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Abstract

The intention of this paper is to introduce a new class of local function namely, ns, g — local function
in the nJ — topological spaces. We investigate certain properties and characteristics of ns, g — open set
and ns,g — local function in n — topological space and nJ — topological space respectively.
Furthermore, we construct a new class of topology and discuss certain characteristics.
Keywords: nano ideal topological space, ns,g — closure, ns,g — interior, ns,g — local function,

N4a#" — topology

1.INTRODUCTION

Hamlett and Jankovic[9] have considered the local function in ideal topological space and they have
obtained a new topology. Parimala et.al[5] introduced a notion of nano ideal topological space by
introducing a similar type of local function, namely nano local function. Pasunkilipandian et.al [10]
introduced a new class of nano generalized closed set in n — topological space namely, ns, g — closed
set. In this paper, we introduce the notion of ns,g — local function using ns, g — open sets and study
its properties in nano ideal topological space. Further, we construct a topology N %«¢" for I' using
ns,g — open set and an ideal 7 on T.

2.PRELIMINARIES

We recall the following definitions, which will be used in sequel.

Definition 2.1[2] Let I" be a nonempty finite set of objects called the universe and R be an equivalence
relation on I' named as indiscernibility relation. Then T is divided into disjoint equivalence classes.
Elements belonging to the same equivalence class are said to be indiscernible with one another. The
pair (T', R) is said to be an approximation space. Let X < T'. Then,

(i)The lower approximation of X with respect to R is the set of all objects which can be for certain
classified as X with respect to R and is denoted by L (X). Thatis, Lg(X) =Uyer {R(X) € X:x € T}
where R(X) denotes the equivalence class determined by x € T.
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(i) The upper approximation of X with respect to R is the set of all objects which can be possibly
classified as X with respect to R and is denoted by Ug(X). That is, Ux(X) =U,er {R(X):R(X) N
X # @,x € T'} where R(X) denotes the equivalence class determined by x € T.

(iii) The boundary region of X with respect to R is the set of all objects which can be classified neither
as X nor as not —X with respect to R and is denoted by B (X). That is, Bx(X) = Ux(X) — Lx(X).
Definition 2.2 [2] Let T' be a universe, R be an equivalence relation on I' and Nz (X) =
{U, 0, L (X),Uxr(X),Br(X)}, where X < T, satisfies the following axioms:

(i) U, 0 € NR(X).

(i) The union of the elements of any sub-collection of Vg (X) is in Ni (X).

(iii) The intersection of the elements of any finite subcollection of Ny (X) is in Ny (X).

Therefore, Nz (X) is a topology on I' called the nano topology on I' with respect to X. We call
(T, Mz (X)) as the nano topological space. The elements of N3 (X) are called nano open sets (briefly,
n- open sets). The complement of a nano open set is called a nano closed set (briefly, n — closed set).
Definition 2.3 [6] A subset C of a nano topological space (I', ') is said to be nano semi a — open set
(briefly, NS, — O.S) if there exists a na — open set P in T such that 7 € C S n — cl(P) or
equivalently if ¢ €n— cl(na— int(?)).The family of all NS,— O.S of U is denoted by
NS, O0(U, M).

Definition 2.4 [7] A subset H of a nano ideal topological space (T, V', 7) is said to be nano ideal semi
a — generalized closed set (briefly, nis,g — closed set) if H,; S K whenever H € X and X is nano
semi o — open.

Definition 2.5 [8] Let (T, V', 7) be an ideal topological space and x € A € X. Then X is said to be an
Ja — interior point of A if A contain an Ja — open neighborhood set for X'. The set of all Ja — interior
points of A is called Ja — interior set and simply is denoted by Ja — int(A).

Definition 2.6 [5]Let (', V', 7) be a nano ideal topological space with an ideal 7 on T and (.)* be a set
operator from 2T to 2T (2T is the set of all subsets of I'). For asubset A c T', AL (I, N) = {x ET:G,, N
A &7, forevery G, € G,(x)}, where G,,(x) ={G,.:x €G,,G, € N} is a family of nano open sets
which contain x, is called the nano local function (briefly, n — local function) of A with respect to 7
and V. We will simply write ,; for H,, (7, V).

Definition 2.7 [5]A subset H of a nano ideal topological space (I',V,7) is n* — dense in itself
(resp.n* — perfect and n* — closed) if H < H,, (resp.H = H,, and ,, < H).

Definition 2.8 [5]A basis (7, V) for V'* can be described as follows: (3, V) ={A—B:A€ N,B €
7}

Definition 2.9 [S] N*(I,N) = {V c TI:n — cl*(I = V) =T — V} is called nano*— topology which is
finer than ». The elements of V*(J, V') are called nanox —open (briefly, n *+ — open) and the
complement of an n * — open set is called nano* — closed (briefly, n * — closed).

3. nsyg — closure and ns,g — interior

Definition 3.1. For every set H < (T, V),

(D) ns,g — closure of H is defined as the intersection of all ns,g — closed sets containing
H(i.e.,)ns,g — cl(H) =N {F:H < F,F € ns,g — closed set}.
(i) ns,g — interior of H is defined as the union of all ns,g — open sets contained in H (i.e.,)

nseg — int(H) =V {K: K € H,K € ns,g — open set}.

Lemma 3.2 If ns,g — cl(T, V) is closed under finite union, then ns,g — closure is a Kuratowski
operator on (T, V, 7).

Proof: (i) ns,g — cl(®) = @ and ns,g — cl(T") =. Also, H S ns,g — cl(H).

Copyrights @Kalahari Journals Vol. 7 No. 1 (January, 2022)
International Journal of Mechanical Engineering
7258



DOI : https://doi.org/10.56452/771

(ii) Suppose that H and K are two subsets of ', then ns,g — cl(H) S nsqg — cl(H U K) and ns,g —
cl(K) € nseg — cl(H UXK). Hence, nsqg — cl(H)Unseg — cl(K) S nsqg —cl(HUXK). If y ¢
nsyg — cl(H) Uns,g — cl(K), then there exists A, B € ns,g — cl(I', V', 7) such that H € A,y &
A,H SBand yée¢B. Hence, HUK € AU B and y € A U B. By hypothesis, A UB is ns,g —
closed. Thus, y € ns,g — cl(A U B) implies that y € ns,g — cl(H U X). Hence, nsqg — cl(H U
K) € nseg — cl(H)Unsyg — cl(K). Thus, ns,g — cl(H UK) = nseg — cl(H) Unsgeg — cl(XK).

(iii) Let 7 =T and F be a ns,g — closed set containing H'. Then by Definition 3.1.(i), ns,g —
cl(H)c F and ns,g — cl(nsag — cl(}[)) C F. Since nsyg — cl(nsag — cl(?f)) CF, ns,g —
cl(nsag - cl(}()) SN{F:H S F,F € nseg —cl(T,N,7)}. Hence, (nsag — cl(?f)) C nsyg —
cl(nsqg — cl(#)) and by Definition 3.1.(i), nseg — cl(nsqg — cl(H)) € (nsqg — cl(¥)) implies
that (nseg — cl(H)) = nsqg — cl(nseg — cl(#)). Thus, ns,g — closure is a Kuratowski closure
operator on T

Theorem 3.3 Let H be a subset of the nJ — topological space (I', V). Theny € ns,g — cl(#) if and
only if H n G + @ for every ns,g — open set G containing y.

Proof: Suppose that y € ns,g — cl(H).Let G be a ns,g — open set containing y suchthat H NG = @
so that 7 < G°. But G° is a ns,g — closed set and ns,g — cl(H) < G°. Since y € G°, Yy € ns,g —
cl(H) which is contrary to the hypothesis. Hence, G N H # @ for every ns,g — open set G containing
y. Conversely, suppose that every ns,g — open set of I containing y such that H NG # @. If y ¢
ns,g — cl(#), then there exists a ns,g — closed set F of I' such that < F and y € F. Hence, y €
F¢ and F€ is an ns,g — open set containing y. Thus, F¢ N H = @ which is a contradiction. Hence,
Y € nsy — cl(H).

Theorem 3.4 Let (I',V,7) be a nJ — topological space and H be a subset of T, then the following
axioms are satisfied.

(i) (nseg — int(H))" = nseg — cl(FH°).
(i) nseg — int(H) = (nsag — cl(?—[c))c.
(i) nseg — cl(FH) = (nsqg — int(H))".

Proof: (i) Let y € (nsqg — int()). Then y & nseg — int(). That is, every ns,g — open set F
containing y is such that F & 3. That is, every ns,g — open set F containing y is such that F n ¢ +#
@. Since y € nsqg — cl(H®), (nlseg — int(H))" € nseg — cl(F). Conversely, let y € nseg —
cl(H)€. Then, every ns,g — open set F containing y is such that F n #¢ # @. That is, every ns,g —
open set F containing y is such that F & H . By the Definition 3.1. (ii), y € ns,g — int(H). That is,
Y € (nsqg — int(H))" 50 that nseg — cl(H) € (nseg — int(H)). Thus, (nsqg — int(H))" =
ns,g — cl(3°).

(ii) Follows by taking complements in (i).
(iii) Follows by replacing H by #¢ in (i).
4. ns,g — local function

Definition 4.1 Let (I, V', 7) be a nJ — topological space and (.)%«9" be a set operator from 2T to 2T,
where 2T is the set of all subsets of T'. For a subset H c T, HpsugON)={x€T:G, NH &7, for
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every G, € N4«?(y)} is called the nano semi a generalized local function (briefly, ns,g — local
function) of 7 with respect to 7 and V. We will simply write 3, ,_,, instead of #,,,_, (7, V).

Remark 4.2 Let (I,V,7) be a nJ — topological space. The minimal ideal is {@} for any nJ —
topological space (T, V', 7) and the maximal ideal is 2T .

Remark 4.3 Forevery H{ < T,

Q) If 7 = {0}, then H,, 4 = nsqg — cl(H) #n — cl(H).
(i) If 7 = 2T, then Hpspg = 9

(i) HfH eI, thenH,, , = 0.

(iv) Neither H < H,, 4 nor H,, o < H, in general.

Proposition 4.4 Let (T, V') be a nano topological space with ideals 7,7" on T and 7, X be subsets of
. Then,

(1) (D)nseg = 9.

(i) H < K\impliesHy, g3 € Kps g

(iii) ICT = Hps o) € Hyy (D).

(iv) Hispg S NSeg — cL(F).

(v) Hyspg = NSag — cl(}[,,’géag) € nsqg — cl(H), (Hys.4* is @ $ns_\alpha g-$ closed

subset of H).
(VI) (H:L‘Sag)nsag < }[25ag*'
(Vi)  Hp UK g = H UKL g

(viii) }[/r*wag \ :K:mag = (H\ jc);lsag \ jc:zsag c (H\ IK);lsqg-
(ix) 3 € I\implies(H \ Dnsg © Hrspg = (H UDps. g

Proof: (i) The proof is trivial.

(i) Let 3 c K and y € H,, 4. Assume that y € K, ,. We have G, nK €7 for some G, €
N ##(y). Since G, NH < G, NK and G, N K € J, we obtain G, N H € J.Thus, y & H,,_, which
is a contradiction. Clearly, H,, , € K5 g

(iii) Let7 € 7" andy € H 5, _4(3'). Then, G, N H ¢ T’ for every G,, € NV *«#(y). By hypothesis, G,, N
H &3.50y € Hy, 4(3).Therefore, H;, ;1) € Hyy g (9).

(iv) Lety € H;_,- Then by Definition 4.1, for every G,, € NV “?(y),G,, N 3 & J which implies G,, N
H = @. Hence, y € nseg — cl(3), therefore, Hy,_, € nsqg — cl(F).

(V) H s S nSeg — cl(H;,s.4) hold in general. Lety € nsqg — cl(H,,,5) ThenHyy s NG, # 0
forevery G,, € V*«#(y). Therefore, there exists some A € H,, , NG, and G,, € N *«#(y). Since A €
Hyrsugr H NG, &7 and hence y € i, 4. Thus, nseg — cl(Hyis g) S Hys g NOW, nsgg —
cl(Hsy) = Hisyg ThENH NG, & 7 for every G, € N« (y). This implies that 3 n G,, = @ for
every G, € N%#(y) and so y € nsqg — cl(3). Consequently, ,, , =ns.g — cl(Hs 4) S
nsqeg — cl(¥) and H,, 4 is a nsqg — closed.

(vi) From (v), (Hrs.g).

ns g S TSad = cl(Hyrs,g) = Hps g SINCE Hyps o iS ansyg — closed set.
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Vil HcHUKandK c HUK and Hy, 5 UKy, g S (FH UKy g DY (ii). Conversely, lety €
(H UXK)zps,g- Then for every G, € N“‘ag(y), G, N(HUK) ¢TI implies that (G, NH)U
(G, NX) ¢ 7. Therefore, G, NH ¢ Jand G, N K & J. This implies thaty € H,,, , andy € K, 4,
thatis, y € Hp, 4 U Ky 4+ SO We obtain the equality.

(viii) Clearly, (5 \ Hnsog \ Krseg S (H \ Kps, g- Since H\ K < H, by (i), (H \ K)ps g €
Hps g andhence (H\ Kns.g \ Krsog E Hnseg \ Kns,g- COnversely, H < (3 \ K) U XK, by (vii)
Hpseg S H\Kns,g U Knsg and hence Hy, \76225 g € (N T 509 U Krrsog) \ Krvsog
Therefore, Hjis g\ Knspg S (H\Fnsg \ (Fnsg U Kns,g) SO that His o\ Ky, C (F\
K nsag \ Knsqg Therefore, Hy o o\ Kpsg = (H \ Kuseg \ Knseg

(ix) By (vii) and Remark 3.2 (iii), (H U D55 g = Hisog Y Tnsg = Hnsg U D = Hypps g Since H \
J € H by (ii),(H \ Dis, g € Hps,q- HeNce, we get the result.

Remark 4.5 In general, the reverse implications of (ii),(iii) and (iv) of Proposition 4.4 does not hold.\\
For instance, consider the nJ — topological spaces (A, NV, 7"), (A, N;,7;) and (A, Ny,3'4) as follows:

@ A=1{61,626506s ; A/R={{6}{66}{6.3} | X={6,8} ; N=
{(Z), A, {61}' {61' 62' 53}1 {62' 63}} ; 3= {¢' {52}' {53}' {54»}' {52' 63}' {63' 54»}' {62' 64-}' {52' 53' 54-}}

(b) Ay = {61,62,63} ; A1/R = {{61,0:},{63}}; X = {62}, V1 = {@,41,{61,8,}}; J1 = ©,{63}}.
(€) Ay = {61,62,83} 5 A1 /R = {{81, 82}, {833} X = {82} V; = {0,44,{81,8,}};7"1 = 0,{8,}}.

Q) Let H = {8;,63} s K = {62} s Hyps,g = {63} © Kps g = {61, 63}, but 3 & XK.

(i) FOrH = {6,,6,}, Hypsg(0) = Ay € Hiy ,(9) = {61,653 but 7 £ 7',

(i)  For H = {§,,8,}, II-[,;“wag = (61,84} = nsqg — cl(H;5,4) i NSqg — cL(F) = {81,8,,84}.
Here, nsqg — cl(3) /S Hp s, g = NS — cl(}[,,*wag).

Theorem 4.6 Let (T, V') be a nano topological space with ideals 7,7’ on T and let 7 be a subset of T..
Then H,, ,(INT) =Hy, o(DUH,, ().

Proof: Since 7nJ" < J and INJ’ € 7', by Proposition 4.4 (iii), 3, 4() € Hy, ,(INIT") and
Hpsg(I) € Hys g (INT)Hence, Hy, (DU, ,(0) € Hy, 40 N0T7). Conversely, let y €
Hps,g(@ NI Then for every G, € N*29(y),G, NH ¢ I NI hence, G, NFH ¢JorG, NI ¢J'.
This shows thaty € 3, () ory € H,, 4(7"). Therefore,y € H,, 5(T) U H,,, 4-(3"). Hence, we

get the result.

Lemma 4.7 Let (I, V', 7) be a nJ — topological space. If G,, € N*«¢(y),then G, NH,, 5 =G, N
(Gn NH)ps g € (Gn N H)ps, g TOr any subset H of T

Proof: Suppose that G,, € N*«¢(y) andy € G, N H,,_,. Theny € G and y € H;,_,. Let F be any
ns,g — open set containingy. ThenF ngG,, e N*¢(y)andF N (G, NH)=(FnG,)NH &I, by
Definition 4.1. This shows that y € (G,, N H )y, 4 and hence we obtain G, N Hy, 4 S (G N H )7, g-
Moreover, G, NHy, 4 S G, N (G, NH)ys g- Since G, NI SH by Proposition 4.4 (iii),
(Gn NH)sg € Hiusg aNd G, N (G NH)ps g € G N H s g Therefore, G, NFH,, 5 =G, N
(G N Hsog-
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Theorem 4.8 If (T,V,7) is a nJ — topological space and H < H,,
cl(f]—[fwag) =ns,g — cl(H).

then H,, 4 =NSeg —

Sad!

Proof: By Proposition 4.4 (iv), for every } S T' we have H,,_, = nsqg — cl(Hs.45) S NSeg —
cl(31). From the hypothesis, 7 € H,,_, implies that ns,g — cl(H) S nseg — cl(H;,,,4) 0 that
Hpsyg =NSad — 01(7’[25“9) = nsyg — cl(H).

5. The open sets of N 4«g*

Definition 5.1 Let (T', V', 7) be a nJ — topological space. The set operator ns,g — cl* is called a nano
semi o generalized = closure and is defined as ns g — cl*(H) = H U H,, , for I S T.

Remark 5.2 (i) From Remark 4.2(i), if 7 = {@} then H;,_, = nsqg — cl(F). In this case, ns,g —
cl*(H) = nsqg — cl(H).

(ii) If (T, Vv, 7) is anJ — topological space with 7 = {@}, then N 4a#* = N %ad,

Definition 5.3 N 4«#*(7) = {F c I ns,g — cl*(F°) = F°}. N2%«9*(J, N %«#) is called nano semi «
generalized * — topology (briefly, V' 4«#* — topology), which is finer than N ¢«¢, We simply write
N4a9* instead of N 2%«#*(7, N'4%«#), The elements of N %«9*(J, N 4«#) are called nano semi o
generalized = — open sets (briefly, ns,g* — open sets) and the complement of a ns,g* — open set is
called ns,g* — closed set. Here, ns,g — cl*(#) and ns, g — int* () will denote the ns,g — closure
and ns,g — interior of H in (T, V" 4«9%),

Remark 5.4 The topology V 4«#* is finer than V" «#,

Proposition 5.5 Let (T, V', 7) be a nJ — topological spaceand H < T. If i € H, then

Sad!
(1) nseg — cl(H) = ns,g — cl*(H).
(i) nseg — int(H°) = ns,g — int*(H°).

Proof: (i) The proof follows from Theorem 4.8.

(i) If H S H,ps g0 then nseg — cl(H) = nsqg — cl*(3) by (i) so that (ns,g — cl*(#))" =
(nsag - cl*(.‘]-[))c.Therefore, nsyg — int(H°) = ns,g — int*(H°).

Proposition 5.6 The set operator ns,g — cl* satisfies the following conditions:

(i H S nseg — cl* ().

(i) nseg — cl* (@) = @ and nspg — cl*(I') =T.

(iii) If H € K, then ns,g — cl*(H) S nsqg — cl*(¥).

(iv) nseg — cl*(H)Unseg — cl’(K) = nseg — cl*(H U K).

(V) nseg — cl*(nseg — cl*(H)) = nseg — cl*(H).

(vi) nseg — cl'(H NXK) S nsyg — cl*(H) Nns,g — cl*(K).

(vii) If G, isns,g — open, then G, N (nsag — cl*(}[)) c ns,g —cl*(G, N H).

Proof: (i) By Definition 3.1, we obtain 7 € H U H,, , = nsqg — cl*(H).
(i) nseg — cl*(@) = (Dns, g YD = 9, by Proposition 4.4 and nsqg — cl*(T) =T U I g =T.
(iif) Since H € X and H,, 4 S Ky, 4 implies that H U FH,, o € K UK, 4 SO that ns,g —

cl*(H) € nsyg — cl*(K).
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(iv) nsqg —cl*(HUK) = (HUK)UH UK g = (HUIK)U (Hys 0 UKpisg) = (nSeg —
cl*(f]-[)) U (nsag — cl*(?()).

(V) nseg — cl*(nsag - cl*(}[)) =NSyg — cl*(}[ V] }[jwag) = (}[fwag U 7—[) V] (7{,,‘;5&4 V]
H) = (H}a g UH)U ((}f;;sag);sag UHrsg) = Hirsug UH = nseg — cl’(30).

Nnsqg

(vi) Let y Enseg —cl"(H NK). But K NK S H and I N K < K. Therefore, (H NK)zs g S
Hpsyg and (H NK)ps g € Kps g Thus, nsqg —cl*(HNK)=(HNK)UH NK)ps g EH U
Hpspg = NSqg — cl*(3). Similarly, nseg — cl*(H NK) € nsqg — cl*(K). Since y € nseg —
c'(HNK), yENnsgg —cl*(H) and y € nsyg — cl*(K). Thus, y € nseg — cl*(H) Nns,g —
cl*(K). Hence, nsyg — cl*(H N K) S nsag — cl*(H) N nsyg — cl*(K).

(vii) Since G is ns,g — open, by Lemma 4.7, we have G, N (H U, ;)= (G, NH)U

(G NH}sy) €S (G NH)U (G N H s g- Therefore, G N (nseg — cl*(H)) S nseg —
cl*(G,, N ).

Definition 5.7 A subset H of a nJ — topological space (I, V,7) is N's,g* — dense in itself (resp.
N'sqg™ — perfectand N's,g* — closed) if H < 3, (resp. H = 3,5 g and My, 4 S H).

Remark 5.8 The relationship related to sets defined in Definition 5.7, we have the following diagram.

Nsqg® — denseinitself «——  Ns,g" — perfect —— Ns,g*— closed

Remark 5.9 The reverse implication of the above figure are not true.

For instance, consider the nJ — topological space (A,,N;,7,) as follows: A, = {84,8,,85,64} ;
Dy /R = {{8:3,{82,84},{83}} 1 X ={82,84} ; Ny = {0,4,,{8,,84}} ; T, = {©,{8,}}. Here, the sets
H ={8,,8,,03} IS N'sqg™ — closed and H = {8,} is N'sqg* — dense-in-itself. But both are not
N's,g* — perfect.

Lemma 5.10 Let (T, V,7) be a nJ — topological space and H < T. If H is ns,g* — dense in itself,
then #,,, , = nseg — cl(Hyrs4) = NSqg — cl(F) = nsqg — cl* ().

Proof: Let H be a ns,g* — dense in itself. Then 3 < H,, ;. From Proposition 5.6, we obtain
Hrsog = NSad — l(Hps,g) = NSqg — cl(H) = nsqg — cl*(F). The result follows from Theorem
4.8 and Definition 5.1 .

Definition 5.11 A basis B(J, N') for IV 4«#* can be described as follows : A subset H of a nJ —
topological space (T', V', 7) is said to be V' “«#* — closed if 3, _, < 3. Thus, we have G € V' *«9™ if
and only if G¢ is N *«#* — closed which implies (G);s, 4 € G and hence G ((gc);tlsag)c.Thus if
Y €G,Y & (G)rs, g then there exists F € NV *«#(y) such that F n G° € J. Hence, let 7 = F n G° and
we have y € F\ 7 c G where F € N*«#(y) and J € 7. So the basis for NV %«#* is B(J,N') = {F \
J:F € N49(y),J € 7}.

Lemma5.12 Let (T, V', 7) be a nJ — topological space. Then B(J, V') is a basis for V4«9,

Proof: Since@ € 3,F = F \ @ € N *Z(y) and NV %«Z(y) c G from which it follows that " =u B. Also,
B, B, e Band 7,7' € I we have B; = F; \ 7 and B, = F, \ 7’ where F,,F, € N4 (y).Then B, n
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By = (FH\DNFNI)=FnI)N(FanI)=(F, NnF)H\@UI)EB where Fy,F, €
N4?(y),7U7" €7.

Remark 5.13 B(J, V') is not a topology in general.

For instance, consider the nJ — topological space (A, V', 7) as follows: A = {§4,8,,83,84}; A/R =
{613,162, 853, {84}}; X = {81,83}; NV ={0,4,{81},{61,82,83},{82,63}}; T = {D,{8:},{83}, {84},

{81,83},{63,84},{81,84}, {81, 83,843} B, V) = {@, A, {81}, {82}, {83}, {81, 62}, {82, 83}, {82, 84},
{61,8,,083},{61,0,,084},{62, 63,8431} Here, {8;} U {65} & B(J, V). Hence, it is not a topology.
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