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Abstract

In this article, we have studied asymptotic equivalent, asymptotic statistically equivalent, strongly asymptotic statistically
equivalent, asymptotic lacunarry statistically equivalent, and strongly asymptotic lacunary statistically equivalent of multiple A
with respect to Intuitionistic fuzzy normed space. In addition, we have proved some theorems on asymptotic lacunary equivalent
and strongly asymptotic lacunary equivalent sequences. Furthermore, refinement of lacunary sequence has been defined and some
results over it were examined.
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1 Introduction

The notion of statistical convergence has been given by both Fast [1] in 1951 and Fridy[3] in 1985, independently. which emerged
as a useful tool in dealing with such numerical problems where the idea of ordinary convergence fails to serve the purpose of
study, by the idea of the natural density. Later, the concept was studied by several authors in their own ways and was generalized
it to some different kinds of spaces. Kostyrko [14] generalised the statistical convergence to ideal convergence, Salat and
Tripathy[15] studied some properties of ideal convergence. Further Das and Kostyrko [16] investigate the notion of I-convergence
and Is-convergence. Later, the concept of lacunary statistical convergence was investigated by Friday and Orhan[4] in 1993. Since
then, several authors have studied this concept and extended it to different spaces. Some authors [5, 8] studied the idea in
intuitionistic fuzzy normed spaces, which was first studied by Saadati and Park[18] as a generalization of fuzzy metric space in
2006. The Fuzzy metric space was studied by Karmosil[17] as a generalised form of fuzzy set theory, which is being used not only
in different branches of mathematics, such as the theory of functions [10, 11], theory of approximation [12] etc, but also in
quantum particle physics[13].

A number of developments in statistical convergence and its generalisation to different spaces have been made by different
authors in recent years. Patterson [6] evaluated some results on asymptotically statistically equivalent sequences in 2003.
Patterson and Savas[7] again presented their work on asymptotically lacunary in 2006 statistically equivalent sequences. The same
idea was studied and extended by Ulusu and F. Nuray [9] to the set of sequences (in Wijsman’s sense). They published their work
on asymptotically lacunary statistical equivalent set sequences in 2013.

We have now investigated the asymptotic statistically equivalence sequences, asymptotic lacunary equivalence sequences, and
strong asymptotic lacunary equivalent sequences in intuitionistic fuzzy normed space. Throughout this article, X stands for linear
space, N stands for the set of natural integers, and A is a real number.

The work is divided into three sections. Section 1 contains an introduction part, Section 2 contains the basic definitions and results
that are needed in the work. Section 3 contains the main definitions and results, which we have studied

2. Basics and Preliminaries
Definition 2.1. [5] A 5-tuple object (X, a, B, * 0) where X is linear space, * is continuous t-norm, o is continuous t-conorm
and a, B are fuzzy sets on X x(O, oo), is said to be Intuitionistic fuzy normed space (abbreviated as IFNS) if for every

X, ye X and , § E(O, oo) it fulfils the following subsequent requirements.

() O<ou(x p)+B(x pn)<1

Copyrights @Kalahari Journals Vol. 7 No. 1 (January, 2022)
International Journal of Mechanical Engineering
7218



(i) ou(x, p)=0

(iii) o(cx, u)=oc[x, ﬁ] forall ¢ =0
C

(iv) a(x,p)=1iff x=0

V) a(X+x, p+E)>o(x p)*o(x, &)

(vi) a(x, u):(O, oo)—)[O, 1] is a continuous function of p
i) lim__ o(x, p)=1and lim _ o(x, u)=0

(viii) B(x, pn)<1

(ix) B(cx, p):o{x, ﬂ] forall c =0

]

) B(x, n)=1iff x=0

9 Bk w596 1)00(%,

(xii) B(X, ;,t) : (O, oo) —)[0, l] is a continuous function of W

(i) lim__, B(x, n)=0and lim_ B(x, n)=1

The doublet (oc, B) defines Inuitionistic fuzzy norm (abbreviated as |IFN) and given by, (oc, B)z

(% y):o(x ), B(x p):xe X}

Definition 2.2. A sequence [X] :(Xr) of elements of IFNS (X, a, B, *, O) is said to be converges to a number |, if there

exist I, € N such that for all r>r,, and ue(O, oo) we have 1—OL(XIr —I, u)<8 and [3(Xr —I, u)<8 for every

O<ex<l

Definition 2.3. Two sequences [X] :(Xr) and [y] :(y,) of non-negative terms of IFNS (X, a, B, *, 0) are said to be

asymptotically equivalent of multiple A with respect to IFN (oc, B) if there exist some positive integer I, such that for all

O<e<land pu>0 we have, 1—(1[&—%, uj<s and B[ﬁ—k, },l]<8, forall r >,
Yy

r r

Symbollically, we state it by, [X] U [y]

The two sequences are said to be simply asymptotically equivalent if A =1

Definition 2.4. Two sequences [X] = (Xr) and [y] = (Yr) of non-negative terms of IFNS (X, a, B, *, 0) are said to be

asymptotic statically equivalent of multiple A with respect to IFN (oc, B) if forall 0 <e <1 and >0 we have,

8{k el :1—oc(ﬁ—7», u]Zs or B(ﬁ—h uja}:o
Yk Yk

2] % [y].

The two sequences are said to be simply asymptotic statistically equivalent if A =1

Symbolically, we state it by,
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. A
Remark 1. S(A) denotes the natural density of set A (See [3]), defined by S(A)z IImn_)wu where |A| gives the
n
cardinality of the set A

Definition 2.5 [9] A lacunary sequence 0= (uk) is sequence of non-negative integers such that u, =0, h, =u, —u, , -

u
as k — oo, throughout the paper we denote 0, =—% and Ik =(uk_l, uk]
uk—l

Definition 2.6. [2] A lacunary sequence G = {Vr} of non-negative integers is called refinement of lacunary sequence 0 = {ur}
i {u )< fv)

Definition 2.7 [8] A sequence (Xr) of the terms of IFNS (X, a, B, *, O) said to be lacunary statistically convergent to | with
respect to IFN (OL, B) ifforall 0 <e<1and p>0 we have, §, {k :ZI.—oc(Xk —I, },t) >gor B(Xk —I, u)ZS} =0

3. Main Results

Definition 3.1. Two sequences [X] =(Xr) and [y] :(y,) of non-negative terms of IFNS (X, o, B, *, 0) are said to be

asymptotic lacunary statistically equivalent of multiple A with respect to IFN (oc, B) ifforall O<e<land pu> 0 we have,

Sy 1k :1—a(ﬁ—k, ujZa or B[ﬁ—k, ust =0
Yk Yk

S)\
Symbollically, we state it by, (a, B)= [z] < [y].

The two sequences are said to be simply asymptotic lacunary statistically equivalent if A =1
Remark 2. SG(A) denotes the lacunary natural density (G—density) of set A (See [4]), defined by

8y (A)=lim,_,, |{q eN:gel, A}| where vertical bar gives the cardinality of the set A
Definition 3.2. Two sequences [X] =(Xr) and [y] =(yr) of non-negative terms of IFNS (X, a, B, *, 0) are said to be
strongly asymptotic statistically equivalent of multiple A with respect to IFN (oc, B) if forall 0 <e <1 and u>0 we have,

. 1 n X . 1 n X
IImn_m—chx(—k—k, MJ=1 and IImn_m—ZmB[—k—k, uj=0. Symbolically, we state it by,
n="" Y% ="\ Y%

Ny,
(a, 8) — [z] ~ [y].
The two sequences are said to be simply asymptotic lacunary statistically equivalent if A =1

Example 3.1. Let the two sequence [x] and [y] are defined on IFNS (D , O, [3, *, O), defined by [X] =(Xk)= Avrea of a circle

Ky,
= X —2* X y
of radius k unit and [y]=(y, ) =k?e*. Let us define o{—k—k, pj :”X— and B(y—k—x, MJ :kx—'
Ye TS X T k—x‘
Yk Yk
N

Also, a*b= min{a, b} and aob = max{a, b} . Then we have (@, B) — [2] =~ [y].

. n X . 1 pn—2" . 1 pn—2"
Proof. lim_ Zk>lo{y—"—n, p}:llmnwﬁzm—l =I|m,HOOHZkZl T

“ u+(me K —m u+nek—J.‘
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-k —
=lim, ZM 4+||m —Zk%ﬁnm iZt"ﬂ(finiteﬁ
ek

. 1 .
Ilmnwﬁzmo(n ko)=0-+lim

1 1
(Since we have a positive integer K, suchthat — ~0 and e * =1 forall k >K,)
2

Also,
1 1
1 1 me * _1‘ 1 me _4
n X, T n B K
Ilmnaoo Ezk>lﬁ(y__n’ MJ_IImnew_ K= 1 _Ilmnaooﬁ K=1 1 +
k ptmie k- n+mle k-
1

. nle K —J.‘ .
. n ST Ko g - .
“mnﬁwﬁzkzko—i— |Imn9wﬁzk=1flnlte+0.—0

p+mle k-1

Definition 3.3. Let e:(ur) be a lacunary sequence. The two sequences X :[Xr] and yz[yr] of non-negative terms of

IFNS (X, a, B, *, 0) are said to be strongly asymptotic lacunary satistically equivalent of multiple A with respect to IFN

(o, B) if for al O<e<l and p>0 we have, "mehleelra[);_i_x’ u}:l and

r

o tmfy)s

Symbolically, we denote it by, ( ) [x] [y]

The two sequence are said to be simply asymptotic lacunary equivalent if A =1

Example 3.2. Let the two sequence [X] and [y] are defined on IFNS (D , O, B, *, O), defined by

X]=x - k®: ur_1<k£ur_l+[\/ﬁ]

ik’ : otherwise
and [y]=y, =k* : u_ <k<u
Where [\/E] denotes  greatest integral value below \/E Define OL(X— Y, u) = |M | and
H+|X—Y
__Ix=y i _
B(x-Yy, p)=———"—. Also, axb=min{a, b} and aob=max{a, b}
p+[x—y|
Then we have (@ 8) — [37] [y]
1 X . X
Proof. li *_ =1 *
roof. lim_ — n der a(yk m, u] im,_,, zu,,1<k3ur,1+[ ﬁ]a(yk , uj+
Copyrights @Kalahari Journals Vol. 7 No. 1 (January, 2022)

International Journal of Mechanical Engineering
7221



. 1 X, 1 1)
Ilmr_)w h zurfﬁ[\ﬁ}ksur a( Yy o MJ fim Mher hr Zu,,gkgw,ﬁ[ﬁ} k3 "

pz-w
1 p : [\/h_] - u —UH—[\/ﬂ
Ilmr%h—rzum[ﬁ]<k<uru+nkk;_n <lim r +lim,_, n
:Iimr%[hﬂﬂimm 1—[hﬂ =1

r r

Also,

M Zkel B(__n “] Mo I,:]Lr Zkelr|:l_a[;_l;_n’ “ﬂ:

1 X 8
1_"mr—>wh_2k | o{—k—n, uj =1-1=0. Which gives (v, 8) =[] ~ [y]-
r o yk

Lemma 3.4.If 6= (ur ) be a lacunary sequence, [X] = (Xr) and [y] = (yr) are two sequences of non-negative terms of IFNS

(X, a, B, *, O) then following are equivalent.

Tr

(i) (o, B) — ['L] [y].

(i) SQ{keD :1—a[i—x, pJZg}zﬁe{keD :B(ﬁ—x, HJZS}ZO.
Yy Yk

X X

(iii) 86{keD :1—0{—‘(—7», uj<8}=69{ke[} :B(—k—k, u]<s}=1.
Yk Yk

Theorem 3.5. O = (ur) be a lacunary sequence. [X] = (Xr) and [y] = (yr) are two sequences of non-negative terms of IFNS

(X, a, B, *, 0) then following are equivalent.
i (@8- 2] % [yl
(ii) (a, B)— [55] [y]

Proof. (i) — (ii)

Nz\

(@, 8)= [=] ~ U] For every 0 <& <1 and u >0 we have
lim,_,, — % . p|=1andli Ao |=0
|mk%h—zpelk a v and lim,  — zpelk B y__
Kk p p
1 X
= lim,_ 1-a| —>-A,pn|r=0
k hk z pely { { yp J}
Now we have
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. 1 X . 1 X
= lim_, — I—a| = =A p|p=lim = (x l-a| -2,
k hk Zpelk{ Lyp ]} k hk Za[yp}h,p]<1€{ [yp J}
- £ k:l—a(ﬁ— ,MJZS or B[ﬁ—k, MJZS
h Yi Yk

k
Xk Xk
=0y kil-a| =—A,pu|2eor B| =—A,n|2e;=0
Yk Yk

Now, (i) — (i)

> lim

(o, ) — [z ] [y] Forevery 0 <e<l and p >0 we have

S k:l—a[ﬁ—k, M)ZS or BEi—k, ujks =0
Yi Yk

Now
1 X
—Z l-a
h, pelk{ (y
1 X 1 X
— %, l-al -2, pp<—KRkil-a| X - ,ije
hk ZO{yp—K,u}l—s{ [yp J hk { [yk
{k:l—a[x—k—x, u]Zs or B[i—x, ujke}
Yk Yk

By lemma 3.1, we get
Theorem 3.6. Let O = {ur} is a lacunary sequence and G = {Vr} , be refinement of 0= {Vr} if [X] = (X,) and [y] =(yr)

=<
!
b
-
N—
H—J
[
= |
Q
VY
Sx
>
=
N—
\'/_\‘

&
f_J;\
[N
|
R
VR

=] |U
!
ke
=
N—
H_J
+

+&

. 1 X . 1
lim, . — 1-a| 2 —-A, p|p<lim_ —
k—o0 hk Zpelk{ a[yp “’}} k—o0 hk

Since € was arbitrary, thus theorem is established.

are two sequences defined on IFNS (X, a, B, *, 0) then

(2.8)~ 2] = o] =>(aﬂ) ] % [y].

Proof. Let (O‘= 5) [ ] [y] holds, thus we have

S_<kel :1—o{ﬁ—k, p}Zs or B(ﬁ—k, MJZS =0.
yk yk
kel;:l—a(ﬁ—h M]ZS or B(ﬁ—h M]ZS
Yk Yk

' . n '
let | of O contains the interval I 1=1, 2,3 ..., such that I, =U_ I . where

r =1 T

1
r—w hll,

=0. Where . =v, —v,_; and | =(V V, ] Now

r-11 “r

lim

I, :(ur—l,O U 1o :(u,,1 Ur,z]’ Iy :(u,]n_1 um], U_yo=U_, and U _, =U U, isfirstinteger after U_, in

{ke
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the interval |, such that |;,1 forms a first block for GZ{Vr} in 1, of 6. Now

1 {k el :1—a[ﬁ—x, ujz;; or B[ﬁ—x, ]>s}
h Yi Yi

r

lim

r—oo

=lim ZJ = "



: noo . n hr
Irj :1—&{&—7\,, ”] Z¢gor B(ﬁ_}‘ﬂ Hj €= Iimreoo lZ:jzlhrjtrj = Ilmr»oo ijl_JtrJ
yk yk hr hr

: kel;j:l—oc[ﬁ—k, ust or B{i—k, uJZs
“hy Yk Yi
Note that; h;j —© as I > o, Vj

4]
1 X, X,
kel d—a| S -Apu(=gor B| —<—-A,un|>¢
Yi Yk

rj

Where, Z =1 and t

Let. lim__t

r—w trj —

<g; where €; is

Sufficiently small for all j. Now choose & = max,_;., {sj } . Now we have,

1

—RKkel, :1—a(ﬁ—7», M]ZS or B(ﬁ—h M]ZS
h Yk Yk

r

lim

r—o

|
r j=1 r j=l r

h.
=lim_, Zh g <lim_, Zh”s sllmrwzj=l h” =g where ¢ >0

Thus we obtained,

1

—lkkel, :1—o{i—?», MJZS or B[ﬁ—h MJZS
h Yk Yk

r

lim, <g

Hence theorem is established.

Theorem 3.7. Let 6= {Vr} is a lacunary refinement of lacunary sequence 0= {ur} . Also [X] = (Xr) and [y] = ( yr) be two

h, :
sequences of non-negative terms of IFNS (X, a, B, *, 0). If there exist 0 >0 such that h—r 2( forevery I, = I,. Where
r
s 52

o

I, =(U,, u, ] and I, =(V,_, v,] then (@, 8)= [z] ~ [y] = (@, 8)— [z] < [y

Proof. Forall 0 <& <1 and p> 0. We have

Se{k el :1—0((i—7n, u]Za or B(ﬁ—k, uj28}=0. Which implies

k k

Iimehi {k el :1—a(i—7x u]>s or B(—k—k, u]Zs} =0. We now have
Yk

k

lim, kel :1—o{ﬁ—x, MJZS or B[i—x, M)ZS >h 1
h, Vi Y h, b,

1—a[i—x, MJZS or B(ﬁ—x, j>g kel
Y Yi
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I‘




B(——?x, u]za} which implies

i. kel;:l—o{ﬁ—k, ustorBLﬁ—k, MJZS Sli kelr:l—a[i—x, ijsor
h, Yi Vi qh Yi
B[ﬁ—h p]Zs keI;:l—a(x—k—%,pJZSOrB(ﬁ—%,ijs =0.
Yk Yk Yk
X X
Oor Sc{k el :1—0{—k—h u]Za or B(—k—k, uj28}=0.
Yk Y

Thus theorem is established.

Which gives. i

r

Conclusion :

Our work extends the ideas of statistical convergence and lacunary statistically convergence to asymptotic statistical convergence,
asymptotic lacunary statistically convergence and strongly asymptotic lacunary statistically convergence in Intuitionistic fuzzy
normed space which are more general and geometrically sound in study. Our results are also analogus of results discussed in [6, 7]
by R. Patterson & E. Savas.

Acknowledgement :
Authors want to thanks Editorial team & refrees for their valuable comments after review to improve the quality of article.

References
[1] H.Fast, Sur la convergence statistique, Collog. Math.2(1951),241-244.

[2] R. Patterson and E. Savas, Lacunary statistical convergence of double sequences, Mathematical Communication, 10 (2005),
55-61.

[3] Fridy,On statistical convergence, Analysis, 5(1985), 301-313.
[4] Fridy and Orhan, Lacunary statistical convergent, Pacific J. Math, 160(1993), 43-51.

[5] S. Karkaus, K. Demiric, O. Duman, Statistical convergence on Intuitionistic fuzzy normed spaces, chaos solitons and
fractals, 35(2008), 763-769.

[6] R.F Patterson, On asymptotically statistical equivalent sequences, Demonstratio Mathematica, 36(2003), 149-153.

[7] R.F Patterson and E. Savas, On asymptotically lacunary statistically equivalent sequences, Thai journal of Mathematics,
4(2006), 267-272.

[8] M.Mursaleen, S.A Mohiuddin, On lacunary statistical convergence with respect to the intuitionistic fuzzy normed space,
Journal of Compu. and Applied mathematics, 233(2009), 142-149.

[9] Ulusu and Nuray, On asymptotically lacunary statistical equivalent set sequences, Hindwai, 2013(2013),1-5.
[10] G. Jager, Fuzzy uniform convergence and equicontinuity, Fuzzy Sets Syst, 109 (2000), 187-198.

[11] K.Wu, Convergence of fuzzy sets based on decomposition theory and polynomial function, Fuzzy Sets Syst, 109 (2000),
173-185.

[12] GA. Anastassiou, Fuzzy approximation by fuzzy convolution type operators. , Comput Math Appl, 48 (2004), 1369-1386.

[13] Naschie, A review of E-infinity theory and the mass spectrum of high energy particle physics, Chaos,Solitons Fractals, 19
(2004), 209-236.

[14] Kostyrko, Salat and Wilczynski, 1-convergence, Real Analysis Exchange, 26 (2000), 669-686.
[15] Salat, Tripathy and Ziman, On some properties of I-convergence, Tatra Mountains Mathematical Publications, 28 (2004).
[16] Das, Kostyrko and Wilzynski, | and I* convergence of double sequences, Mathematica Slovaca, 58 (2008), 605-620.

[17] Karmosil and Michalek, Fuzzy metric and statistical metric spaces, Kybernetica, 11 (1975),

333-344.
[18] R. Saadati and J.H Park, On the intuitionistic fuzzy topological spaces, Chaos, Solitons Fractals, 27 (2006), 314-344.
Copyrights @Kalahari Journals Vol. 7 No. 1 (January, 2022)

International Journal of Mechanical Engineering
7225



