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Abstract 

The purpose of this paper is to study various properties of Mittag-Leffler function and introduce some new theorems which give the 

images of this Mittag - Leffler function under the generalized fractional integral operators in terms of Beta, Mellin, Laplace, 

Whittaker and K-transforms. On account of general nature of results in the form of Mittag - Leffler function, several known and 

new results involving simpler functions can be obtained by taking suitable values of parameters involved.  
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1. Introduction  

In the literature, it is evident that many researchers have worked on special functions involving with fractional calculus operators 

and integral transforms and studied their properties with applications in science and technology [1,2,3,4,7,8,10,12,14,15,16,18]. 

Following the sequence, in this paper our objective is to study some properties of Mittag-Leffler function [11] and identify some 

new image formulas under the generalized fractional integral operators with the use of integral transformations like Laplace 

transform [19], Mellin Transform [5], Beta transform [19], Whittaker transform [20] and K-transform [6]. The generalized fractional 

operators those we used here, involves well known I-function given by Saxena [17] as kernel, are the extension of the operators 

given by Saxena and Kumbhat [16]. In study of the properties of Mittag-Leffler function and the related image formulas, we first 

find the images of the function under the generalized fractional integral operators and then we obtain the integral transforms of these 

images. 

The I-function, given by Saxena [17] is defined as: 

𝐼[𝑧] = 𝐼𝑝𝑖,𝑞𝑖:𝑙
𝑚,𝑛 {𝑧 |

(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖
 

(𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖
 
} =

1

2𝜋𝜔
∫𝜙(𝜉)𝑧𝜉
 

𝐿

𝑑𝜉 

                                     … (1.1) 

where 𝜔 = √−1 and 

𝜙(𝜉) =
∏ Γ(𝑏𝑗 − 𝛽𝑗𝜉)Γ(1 − 𝑎𝑗 + 𝛼𝑗𝜉)
𝑚
𝑗=1

∑ {∏ Γ(1 − 𝑏𝑗𝑖 + 𝛽𝑗𝑖𝜉
𝑞𝑖
𝑗=𝑚+1

) ∏ Γ(𝑎𝑗𝑖 − 𝛼𝑗𝑖𝜉)
𝑝𝑖
𝑗=𝑛+1

}𝑙
𝑖=1

 

                …(1.2) 

For more details, one can refer [17]. 

The generalized Mittag-Leffler Function introduced by Prabhakar [13] and defined as  

𝐸𝜆,𝛽
𝛾 (𝑧) = ∑

(𝛾)𝑛
Γ(𝜆𝑛 + 𝛽)𝑛!

∞

𝑛=0

𝑧𝑛         ;  (𝜆, 𝛽, 𝛾 ∈ 𝐶); 𝑅𝑒(𝜆) > 0, 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝛾) > 0 

     … (1.3) 

The Generalized Fractional Integral Operators involving I-function as kernel defined and used here, are the extension of fractional 

integral operators given by Saxena and Kumbhat [16] and can be verified smoothly for I-function along with the conditions 

mentioned here. These operators are defined as 

𝐴𝑥,𝑟
𝜇,𝛼[𝑓(𝑥)] = 𝑟𝑥−𝜇−𝑟𝛼−1∫ 𝑡𝜇

𝑥

0

(𝑥𝑟 − 𝑡𝑟)𝛼  𝐼𝑝𝑖,𝑞𝑖:𝑟
𝑚,𝑛 {𝑘𝑋 |

(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖
 

(𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖
 
} 𝑓(𝑡) 𝑑𝑡 

… (1.4) 
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𝐾𝑥,𝑟
𝜀,𝛼[𝑓(𝑥)] = 𝑟𝑥𝜀∫ 𝑡−𝜀−𝑟𝛼−1

𝑥

0

(𝑡𝑟 − 𝑥𝑟)𝛼  𝐼𝑝𝑖,𝑞𝑖:𝑟
𝑚,𝑛 {𝑘𝑌 |

(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖
 

(𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖
 
} 𝑓(𝑡) 𝑑𝑡 

     … (1.5) 

Where  

𝑋 = (
𝑡𝑟

𝑥𝑟
)

𝜏

(1 −
𝑡𝑟

𝑥𝑟
)

𝜐

𝑎𝑛𝑑 𝑌 = (
𝑥𝑟

𝑡𝑟
)

𝜏

(1 −
𝑥𝑟

𝑡𝑟
)

𝜐

   ; 𝜏, 𝜐 > 0 

     … (1.6) 

The sufficient conditions of these operators are  

(𝑖)1 ≤ 𝑝, 𝑞 < ∞, 𝑝−1 + 𝑞−1 = 1;  

(𝑖𝑖)𝑅𝑒 (𝜇 + 𝑟𝜏 (
𝑏𝑗

𝛽𝑗
)) > −𝑞−1;  𝑅𝑒 (𝛼 + 𝑟𝑣 (

𝑏𝑗

𝛽𝑗
)) > −𝑞−1;  

𝑅𝑒 (𝜀 + 𝛼 + 𝑟𝜏 (
𝑏𝑗

𝛽𝑗
)) > −𝑝−1; 𝑗 = 1,… ,𝑚 

(𝑖𝑖𝑖) 𝑓(𝑥)𝜖𝐿𝑝(0,∞) 

(𝑖𝑣) |𝑎𝑟𝑔𝑘| ≤
𝜋𝜆

2
, 𝜆 > 0 

where 

𝜆 =∑(𝛼𝑖) +∑(𝛽𝑖) − max
1≤𝑖≤𝑟

[ ∑ (𝛼𝑗𝑖) + ∑ (𝛼𝑗𝑖)

𝑞𝑖

𝑗=𝑚+1

𝑝𝑖

𝑗=𝑛+1

]

𝑛

𝑗=1

𝑚

𝑗=1

 

 

The Beta Transform [19] of a function 𝑓(𝑡) is defined as 

𝐵{𝑓(𝑡); 𝑎, 𝑏} = ∫ 𝑡𝑎−1(1 − 𝑡)𝑏−1 𝑓(𝑡) 𝑑𝑡   ; 𝑎, 𝑏 ∈ ℂ, 𝑅𝑒(𝑎) > 0, 𝑅𝑒(𝑏) > 0
1

0

 

    … (1.7) 

The Mellin Transform [5] of a function 𝑓(𝑡) is defined as  

𝑀{𝑓(𝑡); 𝑠} = ∫ 𝑡𝑠−1 𝑓(𝑡)𝑑𝑡    ; 𝑅𝑒(𝑠) > 0
∞

0

 

               … (1.8) 

The well-known Laplace Transform [19] of a function 𝑓(𝑡), is defined as  

𝐿{𝑓(𝑡); 𝑠} = ∫ 𝑒−𝑠𝑡
∞

0

𝑓(𝑡)𝑑𝑡       ; 𝑅𝑒(𝑠) > 0 

                    … (1.9) 

The Whittaker transform given by Whittaker and Watson [20] holds the following result 

∫ 𝑒−
𝑡
2

∞

0

𝑡𝜁−1𝑊𝜒,𝜔(𝑡)𝑑𝑡 =
Γ (
1
2
+ 𝜔 + 𝜁) Γ (

1
2
− 𝜔 + 𝜁)

Γ(1 − 𝜒 + 𝜔)
     ; 𝑅𝑒(𝜔 ± 𝜁) > −

1

2
 

               … (1.10)  

where 𝑊𝜒,𝜔(𝑡) is the Whittaker confluent hypergeometric function and defined as  

𝑊𝜒,𝑤(𝑡) =
Γ(−2𝑤)

Γ (
1
2
− 𝜒 − 𝑤)

𝑀𝜒,𝑤(𝑡) +
Γ(2𝑤)

Γ (
1
2
+ 𝜒 + 𝑤)

𝑀𝜒,−𝑤(𝑡) 

where 

𝑀𝜒,𝑤(𝑡) = 𝑡
(
1
2
+𝑤)𝑒−

𝑡
2 𝐹11
 (

1

2
+ 𝑤 − 𝜒; 2𝑤 + 1; 𝑡) 

   … (1.11) 

The K-Transform [6] is defined as  
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ℜ𝑣[𝑓(𝑥); 𝑝] = 𝑔[𝑝; 𝑣] = ∫ (𝑝𝑥)
1
2𝐾𝑣

∞

0

(𝑝𝑥)𝑓(𝑥)𝑑𝑥 

      … (1.12) 

where 𝑅𝑒(𝑝) > 0; 𝐾𝑣(𝑥) is the Bessel function of the second kind [13], defined by 

𝐾𝑣(𝑥) = (
𝜋

2𝑧
)

1
2
𝑊0,𝑣(2𝑥) 

   … (1.13) 

here 𝑊0,𝑣(. ) is the Whittaker function [20]. 

The following result given by Mathai [9] will be used here in evaluating the integrals  

∫ 𝑡𝜌−1
∞

0

𝐾𝑣(𝑎𝑥)𝑑𝑥 = 2𝜌−2𝑎−𝑝 Γ (
𝜌 ± 𝑣

2
) ;  𝑅𝑒(𝑎) > 0;  𝑅𝑒(𝜌 ± 𝑣) > 0 

   … (1.14) 

2. Main Results 

In this section we study the properties and obtain the images of Mittag-Leffler function under the generalized fractional integral 

operators defined in (1.4) and (1.5).  

Theorem 2.1 Let 𝑎, 𝜆, 𝛽, 𝜗, 𝛾 ∈ ℂ, 𝜆 > 0, 𝑥 > 0, 𝑅𝑒(𝜆) > 0, 𝑅𝑒(𝜗) > 0, 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝛾) > 0, 1 ≤ 𝑝 ≤ 2 then  

𝐴𝑥,𝑟
𝜇,𝛼
(𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣)) (𝑥) = 𝑥𝜗−1∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)

∞

𝑛=0

(𝑎𝑥𝑣)𝑛 

𝑛!
 

× 𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

     … (2.1) 

Provided the conditions, mentioned with operators (1.4) are satisfied.  

Proof. To establish the result (2.1), using (1.6) and definition of I-function on left-hand side of (2.1), we have  

𝐴𝑥,𝑟
𝜇,𝛼
(𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣)) (𝑥) = ∆1(𝑠𝑎𝑦) 

= 𝑟𝑥−𝜇−𝑟𝛼−1∫ 𝑡𝜇+𝜗−1
𝑥

0

(𝑥𝑟 − 𝑡𝑟)𝛼 {
1

2𝜋𝜔
∫𝜙(𝜉)(𝑘𝑋)𝜉𝑑𝜉
 

𝐿

}∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)𝑛!
(𝑎𝑡𝑣)𝑛

∞

𝑛=0

 𝑑𝑡 

      Now, changing the order of the integration which is valid under the given conditions, we get 

∆1= 𝑟𝑥
−𝜇−𝑟𝛼−1∑

(𝛾)𝑛𝑎
𝑛

Γ(𝜆𝑛 + 𝛽)𝑛!

∞

𝑛=0

×
1

2𝜋𝜔
∫ 𝜙(𝜉). 𝑘𝜉𝑥𝑟𝛼−𝑟𝜏𝜉 {∫ 𝑡𝜇+𝜗+𝑣𝑛+𝑟𝜏𝜉−1 (1 −

𝑡𝑟

𝑥𝑟
)

𝛼+𝑣𝜉

𝑑𝑡
𝑥

0

} 𝑑𝜉
 

𝐿

 

   Let 𝑡𝑟 𝑥𝑟⁄ = 𝑦 ⇒  𝑡 = 𝑥𝑦
1
𝑟⁄ , we get  

∆1= 𝑥
𝜗−1∑

(𝛾)𝑛𝑎
𝑛

Γ(𝜆𝑛 + 𝛽) 𝑛!

∞

𝑛=0

𝑥𝑣𝑛

2𝜋𝜔
 ∫𝜙(𝜉) 

 

𝐿

𝑘𝜉𝑥𝑣𝜉 × {∫ 𝑦
(
𝜇+𝜗+𝑣𝑛

𝑟
)+𝜏𝜉

(1 − 𝑦)𝛼+𝑣𝜉  𝑑𝑦
1

0

} 𝑑𝜉 

 Using the definition of Beta function in the inner integral, we have  

∆1= 𝑥
𝜗−1∑

(𝛾)𝑛(𝑎𝑥
𝑣)𝑛

Γ(𝜆𝑛 + 𝛽) 𝑛!

∞

𝑛=0

1

2𝜋𝜔
 ∫𝜙(𝜉) 

 

𝐿

𝑘𝜉 ×
Γ(((𝜇 + 𝜗 + 𝑣𝑛) 𝑟⁄ ) + 𝜏𝜉)Γ(𝛼 + 1 + 𝑣𝜉)

Γ(((𝜇 + 𝜗 + 𝑣𝑛) 𝑟⁄ ) + 𝛼 + 1 + (𝜏 + 𝑣)𝜉)
𝑑𝜉 

Further by using the definition of I-function under (1.1) and (1.2), we reached at the desired result.  

Theorem 2.2 Let 𝑎, 𝜆, 𝛽, 𝜗, 𝛾 ∈ ℂ, 𝑥 > 0, 𝑅𝑒(𝜆) > 0, 𝑅𝑒(𝜗) < 1, 1 ≤ 𝑝 ≤ 2, then  

𝐾𝑥,𝑟
ℰ,𝛼 (𝑡−𝜗𝐸𝜆,𝛽

𝛾 (𝑎𝑡−𝑣)) (𝑥) = 𝑥−𝜗∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)𝑛!

∞

𝑛=0

 (𝑎𝑥−𝑣)𝑛  × 
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𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜖 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

      … (2.2) 

Provided the conditions, mentioned with operator (1.5) are satisfied. 

Proof. Using (1.6) and definition of I-function on left-hand side of (2.2), we have  

𝐾𝑥,𝑟
ℰ,𝛼 (𝑡−𝜗𝐸𝜆,𝛽

𝛾 (𝑎𝑡−𝑣)) (𝑥) = ∆2(𝑠𝑎𝑦) 

= 𝑟𝑥𝜀∫ 𝑡−𝜀−𝜗−𝑟𝛼−1
∞

𝑥

(𝑡𝑟 − 𝑥𝑟)𝛼  {
1

2𝜋𝜔
∫𝜙(𝜉)(𝑘𝑌)𝜉𝑑𝜉
 

𝐿

}∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)
(𝑎𝑡−𝑣)𝑛𝑑𝑡

∞

𝑛=0

 

Now, changing the order of the integration which is valid under the given conditions, we get 

∆2= 𝑟𝑥
𝜀∑

(𝛾)𝑛
Γ(𝜆𝑛 + 𝛽) 𝑛!

∞

𝑛=0

 
1

2𝜋𝜔
∫𝜙(𝜉)
 

𝐿

 𝑘𝜉𝑥𝑟𝜏𝜉 {∫ 𝑡−𝜀−𝜗−𝑣𝑛−𝑟𝜏𝜉−1
∞

𝑥

(1 −
𝑥𝑟

𝑡𝑟
)

𝛼+𝑣𝜉

𝑑𝑡} 𝑑𝜉 

Let 𝑥𝑟 𝑡𝑟⁄ = 𝑦 𝑡ℎ𝑒𝑛 𝑡 = 𝑥 𝑦(1 𝑟⁄ )⁄  in the above term and using beta function, we get 

∆2= 𝑥
−𝜗−1∑

(𝛾)𝑛𝑎
𝑛

Γ(𝜆𝑛 + 𝛽) 𝑛!

∞

𝑛=0

𝑥−𝑣𝑛

2𝜋𝜔
 ∫𝜙(𝜉) 

 

𝐿

𝑘𝜉 {∫ 𝑦
(
𝜀+𝜗+𝑣𝑛

𝑟
)+𝜏𝜉−1

(1 − 𝑦)𝛼+𝑣𝜉  𝑑𝑦
1

0

} 𝑑𝜉 

Using the definition of Beta function in the inner integral, we have 

∆2= 𝑥
−𝜗∑

(𝛾)𝑛
Γ(𝜆𝑛 + 𝛽) 𝑛!

∞

𝑛=0

(𝑎𝑥−𝑣)𝑛
1

2𝜋𝜔
∫ 𝜙(𝜉)𝑘𝜉 ×

Γ (((𝜀 + 𝜗 + 𝑣𝑛)/𝑟) + 𝜏𝜉) Γ(𝛼 + 1 + 𝑣𝜉)

Γ (((𝜀 + 𝜗 + 𝑣𝑛)/𝑟) + 𝛼 + 1 + (𝜏 + 𝑣)𝜉)

 

𝐿

𝑑𝜉 

Further by using the definition of I-function under (1.1) and (1.2), we reached at the desired result. 

Theorem 2.3 The operator defined in (2.1) and 𝑅𝑒(ψ + 𝜗) > 0, then 

𝑥ψ𝐴𝑥,𝑟
𝜇,𝛼
[𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣)](𝑥) = 𝐴𝑥,𝑟
𝜇−𝜓,𝛼

[𝑡𝜓+𝜗−1𝐸𝜆,𝛽
𝛾 (𝑎𝑡𝑣)](𝑥) 

                 …(2.3) 

Provided the conditions, mentioned with operator (1.4) are satisfied.  

Proof. Let us use (2.1) in left hand side of (2.3), we get  

𝑥ψ𝑅𝑥,𝑟
𝜇,𝛼
[𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣)](𝑥) = ∑
(𝛾)𝑛 

Γ(𝜆𝑛 + 𝛽) 𝑛!
𝑎𝑛

∞

𝑛=0

𝑥𝜗+𝜓+𝑣𝑛−1  

× 𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

                  …(2.4) 

By using (2.1) in right hand side of (2.3), we have 

𝐴𝑥,𝑟
𝜇−𝜓,𝛼

[𝑡𝜓+𝜗−1𝐸𝜆,𝛽
𝛾 (𝑎𝑡𝑣)](𝑥) = ∑

(𝛾)𝑛 

Γ(𝜆𝑛+𝛽) 𝑛!
𝑎𝑛∞

𝑛=0 𝑥𝜗+𝜓+𝑣𝑛−1 ×    

𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

                  …(2.5) 

By observing (2.4) and (2.5), the result (2.3) is true.          
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Theorem 2.4 The operator defined in (2.2) and 𝑅𝑒(ψ + 𝜗) > 0, then  

𝑥−ψ𝐾𝑥,𝑟
𝜀,𝛼 (𝑡−𝜗𝐸𝜆,𝛽

𝛾 (𝑎𝑡−𝑣)) (𝑥) = 𝐾𝑥,𝑟
𝜀−𝜓,𝛼

(𝑡−𝜗−𝜓𝐸𝜆,𝛽
𝛾 (𝑎𝑡−𝑣)) (𝑥) 

                 …(2.6) 

Proof. Using (2.2) in left side of (2.4), we get  

𝑥−ψ𝐾𝑥,𝑟
𝜀,𝛼 (𝑡−𝜗𝐸𝜆,𝛽

𝛾 (𝑎𝑡−𝑣)) (𝑥) = ∑
(𝛾)𝑛 

Γ(𝜆𝑛 + 𝛽) 𝑛!
𝑎𝑛

∞

𝑛=0

𝑥−𝜗−𝜓−𝑣𝑛 ×  

𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼,−𝑣)

(−
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

                   …(2.7) 

using (2.2) in right side of (2.4), we have 

𝐾𝑥,𝑟
𝜀−𝜓,𝛼

(𝑡−𝜗−𝜓𝐸𝜆,𝛽
𝛾 (𝑎𝑡−𝑣)) (𝑥) = ∑

(𝛾)𝑛 

Γ(𝜆𝑛 + 𝛽) 𝑛!
(𝑎)𝑛

∞

𝑛=0

𝑥−𝜗−𝜓−𝑣𝑛  ×  

𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

                 …(2.8) By observing (2.7) and (2.8), 

the result (2.6) is true.         

Theorem 2.5 The Beta – transform of the operator defined in Theorem 2.1, gives the following result 

𝐵 {𝐴𝑥,𝑟
𝜇,𝛼
(𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣)) ; 𝑐, 𝑑} = ∑
(𝛾)𝑛𝑎

𝑛

Γ(𝜆𝑛 + 𝛽)𝑛!

∞

𝑛=0

Γ(𝑐 + 𝜗 − 1 + 𝑣𝑛)Γ(𝑑)

Γ(𝑐 + 𝑑 + 𝜗 − 1 + 𝑣𝑛)
  

               × 𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2 {𝑘 |

(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖
 , (1 − (

(𝜇+𝜗+𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇+𝜗+𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖

} 

                   … (2.9)  

Provided that the conditions mentioned with the operator and Beta-transform are satisfied. 

Proof. Applying Beta – transform defined in (1.7), on the operator (2.1), we get 

𝐵 {𝐴𝑥,𝑟
𝜇,𝛼
(𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣)) ; 𝑐, 𝑑} = ∑
(𝛾)𝑛𝑎

𝑛

Γ(𝜆𝑛 + 𝛽)𝑛!

∞

𝑛=0

×  

𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

× ∫ 𝑡𝑐+𝜗+𝑣𝑛−1−1
1

0

 (1 − 𝑡)𝑑−1 𝑑𝑡 

Further by using the definition of Beta-function, we readily arrive at the desired result.        
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Theorem 2.6   The Beta – transform of the operator defined in Theorem 2.2, gives the following result  

𝐵 {𝐾𝑥,𝑟
𝜇,𝛼
(𝑡−𝜗𝐸𝜆,𝛽

𝛾 (𝑎𝑡−𝑣)) ; 𝑐, 𝑑} = ∑
(𝛾)𝑛(𝑎

𝑛)

Γ(𝜆𝑛 + 𝛽)𝑛!

∞

𝑛=0

Γ(𝑐 − 𝜗 + 𝑣𝑛)Γ(𝑑)

Γ(𝑐 + 𝑑 − 𝜗 + 𝑣𝑛)
×  

𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
, −𝜏)) , (−𝛼,−𝑣)

(−
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼,−(𝜏 + 𝑣)) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

… (2.10) 

Provided that the conditions mentioned with the operator and Beta-transform are satisfied. 

Proof: Applying Beta – transform defined in (1.7), on the operator (2.2), we get 

𝐵 {𝐾𝑥,𝑟
𝜇,𝛼
(𝑡−𝜗𝐸𝜆,𝛽

𝛾 (𝑎𝑡−𝑣)) ; 𝑐, 𝑑} = ∑
(𝛾)𝑛𝑎

𝑛

Γ(𝜆𝑛 + 𝛽)𝑛!

∞

𝑛=0

×  

𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
, −𝜏)) , (−𝛼, 𝑣)

(−
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

× 

           ∫ 𝑡𝑐−𝜗−𝑣𝑛−1
1

0
 (1 − 𝑡)𝑑−1 𝑑𝑡       

Further by using the definition of Beta-function, we readily arrive at the desired result. 

Theorem 2.7. The Mellin – transform of the operator defined in Theorem 2.2, gives the following result 

𝑀{𝐴𝑥,𝑟
𝜇,𝛼
(𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣))} (𝑠)

= ∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)

𝑎𝑛

𝑛!
 

∞

𝑛=0

1

(𝑠 + 𝜗 + 𝑣𝑛 − 1)

× 𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

                … (2.11) 

Provided that the conditions mentioned with the operator and Mellin-transform are satisfied and  𝑅𝑒(𝑠) > 𝑅𝑒(𝑣). 

Proof: Applying Mellin – transform defined in (1.8), on the operator (2.1), we get 

𝑀 {𝐴𝑥,𝑟
𝜇,𝛼
(𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣))} (𝑠) =     ∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)

𝑎𝑛

𝑛!
 

∞

𝑛=0

× 

 𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

×∫ 𝑡𝑠−1𝑡−𝜗−𝑣𝑛
∞

0

𝑑𝑡 

Solving the integral and with simple simplifications, we readily arrive at the desired result.   

Theorem 2.8. The Mellin – transform of the operator defined in Theorem 2.2, gives the following result  

𝑀 {𝐾𝑥,𝑟
𝜀,𝛼 (𝑡−𝜗𝐸𝜆,𝛽

𝛾 (𝑎𝑡−𝑣))} (𝑠) = ∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)

𝑎𝑛

𝑛!
 

1

(𝑠 − 𝜗 − 𝑣𝑛)

∞

𝑛=0
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× 𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
, −𝜏)) , (−𝛼, 𝑣)

(−
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

                … (2.12)  

Provided that the conditions mentioned with the operator and Mellin-transform are satisfied and 𝑅𝑒(1 − 𝜗) < 1, 𝑅𝑒(𝑠) > 𝑅𝑒(𝑣). 

Proof: Applying Mellin – transform defined in (1.8), on the operator (2.2), we get 

 𝑀 {𝐾𝑥,𝑟
𝜀,𝛼 (𝑡−𝜗𝐸𝜆,𝛽

𝛾 (𝑎𝑡−𝑣))} (𝑠) = ∑
(𝛾)𝑛

Γ(𝜆𝑛+𝛽)

𝑎𝑛

𝑛!
 ×∞

𝑛=0

  𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2 {𝑘 |

(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖
 , (1 − (

(𝜀+𝜗+𝑣𝑛)

𝑟
, −𝜏)) , (−𝛼,−𝑣)

(−
(𝜇+𝜗+1+𝑣𝑛)

𝑟
− 𝛼,−(𝜏 + 𝑣)) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑚+1,𝑞𝑖

}  

×∫ 𝑡𝑠−1
∞

0

𝑡−𝜗−𝑣𝑛𝑑𝑡 

Solving the integral and with simple simplifications, we readily arrive at the desired result.   

Theorem 2.9 The Laplace – transform of the operator defined in Theorem 2.1, gives the following result  

𝐿{𝑅𝑥,𝑟
𝜇,𝛼
(𝑡𝜗−1)𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣); 𝑠} = 𝑠−𝜗∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)

(𝑎𝑠−𝑣)𝑛

𝑛!
Γ(𝜗 + 𝑣𝑛)

 

∞

𝑛=0

 ×  

𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2 {𝑘 |

(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖
 , (1 − (

(𝜇+𝜗+𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇+𝜗+𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖

}      

 ... (2.13) 

Provided that the conditions mentioned with the operator and Laplace-transform are satisfied and 𝑅𝑒(𝜗 + 𝑣𝑛) > 0. 

Proof: Applying Laplace – transform defined in (1.9), on the operator (2.1), we get 

𝐿 {𝐴𝑥,𝑟
𝜇,𝛼
[𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣)]; 𝑠}

= 𝐿

{
 
 

 
 

𝑡𝜗−1∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)

(𝑎𝑡𝑣)𝑛

𝑛!
𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 ∞

𝑛=0

}
 
 

 
 

 

= ∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)

(𝑎)𝑛

𝑛!
𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 ∞

𝑛=0

 

×∫ 𝑒−𝑠𝑡𝑡𝜗+𝑣𝑛−1
∞

0

𝑑𝑡 

Using the definition of Laplace transform and with simple simplifications, we readily arrive at the desired result.          

Theorem-2.10: The Laplace – transform of the operator defined in Theorem 2.2, gives the following result 

𝐿 {𝐾𝑥,𝑟
𝜀,𝛼 (𝑡−𝜗𝐸𝜆,𝛽

𝛾 (𝑎𝑡−𝑣))} (𝑠) = 𝑠𝜗−1∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)

(𝑎𝑠𝑣)𝑛

𝑛!
 Γ(1 − 𝜗 − 𝑣𝑛)

 

∞

𝑛=0

×  

𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
, −𝜏)) , (−𝛼, 𝑣)

(−
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

. 

             … (2.14)  
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Provided that the conditions mentioned with the operator and Laplace-transform are satisfied and 𝑅𝑒(1 − 𝜗 − 𝑣𝑛) > 0. 

Proof: Applying Laplace – transform defined in (1.9), on the operator (2.2), we get 

𝐿 {𝐾𝑥,𝑟
𝜀,𝛼 (𝑡−𝜗𝐸𝜆,𝛽

𝛾 (𝑎𝑡−𝑣))} (𝑠)

= 𝐿

{
 
 

 
 

𝑡−𝜗∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)

(𝑎𝑡−𝑣)𝑛

𝑛!
𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 ∞

𝑛=0

}
 
 

 
 

 

=∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)

𝑎𝑛

𝑛!
𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

×∫ 𝑒−𝑠𝑡 𝑡−(𝜗+𝑣𝑛)
∞

0

𝑑𝑡

∞

𝑛=0

 

Using the definition of Laplace transform and with simple simplifications, we readily arrive at the desired result.    

Theorem 2.11. The Whittakar – transform of the operator defined in Theorem 2.1, gives the following result   

∫ 𝑒−𝜑𝑡 2⁄ 𝑡𝜁−1𝑊𝜒,𝜔(𝜑𝑡)
∞

0

{𝐴𝑥,𝑟
𝜇,𝛼
(𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣))} 𝑑𝑡 

= 𝜑1−𝜗−𝜁∑
(𝛾)𝑛 

Γ(𝜆𝑛 + 𝛽) 𝑛!
(𝑎𝜑−𝑣) 

Γ(𝑤 + 𝜗 + 𝜁 + 𝑣𝑛 − 1 2⁄ )Γ(𝜗 − 𝑤 + 𝜁 + 𝑣𝑛 − 1 2⁄ )

Γ(𝜗 − 𝜒 + 𝜁 + 𝑣𝑛)

∞

𝑛=0

 

× 𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

  

              … (2.15) 

Provided that the conditions mentioned with the operator and Whittakar-transform are satisfied and 𝑅𝑒[𝑤 ± (𝜗 + 𝜁 + 𝑣𝑛 − 1)] >
1

2
. 

Proof: Applying Whittakar – transform defined in (1.10), on the operator (2.1), we get 

∫ 𝑒−𝜑𝑡 2⁄ 𝑡𝜁−1𝑊𝜒,𝜔(𝜑𝑡)
∞

0

{𝐴𝑥,𝑟
𝜇,𝛼
(𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣))} 𝑑𝑡 

=∑
(𝛾)𝑛 𝑎

𝑛

Γ(𝜆𝑛 + 𝛽) 𝑛!

∞

𝑛=0

𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

×∫ 𝑒−𝜑𝑡 2⁄
∞

0

𝑡(𝜗+𝜁+𝑣𝑛−1)−1𝑊𝜒,𝑤(𝜑𝑡)𝑑𝑡 

Let us take 𝜑𝑡 = 𝑧,  then we have 

∫ 𝑒−𝜑𝑡 2⁄ 𝑡𝜁−1𝑊𝜒,𝜔(𝜑𝑡)
∞

0

{𝐴𝑥,𝑟
𝜇,𝛼
(𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣))} 𝑑𝑡 

=∑
(𝛾)𝑛 𝑎

𝑛

Γ(𝜆𝑛 + 𝛽) 𝑛!

∞

𝑛=0

𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

× 𝜑1−𝜗−𝜁−𝑣𝑛∫ 𝑒−𝑧 2⁄
∞

0

𝑧(𝜗+𝜁+𝑣𝑛−1)−1𝑊𝜒,𝜔(𝑧)𝑑𝑧 

Now by using the result (1.10), we reached at the desired result. 

Theorem 2.12. The Whittakar – transform of the operator defined in Theorem 2.2, gives the following result ,   

∫ 𝑒−𝜑𝑡 2⁄
∞

0

𝑡𝜁−1𝑊𝜒,𝜔(𝜑𝑡) {𝐾𝑥,𝑟
𝜀,𝛼 (𝑡−𝜗𝐸𝜆,𝛽

𝛾 (𝑎𝑡−𝑣))} 𝑑𝑡 
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= 𝜑𝜗−𝜁∑
(𝛾)𝑛 

Γ(𝜆𝑛 + 𝛽) 𝑛!

∞

𝑛=0

(𝑎𝜑𝑣) × 
Γ(𝜔 − 𝜗 + 𝜁 − 𝑣𝑛 + 1 2⁄ )Γ(−𝜗 − 𝜔 + 𝜁 − 𝑣𝑛 + 1 2⁄ )

Γ(1 − 𝜗 − 𝜒 + 𝜁 − 𝑣𝑛)
 

× 𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

              … (2.16) 

Provided that the conditions mentioned with the operator and Whittakar-transform are satisfied and 𝑅𝑒[𝜔 ±
(−𝜗 + 𝜁 − 𝑣𝑛 − 1)] > 1 2⁄ . 

Proof: Applying Whittakar – transform defined in (1.10), on the operator (2.2), we get 

∫ 𝑒−𝜑𝑡 2⁄
∞

0

𝑡𝜁−1𝑊𝜒,𝜔(𝜑𝑡) {𝐾𝑥,𝑟
𝜀,𝛼 (𝑡−𝜗𝐸𝜆,𝛽

𝛾 (𝑎𝑡−𝑣))} 𝑑𝑡 

= ∑
(𝛾)𝑛 𝑎

𝑛

Γ(𝜆𝑛 + 𝛽) 𝑛!

∞

𝑛=0

𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

×∫ 𝑒−𝜑𝑡 2⁄
∞

0

𝑡(−𝜗+𝜁−𝑣𝑛)−1𝑊𝜒,𝜔(𝜑𝑡)𝑑𝑡 

Let us take 𝜑𝑡 = 𝑧, and proceeding on the similar lines that we have taken in the proof of Theorem 2.12, we get the desired result. 

Theorem 2.13. The K – transform of the operator defined in Theorem 2.1, gives the following result  

∫ 𝑡𝜌−1𝐾ℓ
 (𝑤𝑡 {𝐴𝑥,𝑟

𝜇,𝛼
(𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣))})
∞

0

𝑑𝑡

= 2𝜌+𝜗−3(𝑤)(1−𝜌−𝜗)∑
(𝛾)𝑛 

Γ(𝜆𝑛 + 𝛽) 𝑛!
(𝑎 (

2

𝑤
)
𝑣

)

∞

𝑛=0

. Γ (
(𝜌 + 𝜗 + 𝑣𝑛 − 1) ± ℓ

2
) 

× 𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

              … (2.17) 

Provided that the conditions mentioned with the operator and K-transform are satisfied and 𝑅𝑒(𝑤) > 0, 𝑅𝑒((𝜌 + 𝜗 + 𝑣𝑛 − 1) ±

ℓ) > 0. 

Proof. Applying K – transform defined in (1.12), on the operator (2.1), we get 

∫ 𝑡𝜌−1𝐾ℓ
 (𝑤𝑡 {𝐴𝑥,𝑟

𝜇,𝛼
(𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣))})
∞

0

𝑑𝑡 

=∑
(𝛾)𝑛 𝑎

𝑛

Γ(𝜆𝑛 + 𝛽) 𝑛!

∞

𝑛=0

𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

×∫ (𝑡)(𝜌+𝜗+𝑣𝑛−1)−1𝐾ℓ(𝜔𝑡)𝑑𝑡,
∞

0

 

                   

In view of (1.14), we readily arrive at the desired result. 

Theorem 2.14. The K – transform of the operator defined in Theorem 2.2, gives the following result   

∫ 𝑡𝜌−1𝐾ℓ
 (𝑤𝑡 {𝐾𝑥,𝑟

𝜀,𝛼 (𝑡𝜗−1𝐸𝜆,𝛽
𝛾 (𝑎𝑡−𝑣))})

∞

0

𝑑𝑡 
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= 2𝜌−𝜗−2(𝜔)(𝜗−𝜌)∑
(𝛾)𝑛 

Γ(𝜆𝑛 + 𝛽) 𝑛!
(𝑎 (

𝑤

2
)
𝑣

)

∞

𝑛=0

. Γ (
(𝜌 − 𝜗 − 𝑣𝑛) ± ℓ

2
) 

× 𝐼𝑝𝑖+2,𝑞𝑖+1;𝑙
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑗 , 𝛼𝑗)1,𝑛; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑛+1,𝑝𝑖

 , (1 − (
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑗 , 𝛽𝑗)1,𝑚; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)𝑚+1,𝑞𝑖 }

 
 

 
 

 

               … (2.18) 

Provided that the conditions mentioned with the operator and K-transform are satisfied and 𝑅𝑒(𝑤) > 0, 𝑅𝑒((𝜌 − 𝜗 − 𝑣𝑛) ± ℓ) >

0. 

Proof:  By taking K-transform of the operator (2.2) and proceeding like the proof of Theorem 2.13, we get the desired result. 

3. Special cases 

If we take 𝑙 = 1 in I-function, then it reduces to well known H-function [9,17] and the results (2.1) and (2.2) gives following 

corollaries- 

 

 

Corollary 1 

𝐴𝑥,𝑟
𝜇,𝛼
(𝑡𝜗−1𝐸𝜆,𝛽

𝛾 (𝑎𝑡𝑣)) (𝑥) = 𝑥𝜗−1∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)

∞

𝑛=0

(𝑎𝑥𝑣)𝑛 

𝑛!
𝐻𝑝+2,𝑞+1
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑝, 𝛼𝑝) , (1 − (

(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜇 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑞 , 𝛽𝑞)

}
 
 

 
 

 

     … (3.1) 

Provided the conditions, mentioned with (2.1) are satisfied. 

Corollary 2 

𝐾𝑥,𝑟
ℰ,𝛼 (𝑡−𝜗𝐸𝜆,𝛽

𝛾 (𝑎𝑡−𝑣)) (𝑥) = 𝑥−𝜗∑
(𝛾)𝑛

Γ(𝜆𝑛 + 𝛽)𝑛!

∞

𝑛=0

 (𝑎𝑥−𝑣)𝑛𝐻𝑝+2,𝑞+1
𝑚,𝑛+2

{
 
 

 
 

𝑘
|
|
(𝑎𝑝, 𝛼𝑝) , (1 − (

(𝜀 + 𝜗 + 𝑣𝑛)

𝑟
, 𝜏)) , (−𝛼, 𝑣)

(−
(𝜖 + 𝜗 + 𝑣𝑛)

𝑟
− 𝛼, 𝜏 + 𝑣) , (𝑏𝑞 , 𝛽𝑞)

}
 
 

 
 

 

      … (3.2) 

Provided the conditions, mentioned with (2.2) are satisfied. 
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Conclusion 

In the present paper, we have studied the properties of Mittag-Leffler function under the extension of generalized fractional integral 

operators given by Saxena and Kumbhat [15] and developed some new images. The results obtained here involves special functions 

like Mittag Leffler function and I -function, due to their general nature and usefulness in the theory of integral operators and relevant 

part of computational mathematics they may have an important place in the literature. Also, the special functions involved here can 

be reduced in simpler functions, those have variety of applications in different domains of science and technology and can be 

observed as special cases, those we have not mentioned here explicitly. 
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