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Abstract: In this article, we study the group codes that are one sided ideals in a semisimple group algebra
F(Q4n X C:) wWhere Q,4,is generalized quaternion group of order 4n and C; is the cyclic group of order t. We
also find the minimum distance and dimension of the group codes generated by the idempotents.
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1. Introduction and Preliminaries

A group code is defined as an ideal in the group algebra FG where G is finite group and F is a field. If
char(F) t 0(G) then FG is semisimple and is direct some of some minimal ideals. Every ideal is generated
by some idempotent. In this paper, we give explicit expressions for the generating idempotents of the codes in
the group algebra of direct product of generalized quaternion group Qs and cyclic group C: and also find the
minimum distance and dimension.

Let E = {e,}_, be the set of all idempotents in FG . If | is any ideal generated by {e J.}tj:l C E and p=E\{e J.}‘j:l
then/ = {u € FG : ue = 0 Ve e u}. Now we denote I by I,.

The weight of any element u = ¥ ;¢ @;g € FG is equal to number of non zero components in u and is
denoted by wt(u). Minimum distance of the group code I, is defined as d(f,)= min{fwt(u): 0 # u € l,,}.

The length n of a group code I, is defined to be order of G. If I, has dimension k and minimum distance d
then 1,is called an (n, k, d) group code.

Remark 1.1 (see [1])We know FG=( @ FG,) ®( @ FGeJ_ ) where E_ is the set consisting of all linear

eieE| ejeEy
idempotents in FG and En is the set consisting of all nonlinear idempotents in FG and FG,,is minimal ideal
generated by e;. Thus E= ELUEN. Note that if e; € E., then dim(FG,,) = 1; and if e;EEN, then dim (FGe].) =
m? where m = y, (1) where y, is the k™ non linear character of G. Therefore if u = p, U uy Where p, € EL
and uy SEn, then dim(I,)= dim(FG) — |, |dim(FG,,) — | pun|dim(FG,;) where dim(FG) = |G|.

The product of two characters of G is again a character of G. Let y be the character of V and y be the
character of W then the character of V' x W is y x i, where (y X ¥)(g,h) = x(g)¥(h) (geV,he
w).

Theorem 1.2 [4] Let x4,..., xs be the distinct irreducible characters of G and let ¥4,...,¥; be the distinct
irreducible characters of H.Then G X H has precisely st distinct irreducible characters, and these are y; X
Y (1<i<s,1<j<t).

Theorem 1.3 Q4,, has n + 3 conjugacy classes [4] which are given by
{1},{a}{a"a T} <r <n-1,{a¥b: 0<j < n—-1}{a¥*b: 0<j < n—1}.
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Remark: Corresponding to n + 3 conjugacy classes there are n + 3 irreducible characters in Q.
2. ldempotents in the group algebra F(Q4, X C;)
Consider generalized quaternion group Q4, =< a,b:a?*™ = 1,a"™ = b%,ab = ba™! > of order 4n and C; = <

g>=1{1,9,9%.....g" 1} is cyclic group of order t. Define:x; = 1, x, = a, x3 = a?, ...,x, = a1,

— — A2n—-1 — — — A2Nn— — — —

Xn+1 _anJ"'JXZn_an ' x2n+1_b1x2n+2_ab’ oo x4-n_an 1bv yl_liyZ_g'y3_
2 — At—1
g, Yt=9 .

LetG = Qun X C ={(x;,¥)} 1 <i<4n,1<j< t bethedirect product of Q4, and C;.

2.1 Explicit expressions for the (n + 3)t irreducible idempotents in the group algebra F(Q4, X C;)
when n is an even number.

The group Q,, has n + 3 irreducible characters and C; has t irreducible characters. By using the Theo.1.2,
Q4n X C; has (n + 3)t irreducible characters. The characters of Q,,, X C; are given by

x1(x) =1 forall x € Qu, X C;

)(z(ar,gl) =1, )(Z(arb,gl) =—1 where 0 <r<2n-1

x3(LgH) =1, x3(a", 9" = ()" (L <7 <n), x3(bg") =1, x3(ab, g') = -1
Xa(L,gH =1, 7@, g") = (1" (1<r<n), xa(bg') = -1, xs(ab,g") =1
or(a’, gH = (@)t , pr(a’b,g") = (@) where0 <r <2n-1

q,')k(ar,gl) = (a®)!, ¢k(arb,gl) = —(a®)! where 0<r<2n-1

Yi(1,9') = (@), Yi(a”g') = (=) (@)’ a<r<n),  (bg') =@,
Yi(ab,g') = —(a*)’
i (1,9') = (@), op(a”g') = (-1D)"(@)" (A <r=<n), @y (b, g') = —(@)",

dJk(ab,gl) = (a®)!

(1,0Y) =2 ,Y:(a™ g") = 2(=1)7 , Y;(a", g') = oy _
Y;(1,4") =2,Y;(a"g") =2(-1)/ ,Y;(a",g') = 2 cos ~ (I=sr=n-1)
Y;(a’h,g') = 0 where 0 <s<2n-1
Ei(1,9') = 2@, &i(a™g') = 2(-1)/ (@),

Er(ar, gt) =2 cos%(a")l 1<r<n-1) gi(a®hg')=0 (0<s<2n-1),
where0 <1 <t—1,1<j<n-1, k=1,2,...,t—1 and a is t" root of unity.

The characters xi, X2, X3, X4:Pk, Pk, Yk, Py of degree one so these are linear and Y;, §; are non linear.
Therefore the group algebra F(Q4, X C;) has (n + 3)t irreducible idempotents.

We define some notations
= legl(xi Y1)
C = legl(xi ¥V2)

C3 = legl(xi V3) oo, Ct :Zi221(xi,J’t)
_y2n—-1
Cty1 = ni=1 (x2n+i,3’1)
iisodd

— \'2
Crrz =2 iz2 (X2n+i,Y1)
iiseven

Ct43 = Zni;ll (X2n+i,Y2)
iisodd
Ct+q = Zznizz (X2n+i,Y2) +- -+ C3¢-1 = 2ni;11 (X2n+i,Yt)
iiseven iisodd
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—-— — \'2
Gt = X iz2 (2n+i,Yt)
iiseven

The idempotents of FG are given by using e = I_fl;l g€ x(g™Hg (see[4, Pro.14.10])

Group Q4n X C; has 4t irreducible linear characters and corresponding linear idempotents of FG are given by

€1 = Z1<l<4n(xl,y,)
1<jst
_ 1 20 A
€3 —4_nt[ i=1Cl_Zj=1Ct+]]
— 2 1
€3 _4_nt[21 1(x1:y])+( 1) 21<r<2n 1(xr+1:y]) n (x2n+l YJ)‘}'Z i=2 (x2n+l YJ)]
1sjst i lS odd iiseven
1<jst 1<jst
- 2 1
€4= 4nt } 1(x1,y])+( T 21<r<2n 1(xr+1r3’j)+ iz (x2n+z y]) Z i=2 (X2n4i YJ)]
sj< us odd iiseven
1sjst 1sjst

U= —= [0 + (@)1 o+ o G + Tt + Corz H0) T (T + g ) o+ oG + G0
Me = o [6 + ()26 + + o & — Tt — Corz —(@) N (Cerz + Cera ) — - - — (Gt + o))
= —[(wyn) + (@) M xy) + o+ oY) + BT (=1 (g, y1) +
(ak)‘ : ZZ” L (=) @, ¥2) F o+ OB (21) (e, V) — Gt + Gz -+ 0 (T + G0
Sk= o [0y + (@) 0wy + o+ a0y + 2T (— 1) (e, v1) +

(@) 220 (=) (g1, Y2) + - H I (Z1) (41, Ve) + Cog1 — Cogz - - -+ 0X(Carm1 — C3p)]

G has (n — 1)t non linear characters and corresponding non linear idempotents of FG are given by

o P21, 7)) + 201 Baise (s, ) + 2 5727 cos (@ 1)+ (@ Q)+ .+ )]
Vi = ﬁ [2(1,D+2(o) (Lt +20K (1,07 + 2@ D+ (@) @) +..+ af@"g )} *
22 ~Lcos ””{(a 1)+ @",1)} + 29X cos ’”’"{(a g+ @ g+ ..+ 20

721 cos %{(a, g+ @ g O}
where 1<j<n-1, k=1,2,...,t=1 and a is t" root of unity i.e. a® = 1.

2.2 Explicit expressions for the (n + 3)t irreducible idempotents in the group algebra F(Q4, X C;)
when n is an odd number.

When n is odd, the group Q., has n + 3 irreducible characters and C; has t irreducible characters so Q4, X
C; has (n + 3)t irreducible characters and correspondingly there are (n + 3)t irreducible idempotents in the
group algebra F(Q4, X Ct).

The linear irreducible characters of Q,,, X C; are given by

x1(x) =1 forall x € Q4, X C;

x2(a",g") =1, x2(a"b,g') = —1 where 0 <r <2n-1

x3(LghH) =1,x3(a",g") = (-1)" (1 <7 <n), x3(bg") =i, x3(ab,g") = —i
Xa(L,gH =1, xa(@,g") = (1" (A1<r<n), xa(bg") = —i, xs(ab,g") =1
or@’,gh) = (@t ,pr(a@’b,g") = (a®)* where0 <r <2n-1

dr(a”, g") = (@™, ¢r(ah, g*) = —(a¥)! where 0 <r <2n-1

¥i(L g") = (@9, we(a”,g') = (1" (@)’ (1<r<n),  P(bg')=ia"
¥ (ab, g') = —i(a®)!
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@ (1,9') = (@), ®(a”,g') = (-1 (@) 1 <r<n), @ (b, g') = —i(a")",
dy(ab, g*) = i(a®)h.
Corresponding to 4t irreducible linear characters the linear idempotents of FG are given by

€1 me Z1<l<4n(xl,y,)
1<jst
_1 2t
€ = 4_nt[ i=1 Cl _Zj=1Ct+] ]
— t .o2n—1 2
e3 = 4_nt[2j=1(X1,yj) + 215rsgn—1(—1)r(xr+1,yj) — X721 (oY) T2 =2 (aner Y]
1<jst lisodd liseven
1<jst 1sjst
2n . N2
€4 _4nt j= 1(x1,y]) +21<T<2n (=17 (xr+1:}’1)+12 1= 1 (x2n+l y]) i XM= (X2n+1,Y7)]
sjs lisodd lis even
1<j<t 1sjs<t

O = = [0 + ()16 +... + 0 G + Tt + Tz T (T + Tz )+ + 0 (G + Tao)]
nk=i [61 + (0)"6 +... + 08 —Crax — Gz —(0) ™ (Ceaz + T ) — - — 0 (Carm1 + Car)]
= —— (Y1) + (@)Y + o+ a Gy + ETT (1) (e, y1) +
(ak)t ! Zzn ! D" (rp,¥2) +.0 o F akzzn ! D (41, Ye) —iCr1 HiCaz T F 0‘ki(_CE,t——l + C30)]
Ok = (Xw,y1) + ()" 1(x1,y2)+ ctaxy) + AT (DT (K, 1) +

(@) X2 (1) (1, Y2) - T AEEETY (1) (g1, Vo) + it — U Crgg .- T @Ni(Car—1 — Tap)]

where i is 4" root of unity i.e. i* = 1 and « is t" root of unity i.e. a® = 1.

e

Remark: The non linear idempotents of FG are identical in both cases 2.1 and 2.2.

3. Minimum distance and dimension of codes

Definition 3.1 When n is even number, the set of all irreducible idempotents of F(Q4, X C;) is
E={e1, ez, 3,401, i, 6k Mi» U, Vjio A< j < m—1),(k=12,..,t —1)}. If u SEdefinel, ={uce
F(Q4n X C¢):ue = 0 Ve € u} is a group code generated by the set of idempotents {E \ u}. €.9. I, e, ci3 =
{fu€ F(Qun X Co):uvy = un =uf, =0} is group code generated by the idempotents
{e1, ez, €364, 6y, ﬁj'ij}-

Theorem 3.2 If u € E then I, is (4nt,4nt — |ul, 2) group code.

Proof. When n is an even number

Let u = 371 A;(iy1) + X5 Apni(Xiy2) + ... + X5 Aon(e-1)+i (XiYo) + T Aanesi(Xami Y1) +
S X A(Zt—1)2n+l (Xon+i, Yr) beany element of F(Q4n X C¢) then

ue; = (XM A )er (3.1)

ue, = (A — il di) €2 (3.2)

uez = B + Xilnes (=D e (3.3)

uey =TT A + Xl 1)) e (3.4)

wye = EE A+ o il i + (@ Bl di + ot (@) G o A F Zf"ﬁfﬁ)ﬁ +
o Zg:?}rzlr)lmﬂ At + (@) ?;l(tZt—1)2n+1 Ai ) Oxe (3.5)

ung = (Z DA T o Z Lot hi T (ak)z ?24n+1 A ot (ak)H LG(tt 1)2n+1 - Zzznz(:;ﬂ’l
— o th??ii?2n+1 o (@ ?£€2t—1)2n+1 A Mk (3-6)
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udy = (Zznﬂ1 D"+ a Zl a1 Ai(— D+ (0 l Dan+t LD+ (@) ?g(tt—1)2n+1/1i(_1)i+l +
Z?f(tﬂ) /1'(_1)|+1+ coe T (Otk)t b ?11€2t—1)2n+11'(_1)|+1) Ck (3-7)

i=2nt+1
w8 = (T A CD™+ af Tiln e ACDM (@9 Blanaq D™+ Lt (@) ?g(tt—1)2n+1/1i(_1)i+l +
St D+ (@) B s 1)) (38)
When n is odd number
ues = (X2 4™ + i X5 Ar (D™ € (3.9)
uey = (X725 4 (D)™ + i B (- 1)) € (3.10)

uGe = (BF2 A (D)™ + o Tl g A (D™ (@) B2 g A (CD L (@) 32%t—1)2n+1’1r(_1)”1
+ lZingt;t% (= 1)r+1+ s (Oﬂk)t l l2$2€2t—1)2n+1Ar(_l)m)ck
(3.11)

udy = (T2 A (1™ o it 1 (1) (0 By 4Dt (@) EE e ayanen A D™
+ lzing;t% Ar(=1) L+ (0 $2€2t—1)2n+1 =13k (3.12)

Let u = {e1}, now we find the minimum distance and dimension of I, ;. Letu = Ag € F(Qn X C;) be any
code word with wt(u) = 1. By equation (3.1) ue; = de; # 0, implies that u = Ag &I, ;and so d(Ig,3) >2.
If we take u = A1(x1,y1) + A2(x2,¥1) € F(Qan X C;) then ue; = 0 if and only if 4, = —21,. Sou € I,y

hence d(I(,;)=2. From remark 1.1, we have dim (I, ;) = 4nt=1. Hence I, ; is (4nt, 4nt — 1,2) group code.
Similarly we can prove for other values of u.

4. Codes over F(Qq2 X C3)
In this section we completely describe the codes over F(Q4, X C3) whenn = 3 and t = 3.
Example 4.1 The group algebra F(Q1, X C3) has 12 linear and 6 non linear irreducible idempotents.

Proof. Generalized quaternion group Q, =< a,b:a® =1,a% = b%,ab =ba™' > and cyclic group C;
={1,0,0°}. Conjugacy classes of Q,, are {1}, {a’}.{a, a°}, {a% a’}, {b, a’, a’b}, {ab,a’v, a°b} so Qi
consisting of six irreducible characters and Cs; has 3 irreducible characters therefore the group algebra
F(Qq2 X C3) has 18 irreducible idempotents.

Notations:

G =Zr=024(a",1); G =Xro135a",1) 5 C3 = Zro24(a”, 9)

Cy =2r=135a",9) ; Cs = Lr=0,24(a", 9%) ; C6 = Xr=135(a", 9%)
C7 = Yr=024(a"h,1) ; CGg = Xy=135(a"h, 1) ; Cg = Xr—024(a"h, g)

Cio = Xr=135(a"h,9) ; Ci1 = Xy=024(a"h,g%) ; Ciz = Xr=135(a’h, g*)
The linear idempotents of F(Q4, X C3) are given by

224G
(Z 1 G =22, C)
(Z G (D i Y12, G (-DY
(Z 1 Cl ( 1)l+1 + lZ Cl (_1)l+1)
es = ;[Cl +C; + 0G5+ C) + w(Cs + Co) + G + Cg + w?(Co + Crp) + 0(Cry + C13)]
€6 =52 [C1+ Co + (G5 + ) + w(Cs + Co) = T7 = Cg — ? (T + Cyp) — 0(Cry + C1)]
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e7=5-[C1 — Gy + w?(C; — C3) + (s — Co) +i(—C; + Ca)+iw? (=T + Cyo) + i (~Crp + Cr)]
eg =3[0 — Gy + w2 (C5 — C) + 0(Cs — Cg) +i(C; — To)+iw? (Cs — Cro) + iw(Cyy — Crz)]
e9=2-[C1 + G, + (G5 + Cy) + w?(Cs + Cg) + T + Cg + w(Cy + Cyo) + w?(Cry + C12)]

e10= 3¢ [C + G + (€ +T3) + w?(C5 +Ce) = T = G — (G + Cro) — 02 (Cuy + ()]

er1 =5 [0 — G + 0(C; — Cp) + w?(Cs — Cg) + i(=C; + Cg) + iw(—To + Cyo) + iw?(—Cry + C2)]
erz = [0 — G + 0(C — ) + 0*(Cs — Co) + i(C; — o) + i(Co — Trp) + i (Cyy — C1)]

and non linear idempotents are given by

e13 == [2225(1, 97 + 2520(@% g7) — 22 Bre1245(a”, V)]

e1s == [2520(1,g") — 252.0(@% g7) + X2 (a”,g") — 220 (@, g")]

r=1,5 r=2,4

e1s = % [2Xr-03(a", 1) +2w? Xr—o3(a”, 9) + 20 Xr—o3(a”, g%) — Xr=124,5(a", 1) —
w? Zr=1,2,4,5(arr .9) —w Zr=1,2,4,5(ar: 92)]

T % [2(1,1) = 2(a* 1) + 20*{(1, 9) — (a®, 9} + 20{(1, g*) — (@®,g*)} + X;=15(a”, 1)  +
w? Zr=1,5(arl g)+w Zr=1,s(ar,g2) - Zr=2,4(arl 1) — w? Zr=2,4(ar'g) -—w Zr=2,4(arigz)]

= 5122005007, 1) + 20 Tr203(a7, @) + 207 ro03(a”, g7) = Ty 2450, D -
w Zr=1,2,4,5(arr .9) - w? Zr=1,2,4,5(ar: 92)]

elg = % [2(1,1) = 2(a® 1) + 20{(1, 9) — (@, 9} + 20*{(1,9%) — (@, g*)} + Xy=15(a”, 1) +

w Zr=1,5(ar' g)+ w? Zr=1,5(arr92) - Zr=2,4(ar: 1) - w2r=2,4(ar'g) - w? Zr=2,4(ar;gz)]
where w is cube root of unity and i is 4" root of unity.

Remark: In this case the set of all irreducible idempotents E = {ey, e, e3, ..., €15} and group code I, = {u €
F(Q12 X C3):ue = 0 Ve € u} is generated by {E \ u}. e.9. The group code I, e, . e,} 1S generated by the
idempotents {es, eg, ..., €15}

4.2 The minimum distance and dimension of the group codes are

(i) d(ey)=2and dim(I;) =35 for 1<i<12

(i) d(g) =2 and dim(lg) = 36—|B| where B < {ey,...,e12}, |B| =2

(lll) d(l{ei}): 3and dim(l{ei})= 32 for 13<i1<18

(iv) d(Iepe,,)) = 6 and dim(Ige,e, y) =28 for 13<1, m <18

(v) d(lg) =6 and dim(lg) = 36—22|B| where B S {e;3,...,e;g} and |B| = 3

(Vi) d(Irepe,,y) = 2 and dim(lge, e, 3) = 31 for [=1,2,5,6,9,10 and m= 13,15,17

(vii) d(Ire,e,,3) = 2 and dim(le,e, y) = 31 for 1 =3,4,7,8,11,12 and m= 14,16,18

(viii)  d(Ife,e,)) = 6 and dim(Ig, e, 3) = 31 for [=1,2,5,6,9,10 and m= 14,16,18

(iX) d(Ie,e,,)) = 6 and dim(lg,e, 1) = 31 for 1 =3,4,7,8,11,12 and m= 13,15,17

Proof. Let u = X7 o441(a, 1)+ XPooA74r(@,9) + Xiog lizer(a”, %) + X2og diosr(@’h, 1) +
Y2 odasir(@h,g) + X5 0 A314-(a”h, g?) beany element of F(Q;, X C3) then

ue; = (X214 )es (4.1)

ue, = (21151 Ai - 21'3219 Ai ) €2 (42)

ues = (T2 (D)™ + 1 X320 4, (1)) & (4.3)

uey, = ErS (D)™ + i X210 4 (1)) e (4.4)
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ue, = (Z 1( 1)”1A +w2 7( 1)”1/1 +w2 1813( 1)”1/1 +iY2 (-, +
w32, (1™, + iw? X385, (-1)"11,)er (4.7)
ues = (E (DL + 02D + 0 BRI, + i B (DA +
iw 25( 1)TA + lw 2 31( 1)rlr)e7 (4 8)

Uueg = (Zi=1 A+ w? i=7 A + w2i=13 A+ 21'2:19 A + w? ?225 A+ w2?=631 Ai)es (4.9)
uero = (Ui i+ X5 4+ wXidis i — X0 — 02 X% 4 — w X%, A)ewn  (4.10)

ue11 = (0= 1( DL+ 0? X2, (-1 + 0 X185 ( 1), + i 222 (-1 A, +
w2 Y30, (D)™, + iw X385, (-1, en (4.11)

ueq = a1 D™ + 0 525D + 0 R (CD) A + i B (1D, +
iw? X325 (=1D)" A + iw X723, (1) )er (4.12)

ueq 3z = % [(ZAl - AZ - 13 + 214 - 15 - A6 + ZA7 - Ag - Ag+2110—111 - 112 + 2113 —A14 —
115 + 22’16 - A17 - 118){(1'1) + (1, g) + (1,g2) + (a3, 1) + (a3, g) + (a3, gZ)} + (_Al +
Mg){(a, D)+ (a,9) + (a, g*) + (a*, 1) + (a*, g) + (a*, g*)} + (A — Ay + 223 — Ay — A5 +
(a?, g% + (a® 1)+ (as,g) + (as,gz)} + (219 = Ago — Ap1 + 2455 — Ay3 — A4 +
235 — Aze — Ag7+2A38—A39 — A30 + 2431 — A3, —A33 + 2434 — 35 — A36) {(b, 1) + (b, g9) +
(b,g%) + (a®b,1) + (a3b, g) + (a®b, g?)} + (—A1g + 2250 — Ayg — Aoy + 2493 — Apy — Ags + 2256 —
(a®b,1) + (a®b, g) + (a®b, g*)}] (4.13)

Ais — 2016 — A7 + A10){(1,D) + (1, 9) + (1, g*) — (@3, 1) — (a3, 9) — (a3, 9P} + A 422, + 245 —
(a,9) + (a,9%) — (a*, 1) — (a*, g) — (a*, g®)} + (A + A+ 223+ 1, — A5 — 224 —
A7 4 Ag + 2A94+A19—2A11 — 2A13 — A3+ 14 + 2445 + Ay —h7 — 2448){(a? 1) + (a?, g) + (a? g%) —
(@ 1) - (a® g) — (@ g*)} (4.14)

2Me — A7 — 1) H(1,1) + (a3, 1)} + {wz(le — Ay — A3+ 24, — A5 — X)) + (21, — 25 —

Ao+2410=A11 = Arz) + W(2A13=A1s — 15 + 2446 — A7 — M) (L, 9) + (a®,9)} + {w(2A — A, — A3 +
204 — A5 — A¢) + w0?(2A7 — Ag — Ag+2410—A11 — A1) + (2A13=A1s — Ais + 2416 — A7 — Aig)}

{1, g5 + (@ gD} +

(= + 22, — A3 — Ay + 215 — Ag + w(—A; + 25 — Ag—A10+2411 — A12) + w? (=43 + 2144 — Ags

—Ai6 + 2117 — 4ig)H(a, 1) + (a*, D} +

{W2(—A + 22y — A3 — Ay + 245 — Ag) + (=27 + 225 — Ag—A10+2A11 — Agp) + w(—Ay3 + 2214 — Ay
—M16 + 2417 — 1)} {(a, 9) + (a*, 9)} +

{w(—A + 215 — A3 — A4 + 245 — Ag) + w? (=45 + 2Ag — Ag—A19+2411 — Ay2) + (—A13 + 2444 — A4
=16 + 2417 — M)} {(a, g*) + (a*, g*)} +

(4 — A+ 223 — Ay — A5 + 246 + w(=2A; — Ag + 2A9—A10—A11 + 2243) + w2 (—Ay3—Ayg + 2245 —

e — M7+ 24)H(@% D) + (@, D} +

{W?(—A — A3+ 223 — Ay — A5 + 226) + (=27 — Ag + 2A9—A10—A11 + 2243) + w(—Ay3—Ag4 + 2255 —
Me— M7 +24g)} {(@%9)+ (@ 9)}  +  {w(-A—A2+ 243 Ay —As +206) + WP (=, — Ag +
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29—A10—Aa1 + 2212) + (=A13—Aaa + 2015 — Ay — 17 + 2A18)} {(a%, g2) + (@®, gD} + {2410 —
Moo — Aa1 + 22 — Apz — Apg + w255 — Ape — Ap7+2A28—2Ap9 — A30) + w?* (2431 — A3p—A33 + 2434 —
Azs — A36)} {(b, 1) + (a®b, 1)} + {w? (219 = g0 — Ap1 + 255 — Apz — Ap4) + 2235 — Ay —
Aa7+2228=220 = Azo + W(2A31 — A3z —A33 + 234 — A35 — A36)} {(b, g) + (a®b, g)} +

{w(2A19 — Aao — g1 + 2235 — Apz — A34) + W3 (255 — Agg — Aa7+2A58— A9 — A30) + 2431 — Azp—Az3 +
2M34 — Azs — A36)}{(b, g*) + (@b, g*)} +

{19 + 2250 — Az1 — Aoz + 2053 — Agy + (=25 + 2226 — Ap7—Apg+2A29 — A3p) + w? (=31 +
2232~ A33 — Az + 2235 — A3)H(ab, 1) + (a*b, D} +

{w? (=219 + 2250 — Agy — Ay + 2233 — Apy) — Ags + 2236 — Ap7—Ag+2259 — A30 + w(—A31 +
2M3,—233 — Aza + 2235 — A36)}{(ab, g) + (a*b, g)} +

{w(=A19 + 2230 — Ap1 — gz + 2233 — Apg)+ W2 (—Ags + 2456 — Ag7—Aag+2459 — A39) — A3y +
2M35—A33 — Aza + 2A35 — Az¢) {(ab, g*) + (a*b, g*)} +

{—A10 — Ag0 + 2231 — Aoy — gz + 2254 + w(—Ay5 — Az + 2A57—Apg—A29 + 2230) + +w? (=131 —
A32+ZA33 - A34 - A35 + 2136)} {(azb, 1) + (asb, 1)} +

{w? (=219 — Agp + 2451 — Ay — Az + 2054) — Ags — Ag + 2A57—Apg—A2g + 2430 + w(—A31 —

A3z +2233 = A3a — Azs + 2436)} {(a®h, g) + (a®b, g)} + {w(=A10 — A20 + 2421 — Agp — Aoz +
2024)F@* (= Az5 — Az + 2257—A2g =229 + 230) — A31 — A3z +233 — A3s — A35 + 2436} {(@®h, g°) +
(a®b, g9)}] (4.15) Similarly we calculate wue; for
i=16,17,18.

(i) Using the equations (4.1) to (4.12) the code word of weight two 2,(1,1)+13(a? 1) € I, if and only if
Ay = —23 therefore d(Iy,;) =2 and dim(I{,,;;) =36-1=35. S0 I,y is (36,35,2) group code.

(iv) Using the equations (4.13) to (4.15) the code word of weight six, A,(1,1)+1,(a, 1)+15(a? 1) +
A4(a3, D+2s5(a*, D+26(a® 1) € Igpe,y if and only if A =2, =A3=2,=2A5=12.  Therefore
d(Ite,e,,3) = 6 and using remark 1.1, dim(l{ebem}) = 36 — 2.22 = 28. The other parts can be proved in a
similar manner.

5 Codes over finite group algebra

In the previous sections, we constructed the codes over the group algebra FG where F is field of characteristic
zero. Now we consider the group algebra F,G where F = F, denotes the finite field with q elements and q =
p® where p is odd prime and gcd(char(F),|G|) = 1. To illustrate the concept of finite group algebra we give
some examples.

Example 5.1 Idempotents of the group algebra F, (Q12 X C3)

If we consider the group algebra F5(Qq, X C3) (see 4.1) then —1 is quadratic residue mod5, 22 =
—1(mod5). Further ,0? ¢ Fs so there exist an extension F52(= GF(SZ)) = % of the field F; where

x% + x + 1 is minimal polynomial of  and irreducible over Fs.
An arbitrary element of GF (52) is of the form ax + b+< x> +x+1> a,b € F.

Let the element x+< x% + x + 1 > be denoted by a. Then g = a + 2 is primitive element of GF(52%) and
16 = w and p& = w?.

The idempotents of Fc2(Q1, X C3) are given by

€1 = 21131 C

€z = (216=1 C - 21137 C)

e3 = (X1 G (=D + 23126 (-DYH

es = G (D + 2312, ¢ (-
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es =[C; + C, + w?(C3 + C,) + w(Cs + Cg) + C; + Cg + w?(Cy + Cro) + w(Cyq + Cy3)]

e6 = [C1 + G + w?(C3 + Cy) + w(Cs + Cg) — C; — Cg — w*(Co + Cyp) — w(Cyy + Ci2)]

e7 =[C1 — G + w?(C3 — Cp) + w(Cs — Cg) + 2(—C; + Cg)+2w*(—Cy + Cip) + 20(=Cy1 + C13)]
60 =[G~ G +02(G — T + (T — ) + 2(C; = G)+207 (G — o) + 20y = T
eo=[C, +C, + w(C; + Cy) + w?(Cs + Cg) + C; + Cs + w(Cy + C1o) + w?(Cy1 + C13)]

e10= [C1 + C; + w(Cs + Cp) + w?(Cs + Cs) — C; — Cg — w(Cy + Cyp) — w?(Crq + Cy2)]

e11 =[G — G + w(C3 — Cy) + w*(Cs — Cg) + 2(—C; + Cg) + 2w(—Co + Cyg) + 20%(—Cy1 + C13)]
e12 =[C; — C; + w(Cs5 — C4) + w?(Cs — Cg) + 2(C; — Cg) + 2w(Cy — Cyg) + 202 (Cyy — C12)]

[2 Z -1, g"N + 22$=o(a3,gr) - 212=0 Zr=1,2,4,5(ar:gl)]

1
18
ers = is[zz o(1,g") = 252 o(a®, g7 + Nico (a7,9") = $%co (a7, g")]

r=1,5 r=2,4

€15 = % [2 ZT=0,3(arl 1) + 2(‘)2 ZT=0,3(ar1 g) + 2w ZT=O,3(ari gZ) - ZT=1,2,4—,5(ari 1) -
w? Zr=1,2,4,5(aT; g)—w Zr=1,2,4,5(arl gz)]

T % [2(1,1) = 2(a* 1) + 20*{(1, 9) — (a®, 9} + 20{(1, g*) — (a®,g*)} + Xy 5(a”, 1)  +
w? Zr=1_5(ar. g) +w Zr=1,s(ar,g2) - Zr=2,4(arz 1) - w? Zr=z,4(ar,g) —w 2r=2,4(ar;gz)]

€17 = % [2Xr=03(a", 1) + 2w Xr—o3(a”, 9) + 207 X0 3(a", g°) — Xr=124,5(a", 1) —
w Zr=1,2,4,5(arr .9) - w? Zr=1,2,4,5(ar: 92)]

ers = —[20LD)—2(@% D) +20{(1,9) - (& 9} + 20*{(1,9%) — (%, gD} + Tr=15(@’ 1)+

w Zr=1,5(ar' g)+ w? Zr=1,5(arr92) - Zr=2,4(ar: 1) - w2r=2,4(ar'g) - w? Zr=2,4(ar»gz)]-
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