! j+S(r, f)
G’ F’ ‘G’

+
Z|
=
T~
=
Jl=
+
Z|
o~
I/
=
|- Q|-
;/
r\)ll—\
I

...T(r, F) Sgﬁ(r, f)‘i‘%ﬁ(r,éj"}' Nz(rléj—i_ Nz(r’éj+s(r’ f)
N

. 7 — 1—( 1 1 1
T(r,F") SEN(r’f)JFENLr’F}LNZ( —j+ Z(r,@)+8(r,f)

1

Using Lemma (2.4), Lemma (2.5) and (3.8)

m{g(H)T(r, f)—Q[N(r, f)+ﬁ(r,%ﬂ}

<(m(31“—3g(H))+7
- 2

jﬁ(r, f)+m(T—d(H))N(r,g)+3m(d(H)

—d(H)T(r, f)+2m(d(H)-d(H))T(r, g) +% Ny g (F,0; £400)

+MN,, gy (1,05 £ MmN,y (1, 0,9%) +S(r, £)+S(r, 9)

m(4d(H)-3d(H))T(r, f)
<(m(31“—3g(H)+2Q)+7
B 2

jmr, £)+mT—d(H)N(r. g)

T —( 1} m
s2m(d(H)-d(H))T (r, g) + MQN (F,T}LENM(MH)(r,O; Fac)
+mN2+r—g(H)(r10; fg(H))+mN2+r d(H)(r 0; gf(H))"‘S(r f)+S(r,9) (3.9)
Similarly
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m(4d(H)-3d(H))T(r,g)
<(m(31“—3g(H)+2Q)+7
- 2

jﬁ(r,g>+m(r—g(H»N(r, f)

+2m(d(H)—d(H)T(r, f)+mQN[r%)

m
= 5 Nirag (1,05 gf(H))+mN2+r ey (1,05 g*™)

+MN,, gy (1 0; £+ S(r, )+ 5(r, g) (3.10)

From (3.9) and (3.10)

m(6d(H)—5d(H))(T(r, f)+T(r,g)) S(

ol ]

m m
+E Ny g (1,03 Fe) +E No kg (105 g“™)

m(5F—5g(H)+2Q)+7j
2

+2MN,, gy (1,05 £4) £ 2mN,, 4 (1,0, g4+ S(r, £) +S(r, 9)
Now consider

m(5I"'-5d(H)+2Q)+7
2

m(6d(H)—5d (H))T(r, f)s[ jN(r, f)

~(_ 1} m
+mQN (r,T}LE Nyr_gqn (1,0 FE) 4+ 2mN,, -y, (r, 0; F4)

(2mQ+5mF—5mQ(H)+7

> j@(oo, f)+mQe(o, f)

gy (1,05 F9) 42mM8, 0 (r,0; £400)

N3

[ 4mQ+5mr ~17mH +10md(H)+5m+7]
2

/ﬁ\

Similarly

(2mQ+5m1‘—5mg(H)+7

> ]9(00, 9)+mQO(0,9)

m
E Opir- d(H)(r 0; gg(H))+2m52+r d(H)(r 0; gd(H))

(4mQ+5ml‘ 17md(H)+lOmd(H)+5m+7J
2
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min{(ZmQ+5mF—5mg(H)+7

> j@(oo, f)+mQe(o, f)

m
+551+F—Q(H) (r' 0; f Q(H)) + 2m52+1“—g(H)(r1 0; f g(H)),

(2mQ+5ml‘—5mg(H)+7

: j@(oo, 0)+mQe(0, 9)

m
+E51+F—Q(H)(r10; gg(H)) + 2m52+r—g(|.|)(r,0; gg(H))}
(4mQ+5mF 17md(H)+10md(H)+5m+7J
2

Subcase 1.2: If 1>2

In this case, we have

ZNL(r,L] +2NL(r Lj+N(2(r L)+N( Lj
F-1 G-1 F-1 G-1
1
sN(r,ajJrS(r,f)
<T(r,G)+S(r,F)+S(r,G)

Therefore from (3.4), we obtain

N(ﬂij"‘ﬁ(rvij < N(r, F) +N(z (r,l)+ﬁ(z (r,lj
F-1 G-1 F G
+N (r,ij+ Noir,iJ+ No(r,ij+8(r, f)

G-1 F’ G’
<N(r,F)+Ng (r,éj+ﬁ(2 (r,éj+T(r,G)+ N, (r%j

+N0(r,éj+8(r, f)

(3.11)
From lemma (2.3), (3.2) and (3.11), we have
T(r,F)+T(r,G)<N(r,F)+N(r,G) + N( éjm( éj+ﬁ(r,f)
+N(z(r,£j+ﬁ(z(r,£j+T(r,G)+N( i) ( i)
F G F' G’
1 1
=N, | r,— |- N,| r,— [+ S(r, f)+S(r,
[ rgs J (g st Do)
1 1 —
T(r,F)sNz(r,—j+N2(r,—j+3N(r,f)+S(r,f)
F G
Copyrights @Kalahari Journals Vol. 7 (Special Issue, Jan.-Feb. 2022)

International Journal of Mechanical Engineering
131



@md(H)—2md (H))T(r, f)—2m(d(H) -d(H))T(r, g)
<(B+mQ+m(T—d(H))N(r, f)+mQN(r,%J+m(F—g(H))N(r, 9)

M, gy (105 FE) MmN,y (r,0,9%) +S(r, £)+S(r, g)

(3.12)
Similarly
(Bmd(H)—2md (H))T (r,g)—2m(d (H) —d (H))T(r, f)
< (3+mQ+m(r—Q(H»)N(r,g)+mQN[r%j+m(r—Q(H»N(r,g)
+MN,, gy (1,0 A MmN, gy (1, 0,95 ) +S(r, £)+S(r, ) (313)

On adding (3.12) and (3.13) we get

(Bmd(H)—2md (H))[T (r, f)+T(r, g)]-2m(d (H) —d (H)[T(r, f) +T(r,g)]
<@B+mQ+m(T —d(H))IN(r, f)+N(r, g)]+ mQ{N(r'%j_FN(r’éJ}
+m(T—d(H)IN(r, )+ N(r, g)]+2mN,. .y, (r,0; £ 2)

+2MN,, gy (1,0;94) +S(r, )+ 5(r, g)

(5md(H)—4md (H)T (r, f)+T(r,q)]

<(B+mQ+2m(T —d(H))[N(r, f)+N(r, g)]+ mQ[N(r,%}LN(r%H
+2MN,, gy (7,05 F2) +2mN, 4y (r,0;99) +S(r, £) +S(r, 9)

Consider
(5md (H)—4md (H)T(r, f) < (3+mQ +2mI —2md (H))N(r, f)+mQN(r,%j

+2MN gy (F,0; £4) +S(r, f)

(3m+mQ +2mI"—2md (H))O(e, f)+mQO(0, f)+2ms,, 4, (0; f4™)
<2mQ+2mr—7md(H) +4md(H)+3+2m

Similarly
(3m+mQ +2mI" - 2md (H))©(e, g) + MQO(0, g) + 2MS,,_y 4y, (0; %)
<2mQ+2mr —7md(H)+4md(H) +3+2m

Therefore
min[(3m+mQ +2mI" —2md (H))®(o, f)+mQO(0, f)+2m6,,_y 4, (0; f4),
(Bm+mQ +2mI" —2md (H ))©(, g) + mQO(0, g) +2M6,, - 44, (0; gda)]
<2mQ+2mr—7md(H)+4md(H) +3+2m

Subcase 1.3: If | =0

In this case, we have
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Né)(r,—l j +2N§(r,—l j+ﬁ{r,—l }LZNL(r,—l j
F-1 G-1 F-1 G-1
gN(r,ij+S(r,F)
G-1
<T(r,G)+S(r,F)+S(r,G)

(3.14)
Also
NL(r Lj <N r,LJ—N( ij
F-1 F-1 F-1
<N r,EJSN( ,—j+S(r,F)
— 1 —
<N r,—j+N(r,F)+S(r,F)
F (3.15)
Similarly
NL(r,—j SN(r,—j+N(r,G)+S(r,G)

Combining (3.2), (3.14), (3.15) and (3.16) we get

T(r,F)< Nz(r,éj+ Nz(r,é)%ﬁ(r, f)+2ﬁ(r,éj+ Nl(f%}s(r’ f)

By Lemma 2.4 and Lemma 2.5, we get

m{c_i(H)T(r, f)—Q[N(r, f)+ﬁ(r,%ﬂ}

< @Bmr=3md(H)+6)N(r, f)+2m(T —d(H))N(r,g) +6m(d(H)—d(H))T(r, f)
+4m(d(H) —d(H)T(r, @)+ MmN, 4, (r,0; FE0)+mN, 0 (r,0,94)
+2MNy, gy (1,05 £ +mN - (r,0;99) +S(r, £) +S(r, 9)

(7md(H)—6md (H)T(r, f)
< (MQ+3mI —3md(H)+6)N(r, f)+2m(" —d (H)))N(r, g)
+4m(a(H)—Q(H))T(r,g)+mQN[r,%} NN, gy (r, 0 F4C0)

HN, gy (7,05 G0) 4 2N, g (1,05 F40)

—l—mNth(H)(I’,O;gg(H))+S(r, f)+S(r,9) (3.17)

Similarly
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(7md(H)—6md(H))T(r, g)
< (MQ+3mI'—3md(H)+6)N(r,g)+2m(T —d(H)))N(r, f)

+4m(d (H) -d(H))T(r, f)+mQN[r,%)+mNM_d(H)(r’O; gdt)

FMN gy (1,05 F20) 4+ 2mNL g0 (r,0,9°)
+mN1+r—g(H)(r'O; fg(H))+S(r, f)+S(r,g)

(3.18)
On adding (3.17) and (3.18), we get
(11md(H)-10d (H))[T (r, f)+T(r, 9)]
< (mQ+5mI —5md (H)+6)[N(r, f)+N(r,g)]+mQ[N(r,%]+N(r%ﬂ

+2MN,, gy (1,05 £+ 2mN, g (1,0;99) +3mIN, -y (1, 0; F947)
+3mN1+r7g(H)(r,O;gg(“))+8(r, f)+S(r,9)
Now Consider

(11md (H)-10d (H))T(r, f)
< (mQ+5mI’—5md (H)+6)N(r, f)+mQN(r,%)

+2MN,, gy (1,05 £ 3mN gy (r,0; £90) +S(r, f)

(MQ+5mI’ —5md (H) +6)O(e0, f)+mQO(0, f)+2ms,,; 4, (0, f 1)
+3M6S,, g, (0, F4M) <2mQ +5mI ~16d (H) +10d (H) + 6 +5m
Similarly
(mQ+5mI"—5md (H) +6)O(0, g) + MQO(0, ) + 2M6,, 44y (0, %)
+3MS,, gy (0,9°™) < 2mQ +5mI" ~16d (H) +10d (H) + 6 +5m
Therefore
min{(mQ +5mI" —5md(H) +6)®(co, f)+mQ®(0, f)+2mé,, 44, (0, f ™)
+3M8,,_gqip) (0, F4), (MQ +5mI" —5md (H) +6)O(c0, g) + MQO(0, g)
+2M0,.r_g(ny (O, gg(i)) +3M&,. 41, (0,9°)}
< (2mQ +5mI" +10dH —16d (H) + 6 +5m)

This proves the claim and y=0

i.e

F" 2F") (G" 2G
F' F-1 G G-1

L = L—l— D
F-1 G-1 (3.19)

Integrating, we obtain

where C# 0 and D are constants. Now the following three cases arise

Case (i): 1f P#0: 1
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Rearranging (3.19) as
G-1_ F-1
C D+1-DF

We have

_ 1
N(r,G)=N r,m +S(r, )
D

By Second Fundamental Theorem of Nevanlinna and Lemma 2.4, we have

m{g(H)T(r, f)—Q{N(r, f)+NGH}+S(r, f)<T(r,H[f])

m{g(H)T(r, f)—Q{N(r, f)+N(%H}

— — 1 —
< N(r,H[f])+N{H[f]J+N(r,H[g])+S(r, f)

<SNQr, £)+ Ny gy (1,05 F2) +(d(H) —d(H))2T(r, T)
+(C=d(H))N(r,o0; f)+N(r,0;g9)+S(r, f)

m{g(H)T(r, f)—QN(r, f)—QN(%J}s (1+TC—d(H))N(r, f)

+N(r, ) +2(d(H) = d(H)T(r, )+ Ny, g, (r, 0; T2+ S(r, 1)

((m+2)d(H)—2d(H))T(r, f) < (1+mQ+T —d(H)N(r, f)+N(r,9)

+mQN(r’%j+ No g (1,05 F407) +S(r, 1)

(3.20)
Similarly
((m+2)d(H)-2d(H))T(r,g) < (1+mQ+T —d(H)N(r, g)+ N(r, f)
+mQN(r,lj+ Np g (1,0;9%) +S(r, 1)
9 (3.21)
On adding (3.20) and (3.21), we get
[(m+2)d(H)-2d (H)I[T(r, f)+T(r,g)]
<@+mQ+T—d(H))[N(r, f)+N(r, g)]+mQ[N[r,%j+N(r%ﬂ
Ny g my (r,0; £y + N1+F—Q(H)(r7 0;g*™)+S(r, f)+5(r,9)
Now consider
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[(Mm+2)d(H)-2d(H)T(r, f)<2+mQ+T—d(H))N(r, f)

ANy gy (1,05 )+ mQN(r’%j*‘S(I‘, f)

We get
(2+mQ+T'-d(H))O(o, f)+mQO(0, )+, 14 (0; fat)
<2mQ+T'—=(m+3)d(H)
+2d(H)+3

Similarly

(2+mQ+T —d(H))©(0,9) +MQO(0, 9) + &, 4 (0;9°™")
<2mQ+T—(m+3)d(H)+2d(H)+3

Therefore

min{(2+mQ+T —d(H))O(e0, f)+mQO(0, f)+ 5,44, (0; F4H)
,2+mQ+T -d(H))®(,g) +mQO(0, 9) + 8,41 (0; 3°™)
+2d(H)+3}<2mQ+T —(m+3)d(H) +2d(H)+3

Which contradicts (1.2), (1.3) and (1.4).

Case (ii): If D=0, then we have
G=CF-(C-1) (3.22)

Therefore, if C#1 then

C

By Nevanlinna’s Second Fundamental Theorem and Lemma 2.4, we get

m{g(H)T(r, f)—Q{N(r, f)+ﬁ[%ﬂ}sT(r,H[f])

_ _ 1 — 1
gN(r,H[f])+N(r,H[f]j+N(r,H[g]j+5(r.g)

< (L+T=d(H)N(r, F)+2(d(H) =d(H)T(r, f)+2(d(H)-d(H))T(r,g)
HT=d (DN, @)+ Ny, gy (1,0 FE) Ny g0, (r,0,9%) +S(r, )

((m+2)d(H)—2d (H))T(r, f) < (1+mQ+T —d(H))N(r, f)+mQN(r,%}

+(F_Q(H))N(r, g)+ Z(H(H)—Q(H))T(r, g)_|_ N1+F—Q(H)(r10; fg(H))

N (1,0 05) +8(r, ) (3.23)

Similarly
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((m+2)d(H)-2d(H))T(r,9) < (1+mQ+T ~d(H))N(r,g) +mQN(réj

+HC=d(H)N(r, £)+2(d(H) = d(H)T(r, )+ Ny g (r,0;g4)
+Npp gy (1,0 F5) +5(r, 9) (3.24)
On adding (3.23) and (3.24)

[(m+2)d(H)-2d (H)I[T(r, f)+T(r,g)] < (1+mQ+ T —=d(H))[N(r, f)+N(r,g)]
+mQ[N[r,%)+N(r%ﬂ (C—d(H)IN(r, )+ N(r,g)]

#2(d(H)=d(H)IT(r, F)+T (1, g1+ 2Ny, g (1,05 £40)
+2Ny, 1) (1, 0; g™ +S(r, f)+S(r,9)

[(m+4)d(H)—4d(H)I[T(r, ) +T(r,g)]
1

<(1+mQ+2r —2d(H))[N(r, f)+ N(r, g)]+mQ[N(r,%]+N(r,gﬂ

+2Ny, gy (105 FE) 2N, g (7,094 0) +S(r, £)+5(r, 9)

Now Consider

[(M+4)d(H)-4d(H)IT(r, f) < (1+mQ+2r —2d (H))N(r, g)
+mQN(r,%j+2N1+r_d(H)(r,O; f9M) £ S(r, )

Then we get
(1+mQ+2I - 2d(H))O(e0, f)+mQO(0, f)+26,, 4, (r,0; F4™)
<2mQ+2C—(6+m)d(H)+4d(H)+3

Similarly
(1+mQ+2I' - 2d (H))O(c0, 9) + mMQO(0, 9) + 26,1, (r,0;9*™)
<2mQ+20 —(6+m)d(H)+4d(H)+3

min{(1+mQ +2I"' - 2d (H))O(e, f) +mQO(O, f)+205,, 1, (r,0; f ey,
(1+mQ +2I —2d (H))&(e0, g) + MQO(0, §) + 251 44, (r,0;9**)}
2mQ+2I —(6+m)d(H)+4d(H)+3

Which contradicts to (1.2), (1.3) and (1.4). Thus C =1 and hence, in this case we have F =G

~H[f]=H[g]
Case (iii): If D =-1 then we have
-1 G-1 (3.25)
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Therefore if C # _1, then C+1 By using Nevanlinna’s Second Fundamental Theorem and Lemma
(2.4), we get the conclusion which is the same as case (ii)

minf{(1+mQ+2I —2d (H))O(e0, f)+mQO(0, f)+ 26,y (r,0; F4™),
(1+mQ+2I"~2d (H))O(e, g) + MQO(0, 9) + 251 44, (r,0; 9%}
<2mQ+2r—(6+m)d(H)+4d(H)+3

which contradicts to (1.2), (1.3) and (1.4). Therefore C =—-1 and so in this case from (3.16), we obtain
FG=1

- H[f]H[g]=1

Therefore, we get either H[f]1=H[g] or H[f]H[g]=1

. Hence the proof of the Theorem 1.1
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