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Abstract 

A graph G = (V, E) with p vertices and q edges is said to admit square difference labelling, if there exists a 

bijection f : V(G) →{ 0,1, …., p-1} such that the induced function f*: E(G)→N given by f*(uv) = | [f(u)]2 - 

[f(v)]2 | for every uv∈ E(G) are all distinct. A graph which admits square difference labelling is called square 

difference graph. In this paper we prove that some classes of graph like crown graph CnoK1, One point union 

of six copies of p4  admits square difference labelling and also find energy of the crown graph CnoK1. 

Keywords: Square difference labelling, Cycle Graph, Comb Graph. 

 

Introduction: 

This project deals with graph labelling. All the graphs considered here are finite, simple and undirected. A 

graph labelling is an assignment of integers to the vertices or edges or both the subject to certain conditions. If 

the domain of the mappings is the set of vertices (or edges), then the labelling is called a vertex labelling (or 

an edge labelling). The concept of graph labelling was first introduced by Rosa in mid sixties. In the year 

1967, Rosa introduced a new type of graph labelling which he named as β⁃labelling. Let G be any graph and 

m be the number of edges in G. Rosa introduced a function f from the set of vertices of G to the set of the 

integers {0,1,2,…,m}, so that each edge is assigned the label │f(u) - f(v)│, with all labels are distinct. 

Golomb independently studied the same type of labelling and named this labelling called graceful labelling. 

Since then, different properties of graceful labelling of graphs have been introduced and studied extensively 

by several graph theorists. The concept of square difference labelling was first introduced by J.Shiama in [2]. 

The square difference labelling for cycles, complete graphs, cycle cactus, ladder, lattice grids, wheels, 

quadrilateral snakes, the graph G = K2+mK1 has been shown by J.Shiama. In this study, we look into square 

difference labelling of crown graph cnok1, One point union of six copies of p4. 

The energy, E(G), of a graph G is defined to be the sum of the absolute values of its eigen values. Hence if 

A(G) is the adjacency matrix of G, and λ1,...,λn  are the eigen values of A(G), then E(G) = ∑ | λi𝑛
𝑖=1 | . The set 

{ λ1,...,λn } is the spectrum of G and denoted by Spec G. In this study, we also find Energy of the Crown graph 

cnok1.. 

 

2. Preliminary 

2.1  Definition 

A graph G consists of a pair (V(G), E(G)) where V(G) is a non ⁃ empty finite set whose elements are called 

vertices and E(G) is a set of unordered pair of distinct elements of V(G). The elements of E(G) are called 

edges of the graph G. 
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2.2  Definition 

Let G = (V(G), E(G)) be a graph. G is said to be square difference labelling if there exist a bijection f: 

V(G)→{0,1,2,….p-1} such that the induced function f * :E(G) → N given by         f * (u v) = |[f* (u)]2 – [f* 

(v)]2 | for every uv∈ E(G) are all distinct. 

2.3 Definition 

A vertex joined to itself by an edge is called a loop. Let G be a graph, if two or more edges of G have the 

same end vertices then these edges are called multiple edges. 

2.4 Definition 

A graph is called simple if it has no loops and no multiple edges. 

2.5 Definition 

A graph G is called connected if every pair of its vertices is connected by a path. A graph which is not 

connected is called disconnected. 

2.6 Definition 

Joining a pendant edge to each vertex of cycle yields the crown graph (CnoK1).  

2.7 Definition 

A comb graph is created by connecting each vertex of a route with a single pendant edge. 

2.8 Definition  

Energy of graph The energy E(G) of a graph G is defined to be the sum of the absolute values of Eigen values 

of G. Hence if A(G) is the adjacency matrix of G and λ1, λ2, ...., λn are Eigen values of A(G) then  E(G) = 

∑ | λi𝑛
𝑖=1 |.  As the sum of the absolute values of Eigen values. The energy of any graph G, E(G) is always 

greater than or equal to zero. Since for the totaly disconnected graph Kc
n is the adjacency matrix is a zero 

matrix. There for it has no nonzero Eigen values.  

 

3 - Square difference labelling of Some Graphs 

3.1 Theorem 

The crown graph cnok1 admit square difference labelling. 

Proof: 

Draw a cycle graph which consists of two paths, a left path 𝑢, 𝑢1, 𝑢2, . , u (𝑛 

2
)−1 

and right path 𝑣1, 𝑣2, … ,v (𝑛 

2
). In order to get a cycle, connect the vertex 𝑢 with the vertex 𝑣1 and connect the 

vertex v (𝑛 

2
) with the vertex 𝑢u (𝑛 

2
)−1. Let the number of vertices 𝑢, 𝑢1 ,𝑢2 , … , u (𝑛 

2
)−1be x and the number of 

vertices 𝑣1, 𝑣2, … , v (𝑛 

2
) be y. Join one pendant edge for each vertex 𝑣𝑖 on the right path (𝑣𝑖𝑣𝑖 ′ ) where 𝑖 = 1, 2,  

… , 
𝑛 

2
.  

Join one pendant edge for each vertex 𝑢𝑖 on the left path (𝑢𝑖𝑢𝑖 ′) where 𝑖 = 1, 2,  … ,
𝑛 

2
− 1. Finally,  join one 

pendant edge for the vertex (𝑢𝑢 ′). 

Case 1: n ≡ 0 (mod 2). 

𝑓(𝑢𝑖 ) = {
8𝑚(𝑖 − 𝑁)

𝑚⁄                (𝑖  𝑖𝑠  𝑜𝑑𝑑)
4𝑚(𝑖 − 1)

𝑚⁄                 (𝑖  𝑖𝑠  𝑒𝑣𝑒𝑛)
 for 1 ≤  i ≤  

𝑛

2
− 1 

𝑓(v𝑖 ) = {
2𝑚(𝑖 + 2𝑤)

𝑚⁄       (𝑖  𝑖𝑠  𝑜𝑑𝑑)
2𝑚(2𝑖 − 1)

𝑚⁄       (𝑖  𝑖𝑠  𝑒𝑣𝑒𝑛)
 for 1 ≤  i ≤  

𝑛

2
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𝑓(u𝑖′) = {

8𝑚(𝑖 − 𝑁) + 1
𝑚⁄                     (𝑖 𝑖𝑠 𝑜𝑑𝑑)

 1 + 
4𝑚(𝑖−1)

𝑚
                                (𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛)

 for 1 ≤  i ≤  
𝑛

2
 -1 

𝑓(v𝑖′) = {
1 +

2𝑚(2𝑖−1)

𝑚
            (𝑖  𝑖𝑠  𝑜𝑑𝑑)

7𝑚(𝑖−𝑁)

𝑚
− 𝑊               (𝑖  𝑖𝑠  𝑒𝑣𝑒𝑛)

 for 1 ≤  i ≤  
𝑛

2
 

 

 

Vertex Labelling of the crown graph c8ok1 

Let f* be the induced edge labelling: 

𝑓∗(uv) = 
4n−i

𝑛
  ; 𝑖 = 0 

𝑓∗(𝑢𝑖𝑢𝑖+1) = 16(2i+1)  ; 𝑖 = 0,1,…..
𝑛

2
− 2 

𝑓∗(𝑣𝑖𝑣𝑖+1) = 32(i+1)    ;  𝑖 = 0, 1, …..
𝑛

2
− 2 

𝑓∗(𝑢𝑖𝑣𝑖) = 4[4(i-1)+5]   ;  𝑖 = 
𝑛

2
− 1 

𝑓∗(𝑢𝑖𝑢′
𝑖) = 8i+1    ;  𝑖 = 0, 1, …..

𝑛

2
− 1 

𝑓∗(𝑣𝑖𝑣′
𝑖) = [4(i+N) +1]  ; 𝑖 = 0, 1, …..

𝑛

2
− 1 

 

Edge Labelling of the crown graph c8ok1 

Case 2: n ≡ 1(mod 2). 

𝑓(𝑢𝑖 ) = {
8𝑚(𝑖 − 𝑁)

𝑚⁄                (𝑖 𝑖𝑠 𝑜𝑑𝑑)
4𝑚(𝑖 − 1)

𝑚⁄                 (𝑖  𝑖𝑠  𝑒𝑣𝑒𝑛)
 for 1 ≤  i ≤  

𝑛−1

2
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𝑓(v𝑖 ) = {
2𝑚(𝑖 + 2𝑤)

𝑚⁄       (𝑖 𝑖𝑠 𝑜𝑑𝑑)

2𝑚(2𝑖 − 1)
𝑚⁄       (𝑖 𝑖𝑠  𝑒𝑣𝑒𝑛)

 for 1 ≤  i ≤  
𝑛−1

2
 

𝑓(u𝑖′) = {

8𝑚(𝑖 − 𝑁) + 1
𝑚⁄       (𝑖 𝑖𝑠 𝑜𝑑𝑑)

 1 + 
4𝑚(𝑖−1)

𝑚
                   (𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛)

 for 1 ≤  i ≤  
𝑛−1

2
 

𝑓(v𝑖′) = {
1 +

2𝑚(2𝑖−1)

𝑚
            (𝑖 𝑖𝑠 𝑜𝑑𝑑)

7𝑚(𝑖−𝑁)

𝑚
− 𝑊               (𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛)

 for 1 ≤  i ≤  
𝑛−1

2
 

𝑓(w)=2(n-1) 

𝑓(𝑤′)=2(n-1)+1

 

Vertex Labelling of the crown graph c5ok1 

Let f* be the induced edge labelling: 

𝑓∗(uv) = 
4n−i

𝑛
  ; 𝑖 = 0 

𝑓∗(𝑢𝑖𝑢𝑖+1) = 16(2i+1)    ;𝑖 = 0,1,…..
𝑛−1

2
 

𝑓∗(𝑣𝑖𝑣𝑖+1) = 32(i+1)    ; 𝑖 = 0, 1, …..
𝑛−1

2
− 2 

𝑓∗(𝑢𝑖𝑤) = 16(2i+1)  ; 𝑖 = 
𝑛−1

2
− 1  

𝑓∗(𝑣𝑖𝑤) = 32(i+1)    ;  𝑖 = 0, 1, …..
𝑛−1

2
− 1 

𝑓∗(𝑢𝑖𝑢′
𝑖) = 8i+1    ; 𝑖 = 0, 1, …..

𝑛−1

2
− 1 

𝑓∗(𝑣𝑖𝑣′
𝑖) = [4(i+N) +1] ; 𝑖 = 0, 1, …..

𝑛−1

2
− 1 

𝑓∗(𝑤𝑤′) = 8(
𝑛−1

2
)+1      
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Edge Labelling of the crown graph c5ok1 

Therefore, the whole of edges in G receive distinct labels. Thus the defined function provides  square 

difference labelling for a graph.  

(i.e) The crown graph cnok1is square difference labelling. 

3.2 Theorem  

One point union of six copies of p4 admit square difference labelling. 

Proof: 

Let H be a graph with a route pn of length n and k(1,t) . Let w be the central vertex for 𝑝𝑛
𝑡  and v1, m(1 ≤ l ≤ t, 1 

≤ m ≤ n) be the consecutive vertices of each branch of 𝑝𝑛
𝑡  from vo.  

Let 𝑓 be Vertex labelling, defined by 

𝑓(v𝑖 ) = 2𝑛 + 1  for  0 ≤  i ≤  
𝑛

2
 

𝑓(u𝑖 ) = 2𝑛          for  1 ≤  i ≤  
𝑛

2
 

Let 𝑓 * be the induced edge labelling, defined by 

𝑓∗(𝑣𝑖𝑣𝑖+1) = 8(i+1)    ; 𝑖 = 0, 1, 2, 4, 5, 6, 8, 9, 10…..
𝑛−3

2
 

(Here we have to leave the I for every set of 1) 

𝑓∗(𝑢𝑖𝑢𝑖+1) = 4(2i+1)    ; 𝑖 = 0, 1,…..
𝑛−1

2
 

𝑓∗(𝑤𝑣𝑖) = i2 ; 𝑖 = 0 

𝑓∗(𝑤𝑣𝑖) = i2  ; 𝑖 = 4, 8… 
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𝑓∗(𝑤𝑢𝑖) = 4(i)2  ; 𝑖 = 1, 5, 9…

 

One point union of six copies of p4 

 

Vertex labelling of the one point union of six copies of p4 
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Edge labelling of the one point union of six copies of p4 

 

Therefore, the whole of edges in G receive distinct labels. Thus the defined function provides  square 

difference labelling for a graph. (i.e) One point union of six copies of p4 is square difference labelling. 

 

4 Energy Of the Crown Graph: 

The energy E(G) of a graph G is defined to be the sum of the absolute values of Eigen values of G. Hence if 

A(G) is the adjacency matrix of G and λ1, λ2, ...., λn are Eigen values of A(G) then E(G) = Xn i=1 |λi | As the 

sum of the absolute values of Eigen values. The energy of any graph G, E(G) is always greater than or equal 

to zero. Since for the totally disconnected graph Kc n is the adjacency matrix is a zero matrix. There for it has 

no nonzero Eigen values. Thus the energy of totally disconnected graph is zero [2] that is E(K n
 c ) = 0 and thus 

zero is connected as the lower bound for graph energy. 

 

CROWN GRAPH CnoK1 ENERGY OF THE GRAPH 

3 12.0  

4 16.0  

5 20.0  

6 24.0  

7 28.0  

8 32.0  

9 36.0  

10 40.0  

Property: 

Energy of the Grown Graph is 4n Where n is Positive integer ≥ 3 
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5. Application 

5.1 BLOCKCHAIN 

 Distributed ledger technology (DLT) is a relatively recent technological breakthrough that has far-reaching 

implications for many sectors. Although cryptographic technologies have been the basis for blockchains for 

some time, their inclusion as a useful package is truly innovative. In the electrical field, the combination of 

distributed energy resources and the multiplication of grid-interacting devices excites blockchain potential. 

But blockchains are exactly what blockchains are basically unchangeable digital ledgers that can be used to 

securely record all transactions that take place on a given network, which cannot be changed once the data is 

sealed within a block. This includes not only financial transaction data but also anything of value. Technology 

enables a new world of decentralized communication and integration by creating the infrastructure to allow 

one to connect with one another securely, cheaply and quickly without a centralized intermediary. Its range is 

linked like a star map. 

Example 

 

Graph in Block Chain Format 

 

6. CONCLUSION 

It’s very Interesting to study graphs which admit of square difference labelling 

of various classes of graphs such as the crown graph (cn × k1), single point union of six copies of p4are 

established. Square difference labelling of other sorts of graphs is still a work in progress, and it will be 

completed later. 
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