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Abstract:  In this article, we study the group codes that are one sided ideals in a semisimple group algebra 

𝐹(𝑄4𝑛 × 𝐶𝑡) where 𝑄4𝑛is generalized quaternion group of order 4n and 𝐶𝑡  is the cyclic group of order 𝑡. We 

also find the minimum distance and dimension of the group codes generated by the idempotents.  
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1.  Introduction and Preliminaries 

A group code is defined as an ideal in the group algebra FG where G is finite group and F is a field. If 

𝑐ℎ𝑎𝑟(𝐹) ∤ 𝑂(𝐺) then FG is semisimple and is direct some of some minimal ideals.   Every ideal is generated 

by some idempotent. In this paper, we give explicit expressions for the generating idempotents of the codes in 
the group algebra of direct product of generalized quaternion group Q4n and cyclic group Ct and also find the 

minimum distance and dimension.  

Let E = 1{ }s

i ie  be the set of all idempotents in 𝐹𝐺 . If I is any ideal generated by 1{ }t

j je  ⊆ E and μ=E\ 1{ }t

j je   

then 𝐼 = { 𝑢 ∈ 𝐹𝐺 ∶  𝑢𝑒 =  0 e   }. Now we denote 𝐼 by 𝐼𝜇 .  

The weight of any element u = ∑ 𝛼𝑔𝑔𝑔∈𝐺  ∈ FG is equal to number of non zero components in u and is 

denoted by wt(u). Minimum distance of the group code 𝐼𝜇  is defined as 𝑑(𝐼𝜇)= min{𝑤𝑡(𝑢): 0 ≠  𝑢 ∈ { }ieI }. 

The length 𝑛 of a group code 𝐼𝜇  is defined to be order of G. If 𝐼𝜇  has dimension k and minimum distance d 

then 𝐼𝜇is called an (𝑛, 𝑘, 𝑑) group code.  

Remark 1.1 (see [1])We know FG= (
i

L

e
ei E

FG

 )  (

j
N

e
ej E

FG

 ) where EL is the set consisting of all linear 

idempotents in FG and EN is the set consisting of all nonlinear idempotents in FG and 𝐹𝐺𝑒𝑖
is minimal ideal 

generated by 𝑒𝑖. Thus E= EL∪EN. Note that if 𝑒𝑖 ∈ EL, then 𝑑𝑖𝑚(𝐹𝐺𝑒𝑖
) = 1; and if 𝑒𝑗∈EN, then 𝑑𝑖𝑚 (𝐹𝐺𝑒𝑗

) =

𝑚2 where 𝑚 = 𝜒𝑘(1) where 𝜒𝑘 is the kth non linear character of G. Therefore if 𝜇 =  𝜇𝐿 ∪ 𝜇𝑁  where 𝜇𝐿 ⊆ EL 

and 𝜇𝑁 ⊆EN, then 𝑑𝑖𝑚(𝐼𝜇)= 𝑑𝑖𝑚(𝐹𝐺) − |𝜇𝐿|𝑑𝑖𝑚(𝐹𝐺𝑒𝑖
)  − | 𝜇𝑁|𝑑𝑖𝑚(𝐹𝐺𝑒𝑗

) where 𝑑𝑖𝑚(𝐹𝐺) =  |𝐺|. 

The product of two characters of G is again a character of G. Let 𝜒 be the character of 𝑉 and 𝜓 be the 

character of 𝑊 then the character of 𝑉 ×  𝑊 is 𝜒 × 𝜓, where (𝜒 × 𝜓)(𝑔, ℎ)  =  𝜒(𝑔)𝜓(ℎ)      (𝑔 ∈ 𝑉 , ℎ ∈
𝑊).  

Theorem 1.2 [4] Let 𝜒1, . . . , 𝜒𝑠 be the distinct irreducible characters of G and let 𝜓1, . . . , 𝜓𝑡  be the distinct 

irreducible characters of 𝐻.Then 𝐺 × 𝐻 has precisely 𝑠𝑡 distinct irreducible characters, and these are  𝜒𝑖  ×
 𝜓𝑗  ( 1 ≤  𝑖 ≤  𝑠 , 1 ≤  𝑗 ≤  𝑡 ). 

Theorem 1.3 𝑄4𝑛 has 𝑛 + 3 conjugacy classes [4] which are given by  

{1}, {𝑎𝑛}, {𝑎𝑟, 𝑎−𝑟}(1 ≤ 𝑟 ≤  𝑛 − 1), {𝑎2𝑗𝑏 ∶  0 ≤  𝑗 ≤  𝑛 − 1}, {𝑎2𝑗+1𝑏 ∶  0 ≤  𝑗 ≤  𝑛 − 1}. 
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Remark: Corresponding to 𝑛 + 3 conjugacy classes there are 𝑛 + 3 irreducible characters in 𝑄4𝑛. 

2. Idempotents in the group algebra 𝑭(𝑸𝟒𝒏 × 𝑪𝒕)  

Consider generalized quaternion group 𝑄4𝑛 =< 𝑎, 𝑏: 𝑎2𝑛 = 1, 𝑎𝑛 = 𝑏2 , 𝑎𝑏 = 𝑏𝑎−1 > of order 4𝑛 and Ct = <
𝑔 > = {1, 𝑔, 𝑔2, … … . 𝑔𝑡−1} is cyclic group of order 𝑡. Define: 𝑥1  =  1,  𝑥2  =  𝑎, 𝑥3  =  𝑎2 , . . . , 𝑥𝑛 = 𝑎𝑛−1 ,
𝑥𝑛+1  = 𝑎𝑛 , . . . , 𝑥2𝑛 = 𝑎2𝑛−1 , 𝑥2𝑛+1 = 𝑏, 𝑥2𝑛+2 = 𝑎𝑏, . . .,  𝑥4𝑛 = 𝑎2𝑛−1𝑏,   𝑦1 = 1, 𝑦2 = 𝑔, 𝑦3 =
𝑔2 , … , 𝑦𝑡 = 𝑔𝑡−1 .                                                                                                                        

Let 𝐺 =  𝑄4𝑛 × 𝐶𝑡 = {(𝑥𝑖 , 𝑦𝑗)} 1 ≤ 𝑖 ≤ 4𝑛 , 1 ≤ 𝑗 ≤  𝑡  be the direct product of 𝑄4𝑛 and 𝐶𝑡 .   

2.1 Explicit expressions for the (𝒏 + 𝟑)𝒕 irreducible idempotents in the group algebra  𝑭(𝑸𝟒𝒏 × 𝑪𝒕) 

when 𝒏 is an even number.  

The group 𝑄4𝑛 has 𝑛 + 3 irreducible characters and 𝐶𝑡  has 𝑡 irreducible characters. By using the Theo.1.2, 

𝑄4𝑛 × 𝐶𝑡  has (𝑛 + 3)𝑡 irreducible characters. The characters of 𝑄4𝑛 × 𝐶𝑡  are given by  

𝜒1(𝑥) = 1  for all 𝑥 ∈ 𝑄4𝑛 × 𝐶𝑡   

𝜒2(𝑎𝑟, 𝑔𝑙) = 1, 𝜒2(𝑎𝑟𝑏, 𝑔𝑙) = −1  where  0 ≤ 𝑟 ≤ 2n − 1 

𝜒3(1, 𝑔𝑙) = 1, 𝜒3(𝑎𝑟, 𝑔𝑙) = (−1)𝑟  (1 ≤ 𝑟 ≤ n),  𝜒3(𝑏, 𝑔𝑙) = 1, 𝜒3(𝑎𝑏, 𝑔𝑙) = −1   

𝜒4(1, 𝑔𝑙) = 1 , 𝜒4(𝑎𝑟 , 𝑔𝑙) = (−1)𝑟  (1 ≤ 𝑟 ≤ n) ,  𝜒4(𝑏, 𝑔𝑙) = −1, 𝜒4(𝑎𝑏, 𝑔𝑙) = 1 

𝜑𝑘(𝑎𝑟, 𝑔𝑙) = (𝛼𝑘)𝑙    , 𝜑𝑘(𝑎𝑟𝑏, 𝑔𝑙) =  (𝛼𝑘)𝑙  where 0 ≤ 𝑟 ≤ 2n − 1  

𝜙𝑘(𝑎𝑟, 𝑔𝑙) = (𝛼𝑘)𝑙,   𝜙𝑘(𝑎𝑟𝑏, 𝑔𝑙) = −(𝛼𝑘)𝑙  where  0 ≤ 𝑟 ≤ 2n − 1  

𝜓𝑘(1, 𝑔𝑙) = (𝛼𝑘)𝑙,  𝜓𝑘(𝑎𝑟, 𝑔𝑙) = (−1)𝑟(𝛼𝑘)𝑙  (1 ≤ 𝑟 ≤ n), 𝜓𝑘(𝑏, 𝑔𝑙) = (𝛼𝑘)𝑙,                                           

𝜓𝑘(𝑎𝑏, 𝑔𝑙) = −(𝛼𝑘)𝑙   

Φ𝑘(1, 𝑔𝑙) = (𝛼𝑘)𝑙, Φ𝑘(𝑎𝑟, 𝑔𝑙) = (−1)𝑟(𝛼𝑘)𝑙    (1 ≤ 𝑟 ≤ n), Φ𝑘(𝑏, 𝑔𝑙) = −(𝛼𝑘)𝑙,                                        

Φ𝑘(𝑎𝑏, 𝑔𝑙) = (𝛼𝑘)𝑙   

ϒ𝑗(1, 𝑔𝑙) = 2 , ϒ𝑗(𝑎𝑛, 𝑔𝑙) = 2(−1)𝑗  , ϒ𝑗(𝑎𝑟, 𝑔𝑙) = 2 cos
𝜋𝑟𝑗

𝑛
   (1 ≤ 𝑟 ≤ n − 1) 

ϒ𝑗(𝑎𝑠𝑏, 𝑔𝑙) = 0 where  0 ≤ 𝑠 ≤ 2n − 1  

ξ𝑗𝑘(1, 𝑔𝑙) = 2(𝛼𝑘)𝑙,    𝜉𝑗𝑘(𝑎𝑛, 𝑔𝑙) = 2(−1)𝑗(𝛼𝑘)𝑙, 

 ξ𝑗𝑘(𝑎𝑟, 𝑔𝑙) = 2 cos
𝜋𝑟𝑗

𝑛
(𝛼𝑘)𝑙   (1 ≤ 𝑟 ≤ n − 1),  ξ𝑗𝑘(𝑎𝑠𝑏, 𝑔𝑙) = 0  (0 ≤ 𝑠 ≤ 2n − 1),   

where 0 ≤ 𝑙 ≤ 𝑡 − 1, 1≤ j ≤ n−1,  k=1,2,…,t−1 and 𝛼 is tth root of unity. 

The characters 𝜒1, 𝜒2, 𝜒3, 𝜒4,𝜑𝑘, 𝜙𝑘, 𝜓𝑘, Φ𝑘 of degree one so these are linear and ϒ𝑗, ξ𝑗𝑘 are non linear. 

Therefore the group algebra 𝐹(𝑄4𝑛 × 𝐶𝑡) has (𝑛 + 3)𝑡 irreducible idempotents.  

We define some notations                                                                                                                                                     

𝑐1̅ = ∑ (𝑥𝑖 ,𝑦1)2𝑛
𝑖=1  

𝑐2̅ = ∑ (𝑥𝑖 ,𝑦2)2𝑛
𝑖=1  

𝑐3̅ = ∑ (𝑥𝑖 ,𝑦3)2𝑛
𝑖=1  , . . . .  ,  𝑐�̅� = ∑ (𝑥𝑖 ,𝑦𝑡)2𝑛

𝑖=1  

𝑐𝑡+1̅̅ ̅̅ ̅̅  = ∑ (𝑥2𝑛+𝑖 ,𝑦1)2𝑛−1
𝑖=1

𝑖 𝑖𝑠 𝑜𝑑𝑑

       

𝑐𝑡+2̅̅ ̅̅ ̅̅  = ∑ (𝑥2𝑛+𝑖 ,𝑦1)2𝑛
𝑖=2

𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛

   

𝑐𝑡+3̅̅ ̅̅ ̅̅  = ∑ (𝑥2𝑛+𝑖 ,𝑦2)2𝑛−1
𝑖=1

𝑖 𝑖𝑠 𝑜𝑑𝑑

   

𝑐𝑡+4̅̅ ̅̅ ̅̅  = ∑ (𝑥2𝑛+𝑖 ,𝑦2)2𝑛
𝑖=2

𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛

  , . . . , 𝑐3𝑡−1̅̅ ̅̅ ̅̅ ̅ = ∑ (𝑥2𝑛+𝑖 ,𝑦𝑡)2𝑛−1
𝑖=1

𝑖 𝑖𝑠 𝑜𝑑𝑑
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𝑐3𝑡̅̅ ̅̅  = ∑ (𝑥2𝑛+𝑖 ,𝑦𝑡)2𝑛
𝑖=2

𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛

 

The idempotents of 𝐹𝐺 are given by using 𝑒 =
1

|𝐺|
 ∑ 𝜒(𝑔−1)𝑔𝑔∈𝐺   (see[4, Pro.14.10])  

Group 𝑄4𝑛 × 𝐶𝑡  has 4𝑡 irreducible linear characters and corresponding linear idempotents of 𝐹𝐺 are given by 

𝑒1 =
1

4𝑛𝑡
  ∑ (𝑥𝑖 , 𝑦𝑗)1≤𝑖≤4𝑛

1≤𝑗≤𝑡
 

𝑒2 = 
1

4𝑛𝑡
[∑ 𝐶�̅� −𝑡

𝑖=1 ∑ 𝐶𝑡+𝑗
̅̅ ̅̅ ̅̅2𝑡

𝑗=1  ] 

𝑒3 = 
1

4𝑛𝑡
[∑ (𝑥1, 𝑦𝑗)𝑡

𝑗=1 + (−1)𝑟 ∑ (𝑥𝑟+1, 𝑦𝑗) −1≤𝑟≤2𝑛−1
1≤𝑗≤𝑡

∑ (𝑥2𝑛+𝑖 ,𝑦𝑗)2𝑛−1
𝑖=1

𝑖 𝑖𝑠 𝑜𝑑𝑑
1≤𝑗≤𝑡

+ ∑ (𝑥2𝑛+𝑖 ,𝑦𝑗)2𝑛
𝑖=2

𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛
1≤𝑗≤𝑡

] 

𝑒4= 
1

4𝑛𝑡
[∑ (𝑥1, 𝑦𝑗)𝑡

𝑗=1 + (−1)𝑟 ∑ (𝑥𝑟+1, 𝑦𝑗) +1≤𝑟≤2𝑛−1
1≤𝑗≤𝑡

∑ (𝑥2𝑛+𝑖 ,𝑦𝑗)2𝑛−1
𝑖=1

𝑖 𝑖𝑠 𝑜𝑑𝑑
1≤𝑗≤𝑡

− ∑ (𝑥2𝑛+𝑖 ,𝑦𝑗)2𝑛
𝑖=2

𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛
1≤𝑗≤𝑡

] 

𝜐𝑘= 
1

4𝑛𝑡
 [𝑐1̅ + (αk)t−1𝑐2̅ +…. + αk 𝑐�̅� + 𝑐𝑡+1̅̅ ̅̅ ̅̅ + 𝑐𝑡+2̅̅ ̅̅ ̅̅  +(αk)t−1 ( 𝑐𝑡+3̅̅ ̅̅ ̅̅ + 𝑐𝑡+4̅̅ ̅̅ ̅̅  ) + . . . + αk(𝑐3𝑡−1̅̅ ̅̅ ̅̅ ̅ + 𝑐3𝑡̅̅ ̅̅ )]   

𝜂𝑘 = 
1

4𝑛𝑡
 [𝑐1̅ + (αk)t−1𝑐2̅ +…. + αk 𝑐�̅� −𝑐𝑡+1̅̅ ̅̅ ̅̅ − 𝑐𝑡+2̅̅ ̅̅ ̅̅ −(αk)t−1( 𝑐𝑡+3̅̅ ̅̅ ̅̅ + 𝑐𝑡+4̅̅ ̅̅ ̅̅  ) − . . . − αk(𝑐3𝑡−1̅̅ ̅̅ ̅̅ ̅ + 𝑐3𝑡̅̅ ̅̅ )]   

𝜁𝑘  = 
1

4𝑛𝑡
[(x1,y1) + (αk)t−1(x1,y2) + … + αk(x1,yt) + ∑  (−1)𝑟(𝑥𝑟+1 , 𝑦1) +2𝑛−1

𝑟=1   

(αk)t−1 ∑  (−1)𝑟(𝑥𝑟+1, 𝑦2)2𝑛−1
𝑟=1 + . . . + αk∑  (−1)𝑟(𝑥𝑟+1, 𝑦𝑡)2𝑛−1

𝑟=1 − 𝑐𝑡+1̅̅ ̅̅ ̅̅ + 𝑐𝑡+2̅̅ ̅̅ ̅̅  + . . . + αk(−𝑐3𝑡−1̅̅ ̅̅ ̅̅ ̅ + 𝑐3𝑡̅̅ ̅̅ )] 

δk =  
1

4𝑛𝑡
[(x1,y1) + (αk)t−1(x1,y2) + … + αk(x1,yt) + ∑  (−1)𝑟(𝑥𝑟+1, 𝑦1) +2𝑛−1

𝑟=1   

(αk)t−1 ∑  (−1)𝑟(𝑥𝑟+1, 𝑦2)2𝑛−1
𝑟=1 + . . . + αk∑  (−1)𝑟(𝑥𝑟+1, 𝑦𝑡)2𝑛−1

𝑟=1 + 𝑐𝑡+1̅̅ ̅̅ ̅̅ − 𝑐𝑡+2̅̅ ̅̅ ̅̅  + . . . + αk(𝑐3𝑡−1̅̅ ̅̅ ̅̅ ̅ − 𝑐3𝑡̅̅ ̅̅ )] 

𝐺 has (𝑛 − 1)𝑡 non linear characters and corresponding non linear idempotents of 𝐹𝐺 are given by 

ϑj = 
1

2𝑛𝑡
 [2∑ (𝑥1 , 𝑦𝑗)1≤𝑗≤𝑡  + 2(−1)j ∑ (𝑥𝑛+1, 𝑦𝑙)1≤𝑙≤𝑡  + 2 ∑ cos

𝜋𝑗𝑟

𝑛
2𝑛−1
𝑟=1 {(ar,1)+ (ar,g)+ …+(ar,gt−1)}]      

γjk = 
1

2𝑛𝑡
  [2(1,1)+2(αk)t−1(1,g)+…..+2αk(1,gt−1) + 2(−1)j{(an,1)+ (αk)t−1(an,g) +…+ αk(an,gt−1)}        + 

2∑ cos
𝜋𝑗𝑟

𝑛
𝑛−1
𝑟=1 {(ar,1)+ (a−r,1)} + 2(αk)t−1∑ cos

𝜋𝑗𝑟

𝑛
𝑛−1
𝑟=1 {(ar,g)+ (a−r ,g)} + ... +                              2αk  

∑ cos
𝜋𝑗𝑟

𝑛
𝑛−1
𝑟=1 {(ar, gt−1)+ (a−r, gt−1)}]         

where  1≤ j ≤ n−1,  k=1,2,…,t−1 and 𝛼 is tth root of unity i.e. 𝛼𝑡 = 1.  

2.2 Explicit expressions for the (𝒏 + 𝟑)𝒕 irreducible idempotents in the group algebra 𝑭(𝑸𝟒𝒏 × 𝑪𝒕) 

when 𝒏 is an odd number.  

When 𝑛 is odd, the group 𝑄4𝑛 has 𝑛 + 3 irreducible characters and 𝐶𝑡  has 𝑡 irreducible characters so 𝑄4𝑛 ×
𝐶𝑡  has (𝑛 + 3)𝑡 irreducible characters and correspondingly there are (𝑛 + 3)𝑡 irreducible idempotents in the 

group algebra 𝐹(𝑄4𝑛 × 𝐶𝑡).  

The linear irreducible characters of 𝑄4𝑛 × 𝐶𝑡  are given by  

𝜒1(𝑥) = 1  for all 𝑥 ∈ 𝑄4𝑛 × 𝐶𝑡   

𝜒2(𝑎𝑟, 𝑔𝑙) = 1, 𝜒2(𝑎𝑟𝑏, 𝑔𝑙) = −1  where  0 ≤ 𝑟 ≤ 2n − 1 

𝜒3(1, 𝑔𝑙) = 1, 𝜒3(𝑎𝑟, 𝑔𝑙) = (−1)𝑟  (1 ≤ 𝑟 ≤ n),  𝜒3(𝑏, 𝑔𝑙) = 𝑖, 𝜒3(𝑎𝑏, 𝑔𝑙) = −𝑖   

𝜒4(1, 𝑔𝑙) = 1 , 𝜒4(𝑎𝑟 , 𝑔𝑙) = (−1)𝑟  (1 ≤ 𝑟 ≤ n) ,  𝜒4(𝑏, 𝑔𝑙) = −𝑖,  𝜒4(𝑎𝑏, 𝑔𝑙) = 𝑖 

𝜑𝑘(𝑎𝑟, 𝑔𝑙) = (𝛼𝑘)𝑙    , 𝜑𝑘(𝑎𝑟𝑏, 𝑔𝑙) =  (𝛼𝑘)𝑙  where 0 ≤ 𝑟 ≤ 2n − 1  

𝜙𝑘(𝑎𝑟, 𝑔𝑙) = (𝛼𝑘)𝑙,   𝜙𝑘(𝑎𝑟𝑏, 𝑔𝑙) = −(𝛼𝑘)𝑙  where  0 ≤ 𝑟 ≤ 2n − 1  

𝜓𝑘(1, 𝑔𝑙) = (𝛼𝑘)𝑙,  𝜓𝑘(𝑎𝑟, 𝑔𝑙) = (−1)𝑟(𝛼𝑘)𝑙  (1 ≤ 𝑟 ≤ n), 𝜓𝑘(𝑏, 𝑔𝑙) = 𝑖(𝛼𝑘)𝑙,                                           

𝜓𝑘(𝑎𝑏, 𝑔𝑙) = −𝑖(𝛼𝑘)𝑙   
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Φ𝑘(1, 𝑔𝑙) = (𝛼𝑘)𝑙, Φ𝑘(𝑎𝑟, 𝑔𝑙) = (−1)𝑟(𝛼𝑘)𝑙    (1 ≤ 𝑟 ≤ n), Φ𝑘(𝑏, 𝑔𝑙) = −𝑖(𝛼𝑘)𝑙,                                        

Φ𝑘(𝑎𝑏, 𝑔𝑙) = 𝑖(𝛼𝑘)𝑙. 

Corresponding to 4𝑡 irreducible linear characters the linear idempotents of FG are given by 

𝑒1 = 
1

4𝑛𝑡
  ∑ (𝑥𝑖 , 𝑦𝑗)1≤𝑖≤4𝑛

1≤𝑗≤𝑡
 

𝑒2 = 
1

4𝑛𝑡
[∑ 𝐶�̅� −𝑡

𝑖=1 ∑ 𝐶𝑡+𝑗
̅̅ ̅̅ ̅̅2𝑡

𝑗=1  ] 

𝑒3 = 
1

4𝑛𝑡
[∑ (𝑥1, 𝑦𝑗)𝑡

𝑗=1 + ∑ (−1)𝑟(𝑥𝑟+1, 𝑦𝑗) −1≤𝑟≤2𝑛−1
1≤𝑗≤𝑡

𝑖 ∑ (𝑥2𝑛+𝑙 ,𝑦𝑗)2𝑛−1
𝑙=1

𝑙 𝑖𝑠 𝑜𝑑𝑑
1≤𝑗≤𝑡

+ 𝑖 ∑ (𝑥2𝑛+𝑙 ,𝑦𝑗)2𝑛
𝑙=2

𝑙 𝑖𝑠 𝑒𝑣𝑒𝑛
1≤𝑗≤𝑡

] 

𝑒4 = 
1

4𝑛𝑡
[∑ (𝑥1, 𝑦𝑗)𝑡

𝑗=1 + ∑ (−1)𝑟(𝑥𝑟+1, 𝑦𝑗) + 𝑖1≤𝑟≤2𝑛−1
1≤𝑗≤𝑡

∑ (𝑥2𝑛+𝑙 ,𝑦𝑗)2𝑛−1
𝑙=1

𝑙 𝑖𝑠 𝑜𝑑𝑑
1≤𝑗≤𝑡

− 𝑖 ∑ (𝑥2𝑛+𝑙 ,𝑦𝑗)2𝑛
𝑙=2

𝑙 𝑖𝑠 𝑒𝑣𝑒𝑛
1≤𝑗≤𝑡

] 

𝜗𝑘 = 
1

4𝑛𝑡
 [𝑐1̅ + (αk)t-1𝑐2̅ +…. + αk 𝑐�̅� + 𝑐𝑡+1̅̅ ̅̅ ̅̅ + 𝑐𝑡+2̅̅ ̅̅ ̅̅  +(αk)t-1 ( 𝑐𝑡+3̅̅ ̅̅ ̅̅ + 𝑐𝑡+4̅̅ ̅̅ ̅̅  ) + . . . + αk(𝑐3𝑡−1̅̅ ̅̅ ̅̅ ̅ + 𝑐3𝑡̅̅ ̅̅ )]   

ηk = 
1

4𝑛𝑡
 [𝑐1̅ + (αk)t-1𝑐2̅ +…. + αk 𝑐�̅� −𝑐𝑡+1̅̅ ̅̅ ̅̅ − 𝑐𝑡+2̅̅ ̅̅ ̅̅ −(αk)t-1( 𝑐𝑡+3̅̅ ̅̅ ̅̅ + 𝑐𝑡+4̅̅ ̅̅ ̅̅  ) − . . . − αk(𝑐3𝑡−1̅̅ ̅̅ ̅̅ ̅ + 𝑐3𝑡̅̅ ̅̅ )] 

ζk = 
1

4𝑛𝑡
[(x1,y1) + (αk)t-1(x1,y2) + … + αk(x1,yt) + ∑  (−1)𝑟(𝑥𝑟+1, 𝑦1) +2𝑛−1

𝑟=1   

(αk)t-1 ∑  (−1)𝑟(𝑥𝑟+1 , 𝑦2)2𝑛−1
𝑟=1 + . . . + αk∑  (−1)𝑟(𝑥𝑟+1, 𝑦𝑡)2𝑛−1

𝑟=1 − 𝑖 𝑐𝑡+1̅̅ ̅̅ ̅̅ + 𝑖 𝑐𝑡+2̅̅ ̅̅ ̅̅  + . . . + αk𝑖(−𝑐3𝑡−1̅̅ ̅̅ ̅̅ ̅ + 𝑐3𝑡̅̅ ̅̅ )] 

δk =  
1

4𝑛𝑡
[(x1,y1) + (αk)t-1(x1,y2) + … + αk(x1,yt) + ∑  (−1)𝑟(𝑥𝑟+1, 𝑦1) +2𝑛−1

𝑟=1   

(αk)t-1 ∑  (−1)𝑟(𝑥𝑟+1 , 𝑦2)2𝑛−1
𝑟=1 + . . . + αk∑  (−1)𝑟(𝑥𝑟+1, 𝑦𝑡)2𝑛−1

𝑟=1 + 𝑖 𝑐𝑡+1̅̅ ̅̅ ̅̅ − 𝑖 𝑐𝑡+2̅̅ ̅̅ ̅̅  + . . . + αk𝑖(𝑐3𝑡−1̅̅ ̅̅ ̅̅ ̅ − 𝑐3𝑡̅̅ ̅̅ )] 

where 𝑖 is 4th root of unity i.e. 𝑖4 = 1 and 𝛼 is tth root of unity i.e. 𝛼𝑡 = 1.  

Remark: The non linear idempotents of 𝐹𝐺 are identical in both cases 2.1 and 2.2. 

 

3.  Minimum distance and dimension of codes 

Definition 3.1 When 𝑛 is even number, the set of all irreducible idempotents of 𝐹(𝑄4𝑛 × 𝐶𝑡) is 

E={𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝜐𝑘 , 𝜁𝑘 , 𝛿𝑘 ,  𝜂𝑘 ,  𝜗𝑗, 𝛾𝑗𝑘 , (1 ≤  𝑗 ≤  𝑛 − 1), (𝑘 = 1,2, … , 𝑡 − 1)}. If 𝜇 ⊆ 𝐸 define 𝐼𝜇 = {𝑢 ∈

𝐹(𝑄4𝑛 × 𝐶𝑡): 𝑢𝑒 = 0  ∀𝑒 ∈ 𝜇} is a group code generated by the set of idempotents {𝐸 \ 𝜇}. e.g. 𝐼{𝜐𝑘,𝜂𝑘, 𝜁𝑘} =

{𝑢 ∈ 𝐹(𝑄4𝑛 × 𝐶𝑡): 𝑢𝜐𝑘 =  𝑢𝜂𝑘 = 𝑢𝜁𝑘 = 0}  is group code generated by the idempotents  

{𝑒1, 𝑒2, 𝑒3, 𝑒4 , 𝛿𝑘 ,  𝜗𝑗 , 𝛾𝑗𝑘}.  

Theorem 3.2  If 𝝁 ⊆ 𝑬𝑳 then 𝑰𝝁 is (𝟒𝒏𝒕, 𝟒𝒏𝒕 − |𝝁|, 𝟐) group code.  

Proof.  When 𝑛 is an even number   

Let 𝑢 = ∑ 𝜆𝑖
2𝑛
𝑖=1 (xi,y1) + ∑ 𝜆2𝑛+𝑖

2𝑛
𝑖=1 (xi,y2) + . . . + ∑ 𝜆2𝑛(𝑡−1)+𝑖

2𝑛
𝑖=1  (xi,yt) +                      ∑ 𝜆2𝑛𝑡+𝑖

2𝑛
𝑖=1 (x2n+i ,y1) + 

. . . . +∑ 𝜆(2𝑡−1)2𝑛+𝑖
2𝑛
𝑖=1  (x2n+i , yt)  be any element of  𝐹(𝑄4𝑛 × 𝐶𝑡) then 

𝑢𝑒1 =  ( ∑ 𝜆𝑖
4𝑛𝑡
𝑖=1  )e1                                                                                    (3.1) 

𝑢𝑒2 = (∑ 𝜆𝑖
2𝑛𝑡
𝑖=1  −  ∑ 𝜆𝑖

4𝑛𝑡
𝑖=2𝑛𝑡+1  ) e2                                                                 (3.2) 

𝑢𝑒3 = (∑ 𝜆𝑖
2𝑛𝑡
𝑖=1 (−1)i+1 +  ∑ 𝜆𝑖

4𝑛𝑡
𝑖=2𝑛𝑡+1 (−1)i+1) e3                                   (3.3) 

𝑢𝑒4 = (∑ 𝜆𝑖
2𝑛𝑡
𝑖=1 (−1)i+1 + ∑ 𝜆𝑖

4𝑛𝑡
𝑖=2𝑛𝑡+1 (−1)i ) e4                                      (3.4) 

𝑢𝜐𝑘  = (∑ 𝜆𝑖
2𝑛
𝑖=1  + αk ∑ 𝜆𝑖

4𝑛
𝑖=2𝑛+1  + (αk)2 ∑ 𝜆𝑖

6𝑛
𝑖=4𝑛+1  + …..+ (αk)t−1 ∑ 𝜆𝑖

2𝑛𝑡
𝑖=(𝑡−1)2𝑛+1  + ∑ 𝜆𝑖

2𝑛(𝑡+1)
𝑖=2𝑛𝑡+1 +                                 

αk ∑ 𝜆𝑖
(𝑡+2)2𝑛
𝑖=(𝑡+1)2𝑛+1 + ……+ (αk)t−1 ∑ 𝜆𝑖

4𝑛𝑡
𝑖=(2𝑡−1)2𝑛+1  ) 𝜗𝑘                          (3.5) 

𝑢𝜂𝑘  = (∑ 𝜆𝑖
2𝑛
𝑖=1  + αk ∑ 𝜆𝑖

4𝑛
𝑖=2𝑛+1  + (αk)2 ∑ 𝜆𝑖

6𝑛
𝑖=4𝑛+1  + …..+ (αk)t−1 ∑ 𝜆𝑖

2𝑛𝑡
𝑖=(𝑡−1)2𝑛+1  − ∑ 𝜆𝑖

2𝑛(𝑡+1)
𝑖=2𝑛𝑡+1                                  

− αk ∑ 𝜆𝑖
(𝑡+2)2𝑛
𝑖=(𝑡+1)2𝑛+1 − . . . − (αk)t−1 ∑ 𝜆𝑖

4𝑛𝑡
𝑖=(2𝑡−1)2𝑛+1  )𝜂𝑘                          (3.6) 
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𝑢𝜁𝑘  = (∑ 𝜆𝑖
2𝑛
𝑖=1  (−1)i+1 + αk ∑ 𝜆𝑖

4𝑛
𝑖=2𝑛+1 (−1)i+1 + (αk)2 ∑ 𝜆𝑖

6𝑛
𝑖=4𝑛+1 (−1)i+1 + …..+ (αk)t-1 ∑ 𝜆𝑖

2𝑛𝑡
𝑖=(𝑡−1)2𝑛+1 (−1)i+1 + 

∑ 𝜆𝑖
2𝑛(𝑡+1)
𝑖=2𝑛𝑡+1 (−1)i+1 + . . .  +  (αk)t−1 ∑ 𝜆𝑖

4𝑛𝑡
𝑖=(2𝑡−1)2𝑛+1 (−1)i+1) ζk    (3.7) 

 𝑢𝛿𝑘 = (∑ 𝜆𝑖
2𝑛
𝑖=1  (−1)i+1 + αk ∑ 𝜆𝑖

4𝑛
𝑖=2𝑛+1 (−1)i+1 + (αk)2 ∑ 𝜆𝑖

6𝑛
𝑖=4𝑛+1 (−1)i+1 + …..+ (αk)t-1 ∑ 𝜆𝑖

2𝑛𝑡
𝑖=(𝑡−1)2𝑛+1 (−1)i+1 + 

∑ 𝜆𝑖
2𝑛(𝑡+1)
𝑖=2𝑛𝑡+1 (−1)i + . . .  +  (αk)t−1 ∑ 𝜆𝑖

4𝑛𝑡
𝑖=(2𝑡−1)2𝑛+1 (−1)i)δk    (3.8) 

When 𝑛 is odd number  

𝑢𝑒3 = (∑ 𝜆𝑟
2𝑛𝑡
𝑟=1 (−1)r+1 +  𝑖 ∑ 𝜆𝑟

4𝑛𝑡
𝑟=2𝑛𝑡+1 (−1)r+1) e3                                  (3.9) 

𝑢𝑒4 = (∑ 𝜆𝑟
2𝑛𝑡
𝑟=1 (−1)r+1 + 𝑖 ∑ 𝜆𝑟

4𝑛𝑡
𝑟=2𝑛𝑡+1 (−1)r ) e4                                     (3.10) 

𝑢𝜁𝑘  = (∑ 𝜆𝑟
2𝑛
𝑟=1  (−1)r+1 + αk ∑ 𝜆𝑟

4𝑛
𝑟=2𝑛+1 (−1)r+1 + (αk)2 ∑ 𝜆𝑟

6𝑛
𝑟=4𝑛+1 (−1)r+1 + …..+ (αk)t-1 ∑ 𝜆𝑟

2𝑛𝑡
𝑟=(𝑡−1)2𝑛+1 (−1)r+1 

+ 𝑖 ∑ 𝜆𝑟
2𝑛(𝑡+1)
𝑟=2𝑛𝑡+1 (−1)r+1 + . . .  +  (αk)t−1 𝑖 ∑ 𝜆𝑟

4𝑛𝑡
𝑟=(2𝑡−1)2𝑛+1 (−1)r+1)ζk    

                                                                                                                       (3.11) 

𝑢𝛿𝑘 = (∑ 𝜆𝑟
2𝑛
𝑟=1  (−1)r+1 + αk ∑ 𝜆𝑟

4𝑛
𝑟=2𝑛+1 (−1)r+1 + (αk)2 ∑ 𝜆𝑟

6𝑛
𝑟=4𝑛+1 (−1)r+1 + …..+ (αk)t-1 ∑ 𝜆𝑟

2𝑛𝑡
𝑟=(𝑡−1)2𝑛+1 (−1)r+1 

+ 𝑖 ∑ 𝜆𝑟
2𝑛(𝑡+1)
𝑟=2𝑛𝑡+1 (−1)r + . . .  +  (αk)t−1 𝑖 ∑ 𝜆𝑟

4𝑛𝑡
𝑟=(2𝑡−1)2𝑛+1 (−1)r)δk   (3.12) 

Let 𝜇 = {𝑒1}, now we find the minimum distance and dimension of 𝐼{𝑒1}. Let 𝑢 =  𝜆𝑔 ∈ 𝐹(𝑄4𝑛 × 𝐶𝑡) be any 

code word with 𝑤𝑡(𝑢) = 1. By equation (3.1) 𝑢𝑒1 = 𝜆𝑒1 ≠ 0, implies that 𝑢 =  𝜆𝑔𝐼{𝑒1}  and so 𝑑(𝐼{𝑒1}) ≥2. 

If we take 𝑢 =  𝜆1(𝑥1, 𝑦1) + 𝜆2(𝑥2, 𝑦1) ∈ 𝐹(𝑄4𝑛 × 𝐶𝑡) then 𝑢𝑒1 = 0 if and only if 𝜆1 = −𝜆2. So 𝑢 ∈ 𝐼{𝑒1}  

hence 𝑑(𝐼{𝑒1})=2. From remark 1.1, we have 𝑑𝑖𝑚(𝐼{𝑒1}) = 4nt−1. Hence 𝐼{𝑒1} is (4𝑛𝑡, 4𝑛𝑡 − 1, 2) group code. 

Similarly we can prove for other values of 𝜇. 

 

4.  Codes over 𝑭(𝑸𝟏𝟐 × 𝑪𝟑) 

In this section we completely describe the codes over 𝐹(𝑄12 × 𝐶3) when 𝑛 = 3 and 𝑡 = 3. 

Example 4.1 The group algebra 𝐹(𝑄12 × 𝐶3) has 12 linear and 6 non linear irreducible idempotents. 

Proof. Generalized quaternion group 𝑄12 =< 𝑎, 𝑏: 𝑎6 = 1, 𝑎3 = 𝑏2, 𝑎𝑏 = 𝑏𝑎−1 > and cyclic group C3 

={1,g,g2}. Conjugacy classes of 𝑄12 are {1}, {a3},{a, a5}, {a2, a4}, {b, a2b, a4b}, {ab,a3b, a5b} so 𝑄12 

consisting of six irreducible characters and C3 has 3 irreducible characters therefore the group algebra 

𝐹(𝑄12 × 𝐶3) has 18 irreducible idempotents.   

Notations:  

𝐶1
̅̅ ̅ = ∑ (𝑎𝑟 , 1)𝑟=0,2,4  ;  𝐶2

̅̅ ̅ = ∑ (𝑎𝑟, 1)𝑟=1,3,5  ; 𝐶3
̅̅ ̅ = ∑ (𝑎𝑟, 𝑔)𝑟=0,2,4   

𝐶4
̅̅ ̅ = ∑ (𝑎𝑟, 𝑔)𝑟=1,3,5  ; 𝐶5

̅̅ ̅ = ∑ (𝑎𝑟, 𝑔2)𝑟=0,2,4  ; 𝐶6
̅̅ ̅ = ∑ (𝑎𝑟 , 𝑔2)𝑟=1,3,5   

𝐶7
̅̅ ̅ = ∑ (𝑎𝑟𝑏, 1)𝑟=0,2,4  ; 𝐶8

̅̅ ̅ = ∑ (𝑎𝑟𝑏, 1)𝑟=1,3,5  ; 𝐶9
̅̅ ̅ = ∑ (𝑎𝑟𝑏, 𝑔)𝑟=0,2,4   

𝐶10
̅̅ ̅̅ = ∑ (𝑎𝑟𝑏, 𝑔)𝑟=1,3,5  ; 𝐶11

̅̅ ̅̅ = ∑ (𝑎𝑟𝑏, 𝑔2)𝑟=0,2,4  ; 𝐶12
̅̅ ̅̅ = ∑ (𝑎𝑟𝑏, 𝑔2)𝑟=1,3,5   

The linear idempotents of 𝐹(𝑄12 × 𝐶3) are given by  

𝑒1 = 
1

36
∑ 𝐶�̅�

12
𝑙=1   

𝑒2 =  
1

36
(∑ 𝐶�̅�

6
𝑙=1 − ∑ 𝐶�̅�

12
𝑙=7 )   

𝑒3 = 
1

36
(∑ 𝐶�̅�

6
𝑙=1 (−1)𝑙+1 + 𝑖 ∑ 𝐶�̅�

12
𝑙=7 (−1)𝑙)  

𝑒4 = 
1

36
(∑ 𝐶�̅�

6
𝑙=1 (−1)𝑙+1 + 𝑖 ∑ 𝐶�̅�

12
𝑙=7 (−1)𝑙+1)   

𝑒5 =  
1

36
[𝐶1
̅̅ ̅ + 𝐶2

̅̅ ̅ + 𝜔2(𝐶3
̅̅ ̅ + 𝐶4

̅̅ ̅) + 𝜔(𝐶5
̅̅ ̅ + 𝐶6

̅̅ ̅) + 𝐶7
̅̅ ̅ + 𝐶8

̅̅ ̅ + 𝜔2(𝐶9
̅̅ ̅ + 𝐶10

̅̅ ̅̅ ) + 𝜔(𝐶11
̅̅ ̅̅ + 𝐶12

̅̅ ̅̅ )] 

𝑒6 = 
1

36
[𝐶1
̅̅ ̅ + 𝐶2

̅̅ ̅ + 𝜔2(𝐶3
̅̅ ̅ + 𝐶4

̅̅ ̅) + 𝜔(𝐶5
̅̅ ̅ + 𝐶6

̅̅ ̅) − 𝐶7
̅̅ ̅ − 𝐶8

̅̅ ̅ − 𝜔2(𝐶9
̅̅ ̅ + 𝐶10

̅̅ ̅̅ ) − 𝜔(𝐶11
̅̅ ̅̅ + 𝐶12

̅̅ ̅̅ )] 
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𝑒7 = 
1

36
[𝐶1
̅̅ ̅ − 𝐶2

̅̅ ̅ + 𝜔2(𝐶3
̅̅ ̅ − 𝐶4

̅̅ ̅) + 𝜔(𝐶5
̅̅ ̅ − 𝐶6

̅̅ ̅) + 𝑖(−𝐶7
̅̅ ̅ + 𝐶8

̅̅ ̅)+𝑖𝜔2(−𝐶9
̅̅ ̅ + 𝐶10

̅̅ ̅̅ ) + 𝑖𝜔(−𝐶11
̅̅ ̅̅ + 𝐶12

̅̅ ̅̅ )]  

𝑒8 = 
1

36
[𝐶1
̅̅ ̅ − 𝐶2

̅̅ ̅ + 𝜔2(𝐶3
̅̅ ̅ − 𝐶4

̅̅ ̅) + 𝜔(𝐶5
̅̅ ̅ − 𝐶6

̅̅ ̅) + 𝑖(𝐶7
̅̅ ̅ − 𝐶8

̅̅ ̅)+𝑖𝜔2(𝐶9
̅̅ ̅ − 𝐶10

̅̅ ̅̅ ) + 𝑖𝜔(𝐶11
̅̅ ̅̅ − 𝐶12

̅̅ ̅̅ )]      

𝑒9 = 
1

36
[𝐶1
̅̅ ̅ + 𝐶2

̅̅ ̅ + 𝜔(𝐶3
̅̅ ̅ + 𝐶4

̅̅ ̅) + 𝜔2(𝐶5
̅̅ ̅ + 𝐶6

̅̅ ̅) + 𝐶7
̅̅ ̅ + 𝐶8

̅̅ ̅ + 𝜔(𝐶9
̅̅ ̅ + 𝐶10

̅̅ ̅̅ ) + 𝜔2(𝐶11
̅̅ ̅̅ + 𝐶12

̅̅ ̅̅ )] 

𝑒10 =  
1

36
[𝐶1
̅̅ ̅ + 𝐶2

̅̅ ̅ + 𝜔(𝐶3
̅̅ ̅ + 𝐶4

̅̅ ̅) + 𝜔2(𝐶5
̅̅ ̅ + 𝐶6

̅̅ ̅) − 𝐶7
̅̅ ̅ − 𝐶8

̅̅ ̅ − 𝜔(𝐶9
̅̅ ̅ + 𝐶10

̅̅ ̅̅ ) − 𝜔2(𝐶11
̅̅ ̅̅ + 𝐶12

̅̅ ̅̅ )] 

𝑒11 = 
1

36
[𝐶1
̅̅ ̅ − 𝐶2

̅̅ ̅ + 𝜔(𝐶3
̅̅ ̅ − 𝐶4

̅̅ ̅) + 𝜔2(𝐶5
̅̅ ̅ − 𝐶6

̅̅ ̅) + 𝑖(−𝐶7
̅̅ ̅ + 𝐶8

̅̅ ̅) + 𝑖𝜔(−𝐶9
̅̅ ̅ + 𝐶10

̅̅ ̅̅ ) + 𝑖𝜔2(−𝐶11
̅̅ ̅̅ + 𝐶12

̅̅ ̅̅ )]  

𝑒12 =
1

36
[𝐶1
̅̅ ̅ − 𝐶2

̅̅ ̅ + 𝜔(𝐶3
̅̅ ̅ − 𝐶4

̅̅ ̅) + 𝜔2(𝐶5
̅̅ ̅ − 𝐶6

̅̅ ̅) + 𝑖(𝐶7
̅̅ ̅ − 𝐶8

̅̅ ̅) + 𝑖𝜔(𝐶9
̅̅ ̅ − 𝐶10

̅̅ ̅̅ ) + 𝑖𝜔2(𝐶11
̅̅ ̅̅ − 𝐶12

̅̅ ̅̅ )]     

and non linear idempotents are given by  

𝑒13 = 
1

18
[2 ∑ (1, 𝑔𝑟)2

𝑟=0 + 2 ∑ (𝑎3, 𝑔𝑟)2
𝑟=0 − ∑ ∑ (𝑎𝑟 , 𝑔𝑙)]𝑟=1,2,4,5

2
𝑙=0  

𝑒14 = 
1

18
[2 ∑ (1, 𝑔𝑟)2

𝑟=0 − 2 ∑ (𝑎3, 𝑔𝑟)2
𝑟=0 + ∑ (𝑎𝑟, 𝑔𝑙) −2

𝑙=0
𝑟=1,5

∑ (𝑎𝑟, 𝑔𝑙)]2
𝑙=0

𝑟=2,4
 

𝑒15 = 
1

18
[2 ∑ (𝑎𝑟, 1) + 2𝜔2 ∑ (𝑎𝑟 , 𝑔) + 2𝜔 ∑ (𝑎𝑟, 𝑔2) −𝑟=0,3𝑟=0,3𝑟=0,3 ∑ (𝑎𝑟, 1) −𝑟=1,2,4,5  

𝜔2 ∑ (𝑎𝑟, 𝑔) − 𝜔 ∑ (𝑎𝑟, 𝑔2)]𝑟=1,2,4,5𝑟=1,2,4,5  

𝑒16 = 
1

18
[2(1,1) − 2(𝑎3, 1) + 2𝜔2{(1, 𝑔) − (𝑎3, 𝑔)} + 2𝜔{(1, 𝑔2) − (𝑎3, 𝑔2)} + ∑ (𝑎𝑟, 1)𝑟=1,5  + 

𝜔2 ∑ (𝑎𝑟, 𝑔) + 𝜔 ∑ (𝑎𝑟 , 𝑔2) − ∑ (𝑎𝑟 , 1) − 𝜔2 ∑ (𝑎𝑟, 𝑔) − 𝜔 ∑ (𝑎𝑟, 𝑔2)𝑟=2,4𝑟=2,4𝑟=2,4𝑟=1,5𝑟=1,5 ] 

𝑒17 = 
1

18
[2 ∑ (𝑎𝑟, 1) + 2𝜔 ∑ (𝑎𝑟, 𝑔) + 2𝜔2 ∑ (𝑎𝑟, 𝑔2) −𝑟=0,3𝑟=0,3𝑟=0,3 ∑ (𝑎𝑟, 1) −𝑟=1,2,4,5  

𝜔 ∑ (𝑎𝑟, 𝑔) − 𝜔2 ∑ (𝑎𝑟, 𝑔2)]𝑟=1,2,4,5𝑟=1,2,4,5  

𝑒18 = 
1

18
[2(1,1) − 2(𝑎3, 1) + 2𝜔{(1, 𝑔) − (𝑎3, 𝑔)} + 2𝜔2{(1, 𝑔2) − (𝑎3, 𝑔2)} + ∑ (𝑎𝑟, 1)𝑟=1,5  + 

𝜔 ∑ (𝑎𝑟, 𝑔) + 𝜔2 ∑ (𝑎𝑟 , 𝑔2) − ∑ (𝑎𝑟 , 1) − 𝜔 ∑ (𝑎𝑟 , 𝑔) − 𝜔2 ∑ (𝑎𝑟, 𝑔2)𝑟=2,4𝑟=2,4𝑟=2,4𝑟=1,5𝑟=1,5 ] 

where 𝜔 is cube root of unity and 𝑖 is 4th root of unity. 

Remark: In this case the set of all irreducible idempotents 𝐸 = {𝑒1, 𝑒2, 𝑒3, … , 𝑒18} and group code 𝐼𝜇 =  {𝑢 ∈

𝐹(𝑄12 × 𝐶3): 𝑢𝑒 = 0  ∀𝑒 ∈ 𝜇} is generated by {𝐸 \ 𝜇}. e.g. The group code 𝐼{𝑒1,𝑒2,𝑒3,𝑒4} is generated by the 

idempotents {𝑒5, 𝑒6, … , 𝑒18}. 

4.2  The minimum distance and dimension of the group codes are    

(i) 𝑑(𝐼{𝑒𝑖})= 2 and 𝑑𝑖𝑚(𝐼{𝑒𝑖}) =35  for 1≤ i ≤12 

(ii) 𝑑(𝐼𝛽) = 2  and  𝑑𝑖𝑚(𝐼𝛽 ) = 36−|𝛽|   where  𝛽 ⊆ {𝑒1, … , 𝑒12}, |𝛽| ≥ 2 

(iii) 𝑑(𝐼{𝑒𝑖})= 3 and 𝑑𝑖𝑚(𝐼{𝑒𝑖})= 32  for 13≤ i ≤18 

(iv) 𝑑(𝐼{𝑒𝑙,𝑒𝑚}) = 6 and  𝑑𝑖𝑚(𝐼{𝑒𝑙,𝑒𝑚}) = 28  for 13≤ l, m ≤18  

(v) 𝑑(𝐼𝛽) = 6  and 𝑑𝑖𝑚(𝐼𝛽) = 36−22|𝛽|   where  𝛽 ⊆ {𝑒13, … , 𝑒18} and |𝛽| ≥ 3  

(vi) 𝑑(𝐼{𝑒𝑙,𝑒𝑚}) = 2 and 𝑑𝑖𝑚(𝐼{𝑒𝑙,𝑒𝑚}) = 31 for 𝑙=1,2,5,6,9,10 and  m= 13,15,17 

(vii) 𝑑(𝐼{𝑒𝑙,𝑒𝑚}) = 2 and 𝑑𝑖𝑚(𝐼{𝑒𝑙,𝑒𝑚}) = 31 for 𝑙 =3,4,7,8,11,12 and m= 14,16,18  

(viii) 𝑑(𝐼{𝑒𝑙,𝑒𝑚}) = 6 and 𝑑𝑖𝑚(𝐼{𝑒𝑙,𝑒𝑚}) = 31 for 𝑙=1,2,5,6,9,10 and  m= 14,16,18  

(ix) 𝑑(𝐼{𝑒𝑙,𝑒𝑚}) = 6 and 𝑑𝑖𝑚(𝐼{𝑒𝑙,𝑒𝑚}) = 31 for 𝑙 =3,4,7,8,11,12 and m= 13,15,17   

Proof. Let 𝑢 = ∑ 𝜆𝑟+1(𝑎𝑟 , 1)5
𝑟=0 +  ∑ 𝜆7+𝑟(𝑎𝑟, 𝑔)5

𝑟=0 + ∑ 𝜆13+𝑟(𝑎𝑟, 𝑔2)5
𝑟=0 + ∑ 𝜆19+𝑟(𝑎𝑟𝑏, 1)5

𝑟=0 +
 ∑ 𝜆25+𝑟(𝑎𝑟𝑏, 𝑔)5

𝑟=0 + ∑ 𝜆31+𝑟(𝑎𝑟𝑏, 𝑔2)5
𝑟=0   be any element of 𝐹(𝑄12 × 𝐶3) then   

𝑢𝑒1 =  ( ∑ 𝜆𝑖
36
𝑖=1  )e1                                                                                    (4.1) 

𝑢𝑒2 = (∑ 𝜆𝑖
18
𝑖=1  −  ∑ 𝜆𝑖

36
𝑖=19  ) e2                                                                 (4.2) 

𝑢𝑒3 = (∑ 𝜆𝑟
18
𝑟=1 (−1)r+1 +  𝑖 ∑ 𝜆𝑟

36
𝑟=19 (−1)r+1) e3                                   (4.3) 

𝑢𝑒4 = (∑ 𝜆𝑟
18
𝑟=1 (−1)r+1 + 𝑖 ∑ 𝜆𝑟

36
𝑟=19 (−1)r ) e4                                      (4.4) 
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𝑢𝑒5 = (∑ 𝜆𝑖
6
𝑖=1 + 𝜔 ∑ 𝜆𝑖

12
𝑖=7 + 𝜔2 ∑ 𝜆𝑖

18
𝑖=13 + ∑ 𝜆𝑖

24
𝑖=19 + 𝜔 ∑ 𝜆𝑖

30
𝑖=25 + 𝜔2 ∑ 𝜆𝑖

36
𝑖=31 )e5  (4.5)  

𝑢𝑒6 = (∑ 𝜆𝑖
6
𝑖=1 + 𝜔 ∑ 𝜆𝑖

12
𝑖=7 + 𝜔2 ∑ 𝜆𝑖

18
𝑖=13 − ∑ 𝜆𝑖

24
𝑖=19 − 𝜔 ∑ 𝜆𝑖

30
𝑖=25 − 𝜔2 ∑ 𝜆𝑖

36
𝑖=31 )e6  (4.6) 

𝑢𝑒7 = (∑ (−1)𝑟+1𝜆𝑟
6
𝑟=1 + 𝜔 ∑ (−1)𝑟+1𝜆𝑟

12
𝑟=7 + 𝜔2 ∑ (−1)𝑟+1𝜆𝑟

18
𝑟=13 + 𝑖 ∑ (−1)𝑟+1𝜆𝑟

24
𝑟=19 +

𝑖𝜔 ∑ (−1)𝑟+1𝜆𝑟
30
𝑟=25 + 𝑖𝜔2 ∑ (−1)𝑟+1𝜆𝑟

36
𝑟=31 )e7       (4.7) 

𝑢𝑒8 = (∑ (−1)𝑟+1𝜆𝑟
6
𝑟=1 + 𝜔 ∑ (−1)𝑟+1𝜆𝑟

12
𝑟=7 + 𝜔2 ∑ (−1)𝑟+1𝜆𝑟

18
𝑟=13 + 𝑖 ∑ (−1)𝑟𝜆𝑟

24
𝑟=19 +

𝑖𝜔 ∑ (−1)𝑟𝜆𝑟
30
𝑟=25 + 𝑖𝜔2 ∑ (−1)𝑟𝜆𝑟

36
𝑟=31 )e7         (4.8) 

𝑢𝑒9  = (∑ 𝜆𝑖
6
𝑖=1 + 𝜔2 ∑ 𝜆𝑖

12
𝑖=7 + 𝜔 ∑ 𝜆𝑖

18
𝑖=13 + ∑ 𝜆𝑖

24
𝑖=19 + 𝜔2 ∑ 𝜆𝑖

30
𝑖=25 + 𝜔 ∑ 𝜆𝑖

36
𝑖=31 )e9   (4.9) 

𝑢𝑒10 = (∑ 𝜆𝑖
6
𝑖=1 + 𝜔2 ∑ 𝜆𝑖

12
𝑖=7 + 𝜔 ∑ 𝜆𝑖

18
𝑖=13 − ∑ 𝜆𝑖

24
𝑖=19 − 𝜔2 ∑ 𝜆𝑖

30
𝑖=25 − 𝜔 ∑ 𝜆𝑖

36
𝑖=31 )e10   (4.10) 

𝑢𝑒11 = (∑ (−1)𝑟+1𝜆𝑟
6
𝑟=1 + 𝜔2 ∑ (−1)𝑟+1𝜆𝑟

12
𝑟=7 + 𝜔 ∑ (−1)𝑟+1𝜆𝑟

18
𝑟=13 + 𝑖 ∑ (−1)𝑟+1𝜆𝑟

24
𝑟=19 +

𝑖𝜔2 ∑ (−1)𝑟+1𝜆𝑟
30
𝑟=25 + 𝑖𝜔 ∑ (−1)𝑟+1𝜆𝑟

36
𝑟=31 )e11         (4.11) 

𝑢𝑒12 = (∑ (−1)𝑟+1𝜆𝑟
6
𝑟=1 + 𝜔2 ∑ (−1)𝑟+1𝜆𝑟

12
𝑟=7 + 𝜔 ∑ (−1)𝑟+1𝜆𝑟

18
𝑟=13 + 𝑖 ∑ (−1)𝑟𝜆𝑟

24
𝑟=19 +

𝑖𝜔2 ∑ (−1)𝑟𝜆𝑟
30
𝑟=25 + 𝑖𝜔 ∑ (−1)𝑟𝜆𝑟

36
𝑟=31 )e12        (4.12)  

𝑢𝑒13 =  
1

18
[(2𝜆1 − 𝜆2 − 𝜆3 + 2𝜆4 − 𝜆5 − 𝜆6 + 2𝜆7 − 𝜆8 − 𝜆9+2𝜆10−𝜆11 − 𝜆12 + 2𝜆13                −𝜆14 −

𝜆15 + 2𝜆16 − 𝜆17 − 𝜆18){(1,1) + (1, 𝑔) + (1, 𝑔2) + (𝑎3, 1) + (𝑎3, 𝑔) + (𝑎3, 𝑔2)} +                     (−𝜆1 +
2𝜆2 − 𝜆3 − 𝜆4 + 2𝜆5 − 𝜆6 − 𝜆7 + 2𝜆8 − 𝜆9−𝜆10+2𝜆11 − 𝜆12 − 𝜆13 + 2𝜆14 − 𝜆15            −𝜆16 + 2𝜆17 −
𝜆18){(𝑎, 1) + (𝑎, 𝑔) + (𝑎, 𝑔2) + (𝑎4, 1) + (𝑎4, 𝑔) + (𝑎4, 𝑔2)}  +                  (−𝜆1 − 𝜆2 + 2𝜆3 − 𝜆4 − 𝜆5 +
2𝜆6 − 𝜆7 − 𝜆8 + 2𝜆9−𝜆10−𝜆11 + 2𝜆12 − 𝜆13−𝜆14 + 2𝜆15 − 𝜆16           −𝜆17 + 2𝜆18){(𝑎2, 1) + (𝑎2, 𝑔) +
(𝑎2, 𝑔2) + (𝑎5, 1) + (𝑎5, 𝑔) + (𝑎5, 𝑔2)}  +                             (2𝜆19 − 𝜆20 − 𝜆21 + 2𝜆22 − 𝜆23 − 𝜆24 +
2𝜆25 − 𝜆26 − 𝜆27+2𝜆28−𝜆29 − 𝜆30 + 2𝜆31 − 𝜆32         −𝜆33 + 2𝜆34 − 𝜆35 − 𝜆36) {(𝑏, 1) + (𝑏, 𝑔) +
(𝑏, 𝑔2) + (𝑎3𝑏, 1) + (𝑎3𝑏, 𝑔) + (𝑎3𝑏, 𝑔2)}   +       (−𝜆19 + 2𝜆20 − 𝜆21 − 𝜆22 + 2𝜆23 − 𝜆24 − 𝜆25 + 2𝜆26 −
𝜆27−𝜆28+2𝜆29 − 𝜆30 − 𝜆31 + 2𝜆32         −𝜆33 − 𝜆34 + 2𝜆35 − 𝜆36) {(𝑎𝑏, 1) + (𝑎𝑏, 𝑔) + (𝑎𝑏, 𝑔2) +
(𝑎4𝑏, 1) + (𝑎4𝑏, 𝑔) + (𝑎4𝑏, 𝑔2)}  +    (−𝜆19 − 𝜆20 + 2𝜆21 − 𝜆22 − 𝜆23 + 2𝜆24 − 𝜆25 − 𝜆26 +
2𝜆27−𝜆28−𝜆29 + 2𝜆30 − 𝜆31 − 𝜆32     +2𝜆33 − 𝜆34 − 𝜆35 + 2𝜆36) {(𝑎2𝑏, 1) + (𝑎2𝑏, 𝑔) + (𝑎2𝑏, 𝑔2) +
(𝑎5𝑏, 1) + (𝑎5𝑏, 𝑔) + (𝑎5𝑏, 𝑔2)}]                          (4.13) 

𝑢𝑒14 =  
1

18
[(2𝜆1 + 𝜆2 − 𝜆3 − 2𝜆4 − 𝜆5 + 𝜆6 + 2𝜆7 + 𝜆8 − 𝜆9−2𝜆10−𝜆11 + 𝜆12 + 2𝜆13                +𝜆14 −

𝜆15 − 2𝜆16 − 𝜆17 + 𝜆18){(1,1) + (1, 𝑔) + (1, 𝑔2) − (𝑎3, 1) − (𝑎3, 𝑔) − (𝑎3, 𝑔2)} +         (𝜆1 + 2𝜆2 + 𝜆3 −
𝜆4 − 2𝜆5 − 𝜆6 + 𝜆7 + 2𝜆8 + 𝜆9−𝜆10−2𝜆11 − 𝜆12 + 𝜆13 + 2𝜆14 + 𝜆15−𝜆16    −2𝜆17 − 𝜆18){(𝑎, 1) +
(𝑎, 𝑔) + (𝑎, 𝑔2) − (𝑎4, 1) − (𝑎4, 𝑔) − (𝑎4, 𝑔2)}     +                          (−𝜆1 + 𝜆2 + 2𝜆3 + 𝜆4 − 𝜆5 − 2𝜆6 −
𝜆7 + 𝜆8 + 2𝜆9+𝜆10−𝜆11 − 2𝜆12 − 𝜆13+𝜆14 + 2𝜆15 + 𝜆16     −𝜆17 − 2𝜆18){(𝑎2, 1) + (𝑎2, 𝑔) + (𝑎2, 𝑔2) −
(𝑎5, 1) − (𝑎5, 𝑔) − (𝑎5, 𝑔2)}                  (4.14) 

𝑢𝑒15 = 
1

18
[{2𝜆1 − 𝜆2 − 𝜆3 + 2𝜆4 − 𝜆5 − 𝜆6 + 𝜔(2𝜆7 − 𝜆8 − 𝜆9+2𝜆10−𝜆11 − 𝜆12) + 𝜔2(2𝜆13−𝜆14 − 𝜆15 +

2𝜆16 − 𝜆17 − 𝜆18)}{(1,1) + (𝑎3, 1)} + {𝜔2(2𝜆1 − 𝜆2 − 𝜆3 + 2𝜆4 − 𝜆5 − 𝜆6) + (2𝜆7 − 𝜆8 −
𝜆9+2𝜆10−𝜆11 − 𝜆12) + 𝜔(2𝜆13−𝜆14 − 𝜆15 + 2𝜆16 − 𝜆17 − 𝜆18)}{(1, 𝑔) + (𝑎3, 𝑔)}  + {𝜔(2𝜆1 − 𝜆2 − 𝜆3 +
2𝜆4 − 𝜆5 − 𝜆6) + 𝜔2(2𝜆7 − 𝜆8 − 𝜆9+2𝜆10−𝜆11 − 𝜆12) + (2𝜆13−𝜆14 − 𝜆15 + 2𝜆16 − 𝜆17 − 𝜆18)} 

{(1, 𝑔2) + (𝑎3, 𝑔2)}  + 

{−𝜆1 + 2𝜆2 − 𝜆3 − 𝜆4 + 2𝜆5 − 𝜆6 + 𝜔(−𝜆7 + 2𝜆8 − 𝜆9−𝜆10+2𝜆11 − 𝜆12) + 𝜔2(−𝜆13 + 2𝜆14 − 𝜆15 

−𝜆16 + 2𝜆17 − 𝜆18)}{(𝑎, 1) + (𝑎4, 1)}  +  

{𝜔2(−𝜆1 + 2𝜆2 − 𝜆3 − 𝜆4 + 2𝜆5 − 𝜆6) + (−𝜆7 + 2𝜆8 − 𝜆9−𝜆10+2𝜆11 − 𝜆12) + 𝜔(−𝜆13 + 2𝜆14 − 𝜆15 

−𝜆16 + 2𝜆17 − 𝜆18)} {(𝑎, 𝑔) + (𝑎4, 𝑔)} +   

{𝜔(−𝜆1 + 2𝜆2 − 𝜆3 − 𝜆4 + 2𝜆5 − 𝜆6) + 𝜔2(−𝜆7 + 2𝜆8 − 𝜆9−𝜆10+2𝜆11 − 𝜆12) + (−𝜆13 + 2𝜆14 − 𝜆15 

−𝜆16 + 2𝜆17 − 𝜆18)} {(𝑎, 𝑔2) + (𝑎4, 𝑔2)}  +         

{−𝜆1 − 𝜆2 + 2𝜆3 − 𝜆4 − 𝜆5 + 2𝜆6 + 𝜔(−𝜆7 − 𝜆8 + 2𝜆9−𝜆10−𝜆11 + 2𝜆12) + 𝜔2(−𝜆13−𝜆14 + 2𝜆15 −
𝜆16 − 𝜆17 + 2𝜆18)}{(𝑎2, 1) + (𝑎5, 1)}  +    

{𝜔2(−𝜆1 − 𝜆2 + 2𝜆3 − 𝜆4 − 𝜆5 + 2𝜆6) + (−𝜆7 − 𝜆8 + 2𝜆9−𝜆10−𝜆11 + 2𝜆12) + 𝜔(−𝜆13−𝜆14 + 2𝜆15 −
𝜆16 − 𝜆17 + 2𝜆18)} {(𝑎2, 𝑔) + (𝑎5, 𝑔)}  +  {𝜔(−𝜆1 − 𝜆2 + 2𝜆3 − 𝜆4 − 𝜆5 + 2𝜆6) + 𝜔2(−𝜆7 − 𝜆8 +
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2𝜆9−𝜆10−𝜆11 + 2𝜆12) + (−𝜆13−𝜆14 + 2𝜆15 − 𝜆16 − 𝜆17 + 2𝜆18)} {(𝑎2, 𝑔2) + (𝑎5, 𝑔2)}           +     {2𝜆19 −
𝜆20 − 𝜆21 + 2𝜆22 − 𝜆23 − 𝜆24 + 𝜔(2𝜆25 − 𝜆26 − 𝜆27+2𝜆28−𝜆29 − 𝜆30) + 𝜔2(2𝜆31 − 𝜆32−𝜆33 + 2𝜆34 −
𝜆35 − 𝜆36)} {(𝑏, 1) + (𝑎3𝑏, 1)} + {𝜔2(2𝜆19 − 𝜆20 − 𝜆21 + 2𝜆22 − 𝜆23 − 𝜆24) + 2𝜆25 − 𝜆26 −
𝜆27+2𝜆28−𝜆29 − 𝜆30 + 𝜔(2𝜆31 − 𝜆32−𝜆33 + 2𝜆34 − 𝜆35 − 𝜆36)} {(𝑏, 𝑔) + (𝑎3𝑏, 𝑔)} +  

{𝜔(2𝜆19 − 𝜆20 − 𝜆21 + 2𝜆22 − 𝜆23 − 𝜆24) + 𝜔2(2𝜆25 − 𝜆26 − 𝜆27+2𝜆28−𝜆29 − 𝜆30) + 2𝜆31 − 𝜆32−𝜆33 +
2𝜆34 − 𝜆35 − 𝜆36)}{(𝑏, 𝑔2) + (𝑎3𝑏, 𝑔2)}   +   

{−𝜆19 + 2𝜆20 − 𝜆21 − 𝜆22 + 2𝜆23 − 𝜆24 + 𝜔(−𝜆25 + 2𝜆26 − 𝜆27−𝜆28+2𝜆29 − 𝜆30) + 𝜔2(−𝜆31 +
2𝜆32−𝜆33 − 𝜆34 + 2𝜆35 − 𝜆36)}{(𝑎𝑏, 1) + (𝑎4𝑏, 1)} +  

{𝜔2(−𝜆19 + 2𝜆20 − 𝜆21 − 𝜆22 + 2𝜆23 − 𝜆24) − 𝜆25 + 2𝜆26 − 𝜆27−𝜆28+2𝜆29 − 𝜆30 + 𝜔(−𝜆31 +
2𝜆32−𝜆33 − 𝜆34 + 2𝜆35 − 𝜆36)}{(𝑎𝑏, 𝑔) + (𝑎4𝑏, 𝑔)} +  

{𝜔(−𝜆19 + 2𝜆20 − 𝜆21 − 𝜆22 + 2𝜆23 − 𝜆24)+𝜔2(−𝜆25 + 2𝜆26 − 𝜆27−𝜆28+2𝜆29 − 𝜆30) − 𝜆31 +
2𝜆32−𝜆33 − 𝜆34 + 2𝜆35 − 𝜆36) {(𝑎𝑏, 𝑔2) + (𝑎4𝑏, 𝑔2)} +  

{−𝜆19 − 𝜆20 + 2𝜆21 − 𝜆22 − 𝜆23 + 2𝜆24 + 𝜔(−𝜆25 − 𝜆26 + 2𝜆27−𝜆28−𝜆29 + 2𝜆30) + +𝜔2(−𝜆31 −
𝜆32+2𝜆33 − 𝜆34 − 𝜆35 + 2𝜆36)}  {(𝑎2𝑏, 1) + (𝑎5𝑏, 1)}  +    

{𝜔2(−𝜆19 − 𝜆20 + 2𝜆21 − 𝜆22 − 𝜆23 + 2𝜆24) − 𝜆25 − 𝜆26 + 2𝜆27−𝜆28−𝜆29 + 2𝜆30 + 𝜔(−𝜆31 −
𝜆32+2𝜆33 − 𝜆34 − 𝜆35 + 2𝜆36)} {(𝑎2𝑏, 𝑔) + (𝑎5𝑏, 𝑔)} + {𝜔(−𝜆19 − 𝜆20 + 2𝜆21 − 𝜆22 − 𝜆23 +
2𝜆24)+𝜔2(−𝜆25 − 𝜆26 + 2𝜆27−𝜆28−𝜆29 + 2𝜆30) − 𝜆31 − 𝜆32+2𝜆33 − 𝜆34 − 𝜆35 + 2𝜆36} {(𝑎2𝑏, 𝑔2) +
(𝑎5𝑏, 𝑔2)}]                  (4.15) Similarly we calculate 𝑢𝑒𝑖 for 
i=16,17,18.  

(i) Using the equations (4.1) to (4.12) the code word of weight two 𝜆1(1,1)+𝜆3(𝑎2, 1) ∈ 𝐼{𝑒𝑖} if and only if 

𝜆1 = −𝜆3 therefore 𝑑(𝐼{𝑒𝑖}) =2  and 𝑑𝑖𝑚(𝐼{𝑒𝑖}) =36−1=35. So 𝐼{𝑒𝑖} is (36,35,2) group code. 

(iv)  Using the equations (4.13) to (4.15) the code word of weight six,  𝜆1(1,1)+𝜆2(𝑎, 1)+𝜆3(𝑎2, 1) +
𝜆4(𝑎3, 1)+𝜆5(𝑎4, 1)+𝜆6(𝑎5, 1) ∈ 𝐼{𝑒𝑙,𝑒𝑚} if and only if 𝜆1 = 𝜆2 = 𝜆3 = 𝜆4 = 𝜆5 = 𝜆6.  Therefore 

𝑑(𝐼{𝑒𝑙,𝑒𝑚}) = 6  and using remark 1.1, 𝑑𝑖𝑚(𝐼{𝑒𝑙,𝑒𝑚}) = 36 − 2. 22 = 28. The other parts can be proved in a 

similar manner.   

 

5  Codes over finite group algebra  

In the previous sections, we constructed the codes over the group algebra FG where 𝐹 is field of characteristic 

zero. Now we consider the group algebra 𝐹𝑞𝐺 where 𝐹 = 𝐹𝑞  denotes the finite field with 𝑞 elements and 𝑞 =

𝑝𝑠 where 𝑝 is odd prime and 𝑔𝑐𝑑(𝑐ℎ𝑎𝑟(𝐹), |𝐺|) = 1. To illustrate the concept of finite group algebra we give 

some examples.  

Example 5.1 Idempotents of the group algebra 𝐹𝑞(𝑄12 × 𝐶3)  

If we consider the group algebra 𝐹5(𝑄12 × 𝐶3) (see 4.1) then −1 is quadratic residue mod5,            22 ≡

−1(𝑚𝑜𝑑5). Further ω,ω2 ∉ 𝐹5 so there exist an extension 𝐹52(= 𝐺𝐹(52)) =
𝐹5[𝑥]

<𝑥2+𝑥+1>
 of the field 𝐹5 where 

𝑥2 + 𝑥 + 1  is minimal polynomial of ω and irreducible over 𝐹5.  

An arbitrary element of 𝐺𝐹(52) is of the form 𝑎𝑥 + 𝑏+< 𝑥2 + 𝑥 + 1 >   𝑎, 𝑏 ∈ 𝐹5.  

Let the element 𝑥+< 𝑥2 + 𝑥 + 1 > be denoted by 𝛼. Then 𝛽 = 𝛼 + 2 is primitive element of 𝐺𝐹(52) and  

𝛽16 = 𝜔 and 𝛽8 = 𝜔2. 

The idempotents of  𝐹52(𝑄12 × 𝐶3) are given by  

𝑒1 = ∑ 𝐶�̅�
12
𝑙=1   

𝑒2 =  (∑ 𝐶�̅�
6
𝑙=1 − ∑ 𝐶�̅�

12
𝑙=7 )   

𝑒3 = (∑ 𝐶�̅�
6
𝑙=1 (−1)𝑙+1 + 2 ∑ 𝐶�̅�

12
𝑙=7 (−1)𝑙)  

𝑒4 = (∑ 𝐶�̅�
6
𝑙=1 (−1)𝑙+1 + 2 ∑ 𝐶�̅�

12
𝑙=7 (−1)𝑙+1)   
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𝑒5 = [𝐶1
̅̅ ̅ + 𝐶2

̅̅ ̅ + 𝜔2(𝐶3
̅̅ ̅ + 𝐶4

̅̅ ̅) + 𝜔(𝐶5
̅̅ ̅ + 𝐶6

̅̅ ̅) + 𝐶7
̅̅ ̅ + 𝐶8

̅̅ ̅ + 𝜔2(𝐶9
̅̅ ̅ + 𝐶10

̅̅ ̅̅ ) + 𝜔(𝐶11
̅̅ ̅̅ + 𝐶12

̅̅ ̅̅ )] 

𝑒6 = [𝐶1
̅̅ ̅ + 𝐶2

̅̅ ̅ + 𝜔2(𝐶3
̅̅ ̅ + 𝐶4

̅̅ ̅) + 𝜔(𝐶5
̅̅ ̅ + 𝐶6

̅̅ ̅) − 𝐶7
̅̅ ̅ − 𝐶8

̅̅ ̅ − 𝜔2(𝐶9
̅̅ ̅ + 𝐶10

̅̅ ̅̅ ) − 𝜔(𝐶11
̅̅ ̅̅ + 𝐶12

̅̅ ̅̅ )] 

𝑒7 = [𝐶1
̅̅ ̅ − 𝐶2

̅̅ ̅ + 𝜔2(𝐶3
̅̅ ̅ − 𝐶4

̅̅ ̅) + 𝜔(𝐶5
̅̅ ̅ − 𝐶6

̅̅ ̅) + 2(−𝐶7
̅̅ ̅ + 𝐶8

̅̅ ̅)+2𝜔2(−𝐶9
̅̅ ̅ + 𝐶10

̅̅ ̅̅ ) + 2𝜔(−𝐶11
̅̅ ̅̅ + 𝐶12

̅̅ ̅̅ )]  

𝑒8 = [𝐶1
̅̅ ̅ − 𝐶2

̅̅ ̅ + 𝜔2(𝐶3
̅̅ ̅ − 𝐶4

̅̅ ̅) + 𝜔(𝐶5
̅̅ ̅ − 𝐶6

̅̅ ̅) + 2(𝐶7
̅̅ ̅ − 𝐶8

̅̅ ̅)+2𝜔2(𝐶9
̅̅ ̅ − 𝐶10

̅̅ ̅̅ ) + 2𝜔(𝐶11
̅̅ ̅̅ − 𝐶12

̅̅ ̅̅ )]      

𝑒9 = [𝐶1
̅̅ ̅ + 𝐶2

̅̅ ̅ + 𝜔(𝐶3
̅̅ ̅ + 𝐶4

̅̅ ̅) + 𝜔2(𝐶5
̅̅ ̅ + 𝐶6

̅̅ ̅) + 𝐶7
̅̅ ̅ + 𝐶8

̅̅ ̅ + 𝜔(𝐶9
̅̅ ̅ + 𝐶10

̅̅ ̅̅ ) + 𝜔2(𝐶11
̅̅ ̅̅ + 𝐶12

̅̅ ̅̅ )] 

𝑒10 =  [𝐶1
̅̅ ̅ + 𝐶2

̅̅ ̅ + 𝜔(𝐶3
̅̅ ̅ + 𝐶4

̅̅ ̅) + 𝜔2(𝐶5
̅̅ ̅ + 𝐶6

̅̅ ̅) − 𝐶7
̅̅ ̅ − 𝐶8

̅̅ ̅ − 𝜔(𝐶9
̅̅ ̅ + 𝐶10

̅̅ ̅̅ ) − 𝜔2(𝐶11
̅̅ ̅̅ + 𝐶12

̅̅ ̅̅ )] 

𝑒11 = [𝐶1
̅̅ ̅ − 𝐶2

̅̅ ̅ + 𝜔(𝐶3
̅̅ ̅ − 𝐶4

̅̅ ̅) + 𝜔2(𝐶5
̅̅ ̅ − 𝐶6

̅̅ ̅) + 2(−𝐶7
̅̅ ̅ + 𝐶8

̅̅ ̅) + 2𝜔(−𝐶9
̅̅ ̅ + 𝐶10

̅̅ ̅̅ ) + 2𝜔2(−𝐶11
̅̅ ̅̅ + 𝐶12

̅̅ ̅̅ )]  

𝑒12 =[𝐶1
̅̅ ̅ − 𝐶2

̅̅ ̅ + 𝜔(𝐶3
̅̅ ̅ − 𝐶4

̅̅ ̅) + 𝜔2(𝐶5
̅̅ ̅ − 𝐶6

̅̅ ̅) + 2(𝐶7
̅̅ ̅ − 𝐶8

̅̅ ̅) + 2𝜔(𝐶9
̅̅ ̅ − 𝐶10

̅̅ ̅̅ ) + 2𝜔2(𝐶11
̅̅ ̅̅ − 𝐶12

̅̅ ̅̅ )]     

𝑒13 = 
1

18
[2 ∑ (1, 𝑔𝑟)2

𝑟=0 + 2 ∑ (𝑎3, 𝑔𝑟)2
𝑟=0 − ∑ ∑ (𝑎𝑟 , 𝑔𝑙)]𝑟=1,2,4,5

2
𝑙=0  

𝑒14 = 
1

18
[2 ∑ (1, 𝑔𝑟)2

𝑟=0 − 2 ∑ (𝑎3, 𝑔𝑟)2
𝑟=0 + ∑ (𝑎𝑟, 𝑔𝑙) −2

𝑙=0
𝑟=1,5

∑ (𝑎𝑟, 𝑔𝑙)]2
𝑙=0

𝑟=2,4
 

𝑒15 = 
1

18
[2 ∑ (𝑎𝑟, 1) + 2𝜔2 ∑ (𝑎𝑟 , 𝑔) + 2𝜔 ∑ (𝑎𝑟, 𝑔2) −𝑟=0,3𝑟=0,3𝑟=0,3 ∑ (𝑎𝑟, 1) −𝑟=1,2,4,5  

𝜔2 ∑ (𝑎𝑟, 𝑔) − 𝜔 ∑ (𝑎𝑟, 𝑔2)]𝑟=1,2,4,5𝑟=1,2,4,5  

𝑒16 = 
1

18
[2(1,1) − 2(𝑎3, 1) + 2𝜔2{(1, 𝑔) − (𝑎3, 𝑔)} + 2𝜔{(1, 𝑔2) − (𝑎3, 𝑔2)} + ∑ (𝑎𝑟, 1)𝑟=1,5  + 

𝜔2 ∑ (𝑎𝑟, 𝑔) + 𝜔 ∑ (𝑎𝑟 , 𝑔2) − ∑ (𝑎𝑟 , 1) − 𝜔2 ∑ (𝑎𝑟, 𝑔) − 𝜔 ∑ (𝑎𝑟, 𝑔2)𝑟=2,4𝑟=2,4𝑟=2,4𝑟=1,5𝑟=1,5 ] 

𝑒17 = 
1

18
[2 ∑ (𝑎𝑟, 1) + 2𝜔 ∑ (𝑎𝑟, 𝑔) + 2𝜔2 ∑ (𝑎𝑟, 𝑔2) −𝑟=0,3𝑟=0,3𝑟=0,3 ∑ (𝑎𝑟, 1) −𝑟=1,2,4,5  

𝜔 ∑ (𝑎𝑟, 𝑔) − 𝜔2 ∑ (𝑎𝑟, 𝑔2)]𝑟=1,2,4,5𝑟=1,2,4,5  

𝑒18 = 
1

18
[2(1,1) − 2(𝑎3, 1) + 2𝜔{(1, 𝑔) − (𝑎3, 𝑔)} + 2𝜔2{(1, 𝑔2) − (𝑎3, 𝑔2)} + ∑ (𝑎𝑟, 1)𝑟=1,5  + 

𝜔 ∑ (𝑎𝑟, 𝑔) + 𝜔2 ∑ (𝑎𝑟 , 𝑔2) − ∑ (𝑎𝑟 , 1) − 𝜔 ∑ (𝑎𝑟 , 𝑔) − 𝜔2 ∑ (𝑎𝑟, 𝑔2)𝑟=2,4𝑟=2,4𝑟=2,4𝑟=1,5𝑟=1,5 ]. 
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