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Abstract: Let [F, be a finite field of g elements such that ¢ = 3(mod8) and p be an odd prime with p' Il g — 1 for integer [ > 0
and 4 + g — 1. Inthis paper, we intend to decompose the ring [, [x]/(x32pn - 1) into direct product of sub rings. For this, we obtain

irreducible factors of x32 — 1 over FF,.We also factorized x32P" — 1 into its17p™ irreduciblefactors over F, and obtained the
required result by proving some lemmas.
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1. Introduction

Let IF,be a finite field with g elements. Let C be a [m, k] linear code over F,, that is, it is a k — dimensional sub space of F7'. A
code C is called cyclic if any cyclic shift given to a code word is again a code word. A code word (cy, ¢4, €3, -.., Cp—1)in C is identified
with the polynomial ¢y + ¢, x + c;x% + -+ + ¢y x™ 1 in Fy[x]/(x™ — 1). In fact a code C of length m overF,is a cyclic code if
and only if the corresponding sub set is an ideal of FF,[x]/(x™ — 1). Every cyclic code C of length m is generated by a unique
monic divisor g(x) of minimal degree in [FF,.Irreducible cyclic code of length m over [F,can be viewed as ideals of the
ringlF,[x]/(x™ — 1) generated by the primitive idempotents. Decomposition of quotient rings into direct product of subrings over
a finite field plays an important role to find generating idempotents.

A lot of papers in which the decomposition of quotient rings into direct product of sub rings have been done to find generating
idempotents of irreducible cyclic codes given as follows: In [5] Fengwei Li and Yue et.al.found minimum Hamming distances of
irreducible cyclic codes. They obtained primitive idempotents in the ring F,[x]/{(x™ — 1)by decomposition of ring
FF4[x]/{x™ — 1)into direct product of sub rings, where m = L1157 1y, Lyare distinct primes,n, n, > 1landlyl, | ¢ — 1, q is prime
power. In [7] Yugian,Yansheng Wei and Qin Yue gave the expression of decomposition of ring R,,, = F,[x]/{(x™ — 1) to find
primitive idempotents of irreducible cyclic codes of length m over [F,, where m = O pl"’; p;for 1 < i < lare distinct primes
and n; = 1for 1 < i < such that p;p, ...p; | ¢ — 1and gcd(m, q) = 1. In [6] Fengui Li and Yue et. al. decomposed the quotient
ring Fq[x]/(x™ — 1) into direct product of sub rings and gave explicit expressions of primitive idempotents in two rings
Fg[x]/{x™ — 1) for m = 4p™,8p™, where q = 3(mod8) and p | q — 1with p an odd prime.

This paper is organized as follows: In section 2, we recall some lemmas. In section 3 we prove some lemmas and in section4, the
decomposition of ring [, [x]/(x32P" — 1)into direct product of sub rings is given by using the lemmas proved in section 3.
2. Preliminaries

A criterion on irreducible binomials over FF, was given by Serretin 1866

Lemma 2.1. Assume that n > 2. For any a € FF, with Ord(a) = k, the binomial x™ — a is irreducible over FF, if and only if both
the following conditions are satisfied :

1. Every prime divisor of n divides k, but does not divide qT_l ;
2. If 4/n, then 4/(q —1).
Lemma2.2. Leta € Fybe aroot of x™ —1,where gcd(q,n) = 1.Then
n-1 .
Z o= {0 ifa+ 1
; n ifa= 1.
=0
Wealso have a well-known result about irreducibility for composition of polynomials.
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Lemma2.3.Let [ be a positive integer, P(X) € F,[X] be an irreducible polynomial over F, of degree n > 0.Suppose that P(0) # 0
and P(X) is of period d,which is equal to the order of any root of P(X).Then P(X") is irreducible over [, , if only if the following
conditions three conditions satisfied:

1. Each prime divisor of I/d;2. gcd (l, qnd_l

—) =1 3.if4/1, then4 /(q" — 1)
3. Decomposition of F,[x]/(x32"" — 1)

Let p be an odd prime and[F,be a finite field with g elements, where q = 8k + 3for some k andp' Il ¢ — 1 for integer [ > 0 and
4 + g — 1.We have an irreducible factorization of x** — 1 over Fas follows:

x32—1=(xil)(x2+1)(xzi\/—_2x—1)<xzi /—(z—Jz_)x—1)(xZi /—(2+ 2)x—1> x?

+ /—(2— /2+\/§)x—1 x? + ,—(2+ /2+\/§)x—1 x? + /—(2— /Z—ﬁ)x—l x2
+ }—(2+ lz—ﬁ)x—1

Let a~* be a p™-th primitive root of unityover F,,, then irreducibility factorization of x32P" — 1 over [F, is as follows:

3.1.whenn <1

p"-1

X320 1 = 1_[ (x £ a™®)(x? + a7 2%)(x? £ V=2a7*x — a7%) <x2 + [—(2-V2)aFx - a‘z") (x2 + /—(2 +V2)a*x
k=0
- a‘”‘) x?+ ’—(2 - [2 +V2)a*x — a‘”‘) x? + ’—(2 + /2 +V2)a*x — a2k || x2
+ /—(2 - /2 —V2)a*x —a || x?2+ |-+ [2—V2)aTFx—a7
p"-1
x32P" — 1 = 1_[ (x £a )%+ a2 (x2 £ V=2a7*x — a72*)(x? £ Lo *x — a ) (x? £ pyaFx — a 7)) (x% £ qua*x
k=0

—a ) (x? £ gaFx — a2 £ naTFx — a ) (x? £ ryaTFx — a?F)

Whered,p; =

_"_(2_\/7): /12P2=,’_(2+\/§)1771¢I1= -2 - ’2+\/§).
M2qz = |—(2+ /2+«/§),p1r1= —@2- [2-V2),pr= |-+ /z_ﬁ)

Lemma 3.1.Let fi (x) = x*—ma*x —a 2, k=0,1,..,p" —1and x/ = aJ™ + a¥Px (mod f,(x)), j=10,1,...,32p" —
1.Thena{™ + a¥* is as follows:
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(—1)%q~16uk, if j = 16u,
(_1)ua—16ukx' lf] =16u+1,
(_1)ua—(16u+2)k + (_1)un1a—(16u+1)kx' lf] =16u + 2’

(—1)¥n a~(outdk 4 (—1)“< /2 +V2 - 1) q~(eutky if j=16u+3,
(—1)“( /2 +V2 - 1) a6+l 4 (1) /2 +V2n a~(outDky if j=16u+4,
(-1)* /2 + V2n a~A6ursk 4 (_1)utl ( /2 +V2 -2 - 1) a~(ousdky if i = 16u + 5,

(—1)u*? ( /2 +V2 -2 - 1) q~Aourek 4 (—1)u(V2 + 1)n a-1ou+Sky, if j=16u+6,
(—D¥*(V2 + 1)y a~ @Dk 4 (—1)4y/2 K /2 +2 - 1) - 1] a~(6u+eky i i = 16u+ 7.
{ (-1)“2 K /2 +2 - 1) — 1] a~Aowr®k 4 (_1)u2 [2 + V2 a6t Dhy if j = 16u + 8
(—1D)*V2,[2 + V2q,a =6k 4 (—1)u+1\/§[< l2+v2- 1) - 1] a~(ouwtdky if j=16u+9
(0“2 K 242 1) - 1] q(out10k 4 (—1)¥(V2 + 1)n a0+ Dky if j = 16u + 10

(—D*(V2 + 1)n a-Qou+1Dk (—1)u< /2 +V2 -2 - 1) o~ (6ut10ky if j=16u+11

(—1)u< /2 +V2 -2 - 1) q~(6u+12)k 4 (_q)u /2 + V2n, = eut1Dky if j=16u+ 12
(-1 /2 +V2n, q"(euHDk 4 (—qjutt < [24+vZ - 1) g~ (eut1Dky, if j=16u+13

(_1)u+1< ’2 + \/E _ 1) o~ (16u+14)k + (_1)un1a—(16u+13)kx’ if j =16u+ 14
(_1)un1a—(16u+15)k + (_1)u+1a—(16u+14)kx' lf] =16u+ 15

Proof. Suppose S is a primitive 32" root of unity in an extension over F, i.e. it is a root of f (x) = x? — 1, x — 1andpB*is another
root of £ (x). Therefore g + 15 = n,and B1® = —1. Hencea B and a~*B*>are two roots of £, (x), then
) ) . —ik ﬁj_l—ﬁls(j_l)
@™y = af™ +a"akp = (1)

L . an : S e
-kp15yj — o0 @)~k p1s (k) —(i—1)k BI-BSI
(a ﬁ ) aO +a1 a :8 Cll = a G-1 W

Uk _
a;’”’ = a

Therefore, from (1) forj = 16w, 16u + 1,16u + 2, 16u + 3, ..., 16u + 15 the values a{"* and a¥"* are as follows:

. 8u—1_p15(8u~-1)
Ifj = 16u, then af'*) = a~"uk P = (~1yt.q 100k,
16u _ p15(16u) — — (-
aij’k) = q-(6u-Dk B -8 * = o~(6u-Dk G S =0
©B-pE BT
Ifj = 16u + 1, then
16u _ R15(16u)
a0 = -sutDk BB - =0
0 : 'B _ '815
16u+1 _ p15(16u+1)
U.k) —16ukB B u ,—16uk
a"” = «a . =(-D*%a
B - B
Ifj = 16u + 2, then
16u+1 _ p15(16u+1)
a((]j‘k) — a,—(16u+2)k_'8 Y 7 3‘315 * — (_1)u_a—(16u+2)k_
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16u+2 __ p15(16u+2)
B B

R

aij'k) = q~@6utDk = (—1)¥n,q"(t6utDk

If j = 16u + 3, then
B16u+2 _ ‘315(16u+2)

a(()j'k) = q~(6u+dk = (=1)%.n a~(L6u+rdk

F=p"
] ﬁ16u+3 _ ﬁ15(16u+3)
ai}.k) = o~ (6u+2)k R = (-D*([2 + V2 — 1)a—(16u+2)k

If j = 16u + 4, then

) prouts ﬁ1s(16u+3)
Uk _ o~ eutdk = (-D*([2 + N 1) o~ (L6utdk

B-p*
) ﬁ16u+4 _ ﬁ15(16u+4)
ag;,k) = o~ (6u+d)k. R = (-1 /2 + ﬁnla—(8u+3)k

Ifj = 16u + 5, then

) ﬁ16u+4 _ ﬁ15(16u+4)
a(()J,k) = o~ (6u+ts)k = (-1 /2 + \/znla—(smsyc

B—B*
Gk ‘816u+5 _ ‘815(16u+5)
@) = e e = (CDMVZ 4 1= 2+ V2 ok
Ifj = 16u + 6, then
Gk ﬁ16u+5 _ ﬁ15(16u+5)
aol. ) = g-(16ut6)k g — (_1)u(\/§+ 1— |2+ ﬁ)a—(16u+6)k
pLoute _ ﬁ1(16u+6)

agj'k) = o~ (6u+s)k. — (_1)u(ﬁ+ 1)n1a—(16u+5)k

B— B
Ifj = 16u + 7, then

ﬁ16u+6 _ ﬁ15(16u+6)

BB

) pLout7 ﬁ15(16u+7)
agl.k) = g-(16ut6)k e = (-1 {ﬁ( /2 + \/E) _ 1) _ 1} o~ (16u+6)k

If j = 16u + 8, then

) ﬁ16u+7 _ '815(16u+7)
a[()l,k) = g-(16u+8)k e '815 = (-1 {\/E( ’2 + \/E) _ 1) _ 1}a—(16u+8)k

16u+8 _ p15(16u+8)
B B

BB

((Jj.k) = q~(6u+Nk

a = (_1)u(\/§ + 1)n1a—(16u+7)k

aif,k) = g-(t6u+Nk — (_1)u\/§ 2+ ﬁ)nla—(16u+7)k

Ifj = 16u + 9, then
B16u+8 _ 515(16u+8)

F=p"
. pr6u+o _ p1s(16u+9)
agl,k) — a—(16u+8)k_ ‘8 — ‘815 (_1)u+1 {ﬁ( ’2 + \/i) _ 1) _ 1} a,—(16u+8)k

If j = 16u + 10, then

G 316u+9 _ 315(16u+9)
Ir) _ - k — - k
ag = q (16u+10) ] ﬁ — Bls — (_1)u+1 {ﬁ( ’2 + \/E) _ 1) _ 1} a (16u+10)

B16u+10 _ B15(16u+10)

BT

a(()i.k) = o~ (6utdk = (—=1)*V2_[2 + V2)n a~(A6u+k

aij.k) = o~ 6u+k — (_1)u(\/§+ 1)n1a—(16u+9)k

If j = 16u + 11, then

B16u+10 _ B15(16u+10)
B—ps
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GO ﬁ16u+11 _ ﬁ15(16u+11)
1 ——— k — - k
a; =a (16u+10) ) ‘B — ‘815 — (_1)u< ’2 + \/E _ \/E _ 1) a (16u+10)

Ifj = 16u + 12, then
. ploutil _ ﬁ15(16u+11)
a((]]' ) o~ 6ut1)k — (_1)u< ’2 +2 V2 - 1) o~ (16u+12)k

BB
Gk ﬁ16u+12 _ ﬁ15(16u+12)
ali, — a—(16u+11)k. 7 _ﬁls — (_1)u ’2 +ﬁn1a—(16u+11)k
If j = 16u + 13, then
Gk ﬁ16u+12 _ ﬁ15(16u+12)
aoj’ — a—(16u+13)k. 7 _ﬁls — (_1)u ’2 +ﬁn1a—(16u+13)k
) ﬁ16u+13 _ ﬁ15(16u+13)
agj’k) = o~ (6u+12)k — - (_1)u+1 2 +v2 — 1| a-6u+ik
B—B
If j = 16u + 14, then
) B16u+13 _ B15(16u+13)
a(()]'k) = o~ (6u+1k FRE — (_1)u+1 ( ’2 ++2 — 1) o~ (L6u+1d)k
B16u+14 _ ‘815(16u+14)

— (_1)un1a—(16u+13)k

(’rk) - +
a J a (16u 13)’(.

16u+14 _ p15(16u+14)
Gk _ o~ (16u+15)k B B
o = .

a ﬁ — '315 — (_1)un1a—(16u+15)k
16u+15 _ p15(16u+15)
a(fzk) _ a,—(16u+14)k B '8 _ (_1)u+1a—(16u+14)k
CT S B

Hence the lemma.

Similarly, we can also prove the following lemmas.

Lemma 3.2.We have supposed thatg is a 32™*primitive root of unity, then 3! and g7 are two roots of g(x) = x2 + n,x —
1.Therefore B3 + Y7 = —p, and B* = B0 —1. Let g (x) = x2 + ma*x —a %, k=0,1,..,p" — land x/ = bJ* +
b9 x(mod g, (x)),j = 0,1, ...,32p™ — 1. Soa~*B3! and a~*B*7are two roots of g, (x). Then b + b x is as follows:
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(=1)“q~touk if j = 16u,

(_1)ua—16ukx’ lf] =16u+1,
(_1)ua—(16u+2)k + (_1)u+1ma—(16u+1)kx_ if j=16u+ 2,
(_1)u+1n1a—(16u+3)k + (_1)u< ’2 +2 - 1) a—(16u+2)kx’ if j=16u+3,

(—1)“( 2442 - 1) q(6uEDk 4 (_1)uHL [ 4 2, @6 Dky, if j = 16u + 4,
(-1t /2 + V2n o~ A6u+Sk 4 (_1)utl ( / 2+V2 -2 - 1) a~(ousdky f i = 16u + 5,

(1) (x/z V-7~ 1) @ (OO 4 (1) (V2 + DO, if j = 16u 6,
(D" (V2 + D) a~CeuDk 4 (—1)v [x/i < /2 +V2 - 1) — 1] a ety if j=16u+7.
1 DY [ﬁ (x/z +V2 - 1) - 1] q QO ()2 (2 + V2@ O DE, if j = 16u + 8
(—1)*HV2.[2 + V2 a~(6urdk 4 (—q)u+t [ﬁ( /2 +42 - 1) - 1] a~Q6u+dky if i = 16u+9
(—1)w+t [ﬁ( ’2 V2 — 1) _ 1] q~A6ur1Ok 4 (1) u*1(V2 4+ 1)na~ @Ok if j = 16u + 10

(—D* (V2 + 1) a-(ouwtiDk 4 (—1)v < [24+VZ V2 - 1) g QeuHOky, if j=16u+11

(—1)u< /2 +V2 -2 - 1) q~(6u+12)k 4 (_qyutl /2 + V2~ (Qeut1Dky if j=16u+ 12
(_1)u+1 ’2 + \/Enla_(16u+13)k + (_1)u+1< ’2 + \/z _ 1) a—(16u+12)kx' lf] =16u + 13

(_1)u+1< /2 + \/E _ 1) o~ (16u+14)k + (_1)u+1n1a—(16u+13)kx’ if j =16u+ 14
(_1)u+1n1a—(16u+15)k + (_1)u+1a—(16u+14)kx' lf] =16u+ 15

Lemma: 33. Leth,(x) =x%—mna*x—a 2, k=0,1,..,p" — 1.Suppose that x/ = c"* +cU"x (mod hy(x)), j =
0,1,..,32p™ — 1. Asp is a 32" primitive root of unity in an extension over F,. Thereforef” and B° are two roots ofh(x) = x* —
n,x — 1 such that B7 + B° = n,and B7B° = —1. Hence a*B7 and a~*B%are two roots of hy(x).Thenc® + cI¥x is as
follows:

Copyrights @Kalahari Journals Vol. 7 No. 1 (January, 2022)
International Journal of Mechanical Engineering
6906



(=1)“q~touk if j = 16u,

(_1)ua—16ukx’ lf] =16u+1,
(_1)ua—(16u+2)k + (—1)”1]201_(16““)")6, lf] =16u+ 2’
(—1)tn a~ oWtk 4 (—q)u+t < [2+vZ+ 1) g (outky, if j =16u+3,

(—Dutt ( 242+ 1) q =Dk 4 (_1)utL |3 4 2, q@ourdky, if j = 16u + 4,
(—1)"+ |2 4 V2 a 06wk 4 (—1)u< [24+VZ+VZ+ 1) q-(owtdky, if j = 16u +5,

(—1)u< [24VZ+V2+ 1) aGOurOk 4 (—1)¥(V2 + 1) a~teutky, if j = 16u+6,
(—D*(V2 + 1)n,a~ oW Dk 4 (—1)“y2 K [2+v2+ 1) + 1] q(ouroky, if j = 16u+7.
(=12 [( /2 +V2 + 1) + 1] a~GOurk 4 (—1)uF12 12 4+ V2 npa GO Ry if j = 16u + 8
(—D*V2 |2 + V2n,a~towdk 4 (12 [( l2+v2+ 1) + 1] a~(out®ky if j = 16u+9
(-2 [( /2 +V2+ 1) + 1] q (o1 4 (—1)%(V2 + 1)n,a~ ey, if j = 16u + 10
(—D*(V2 + 1)n,a~Ceu+iDk 4 (—qjutt ( [2+VZ+V2+ 1) q(eutiOky if j = 16u + 11
(-1u+t ( [24+VZ+V2+ 1) o~ AOUHIDE 4 (_1)¥ |2 4 \2y,aOuH DKy if j = 16u + 12
(=1)% |2 + V2 @ G6u+1dk 4 (—yurt ( / 242+ 1) q~(ouriDky - if j = 16u + 13

(-nvtt ( 242+ 1) g (eIt 4 (—1)up,q-(eutidky, if j = 16u+ 14
(_1)un2a—(16u+15)k + (_1)u+1a—(16u+14)kx' lf] =16u+ 15

Lemma 3.4. Let p,(x) =x%+na*x — a2k k=0,1,..,p" — 1. Suppose that x/ = d((,j'k) + d&j'k)x (mod py(x)), j =
0,1,..,32p"™ — 1. We have supposed thatg is a 32"primitive root of unity, sof2° and 523 are roots of p(x) = x? + g,x — 1.
Therefore, B25 + 23 = —n, and B252% = —1.Hence a~*B25 and a~*B2® are two rootsof p,(x).Then dJ* + dY¥x is as

follows:
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(—1)%q~16uk, if j = 16u,

(_1)ua—16ukx' lf] =16u+1,
(_1)ua—(16u+2)k + (_1)u+1n2a—(16u+1)kx’ lf] =16u + 2’
(—1)u+17’]26¥_(16u+3)k + (_1)u+1< ’2 + \/z + 1) a—(16u+2)kx’ lf] =16u + 3,

(-1t ( /2 +V2 + 1) q~(6u+dk 4 (_q)yu /2 + V2n,a~A6utdky if j=16u+4,
(-1 /2 +V2na~6urk 4 (1) ( /2 +V2+V2 + 1) a~(ourdly if j=16u+5,

(-1 ( /2 +V2+V2 + 1) q~Aoutek 4 (—1)U+1(V2 + 1)n,a~(1ou+Sky, if j = 16u+6,
(—D*¥(V2 + 1)na~G6uwtDk 4 (—1)utly2 [( /2 +V2 + 1) + 1] a~(ourOky if i = 16u + 7.
) (—1)““@[( /2 +V2 + 1) + 1] a~Aowr®k 4 (_1)u/2 [2 +V2n,a16W+ Dk if i = 16u + 8
(—1)“V2 |2 + V2n,a~ 16wk 4 (—1)u4/2 [( /2 +V2 + 1) + 1] a~ 6wy if i = 16u+9
(—D)*V2 [( /2 +V2 + 1) + 1] q~A6urlOk 4 (—1)ut1(y2 + 1)n,a~A6urDky if j = 16u + 10

(—D¥* (V2 + 1) a~(AouriDk 4 (—qjutt < [2+VZ+v2+ 1) q(euHOky if j = 16u + 11

(-1u+t ( [24+VZ+V2+ 1) oAUk 4 (_1)u |2 4 \2y,a~ (W DRy, i j = 16u + 12
(-1 /2 +V2m,q~(eut1k (—1)u< [2+vZ+ 1) qreurDky, if j=16u+13

(—1)u< 242+ 1) g (outitk 4 (_q)utly, q-(16utidky, if j =16u+ 14
(_1)u+1n2a—(16u+15)k + (_1)u+1a—(16u+14)kx' lf] =16u + 15

Lemma 35. Let gq(x)=x2—pa*x—a?,k=01,..,p" —1. Suppose that x/ = U™ +eIPx (modq(x)), j =
0,1,..,32p™ — 1. We have assumed that 8 is a 32"primitive root of unity over [F,. Then 3 and B*3 are roots of gq(x) = x? —
p:x — 1 such that B3 + B3 = p, and B3B'% = —1.Hence a™*B* and a~*B*3 are two roots of g, (x).TheneY™ + eI¥x is as
follows:
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(—D)“atouk, if j = 16u,
(_1)ua—16ukx’ lf] =16u+1,
(—1)tq= 6wk | (_1)up g=(6u+Dky if j=16u+2,

(—1)%p a~Aourdk 4 (1w ( /2 —V2 - 1) q~(eutdlky if j=16u+3,
GOk (/2 -2 - 1) a~(ourdk 4 (_qyu /2 —V2p a~(outky, if j =16u+ 4,
(-* /2 —2p,a~A6utDk 4 (—q)ut1 < /2 -V2+v2- 1) qm(ourdiey, if j = 16u +5,

(~1y (x/z NZVI- 1) QOO 4 (1) (V2 ~ Dpya 0Dy, if j = 16u+6,
(—D)* (V2 — 1)pya~@6uDk 4 (—1)u+1y/2 K l2-v2- 1) + 1] q ek if j = 16u + 7.
(—D**V2 K l2-VZ- 1) + 1] q~Aeur®k 4 (—1)u*1y2 |2 —V2p a~ (O Dy, if j = 16u + 8
(—1)"V2 |2 = V2p a~eutk 4 (—1)“\/§{< /2 -2 - 1) + 1} a”(owky, if j=16u+9
(-1D)*2 {( /2 -2 - 1) + 1}0(—(16““0)" + (_1)1‘“(\/2 - 1)p1a_(16”+9)kx, if j=16u+10

(_1)u+1(\/§ _ 1)p1a—(16u+11)k + (_1)u< ’2 _ \/E + \/E _ 1) a,—(16u+10)kx‘ lf] =16u+11

(-1 (w/z VI4vZ- 1)“‘“6”*“”‘ F D" (2 V2pya GOy, if = 6u +12

(—1)* |2 ~ VErq-(owsdk 4 (—qyurs < 2-+7- 1) gDy, if j = 16u +13
(—=1)u+ ( /2 —\2 - 1) q~(eutivk o (_1yup g~ (16u+1k,, if j=16u + 14
(_1)up1a,—(16u+15)k + (_1)u+1a—(16u+14)kx, lf] =16u + 15

Lemma 3.6. Let r,(x) =x%+p,a®x —a 2%k =0,1,..,p" — 1. Suppose that x/ = m(()j'k) + mgj’k)x (modq(x)), j =
0,1,..,32p™ — 1. B is a 32" primitive root of unity. Sop?° and B*° are roots of r(x) = x% + p;x — 1 such thatp?® + p*° = —p,
and B2°B19 = B = —1.Hence a~*B2% and a~*B° are two roots of 7, (x). Thenm{"* + m{Y*x is as follows:
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(=D 1ok, if j = 16u,

(_1)ua—16ukx’ lf] =16u+1,
(_1)ua—(16u+2)k + (_1)u+1p1a—(16u+1)kx’ ifj =16u + 2,
(_1)u+1p1a—(16u+3)k + (_1)u< 2 — \/E _ 1) a—(16u+2)kx’ if j=16u+ 3,

(-1 ( /2 -2 - 1) a~(ourdk 4 (_qyu+t /2 —V2p a~(outky, if j = 16u+ 4,
(—1)u+t /2 —V2p,a~A6u+sk 4 (_q)yut1 < /2 V2 +V2 - 1) a~(ourdky if j=16u+5,

(D" (2= V2 +V2 -1 |a GoutOk 4 (—1)*(V2 — 1)p,a~(eutky, if j = 16u+6,
J
(—D*(V2 = 1)pya~@owtDk 4 (—1)u*14/2 K l2-v2- 1) + 1] o ~(16uro)k if j=16u+7.

(-2 K [2-vz2- 1) + 1] ek 4 (—1)4V2 |2 —V2pa~ (et if j=16u+8
(—1)*V2 2 — V2p,a~ otk 4 (—1)“\/§[< 2-vV2- 1) + 1] qAoutslky, if j=16u+9
(-D*V2 [( /2 -2 - 1) + 1] q(ewHOk 4 (—1)¥(V2 — 1) p,a~(eu+Dky, if j=16u+ 10

(—D¥(V2 — 1) pya~teut1Dk 4 (—1)utt ( /2 -V2+V2- 1) q~euri0ky, if j=16u+11

(_1)u+1< ’2 _ \/i + \/i _ 1) a—(16u+12)k + (_1)u+1 2 — ﬁpla—(16u+11)kx, lf] =16u + 12
(_1)u+1 ’2 _ \/Epla,—(16u+13)k + (_1)u+1< 2 — \/z _ 1) a—(16u+12)kx‘ lf] =16u + 13
(_1)u+1< ’2 _ \/E _ 1) a—(16u+14—)k + (_1)u+1p1a—(16u+13)kx’ lf] =16u + 14
(_1)u+1p1a—(16u+15)k + (_1)u+1a—(16u+14)kx, lf] =16u+ 15

Lemma:3.7We have assumed that 8 is a 32" primitive root of unity. So8°> and g** are rootsof s(x) = x? — p,x — land B> +
B = p,.Let se(0) = x2 — pa~¥x —a %,k = 0,1, ...,p" — landx/ = nJ* + nUPx (mod s(x)), j=0,1,...,32p" —

1.Hence a™*B% and a~*B* are two roots of s, (x). Thenn{* + nY"®x is as follows:
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(=D a1ouk, if j = 16u,

(_1)ua—16ukx' lf] =16u+1,
(_1)ua—(16u+2)k + (_1)up2a—(16u+1)kx’ lf] =16u+ 2’
(D pya=Cewtdk 4 (—1)u+t < l2-vZ+ 1) a~(eurdky, if j=16u+3,

(-nv*t ( /2 -V2+ 1) q(surDk 4 (_1yutL |2 — \Zp,q-(6usddky, if j = 16u + 4,
(—1)"+1 |2 — VZp,a(t6urSk 4 (1) ( /2 —V2 -2 - 1) q(outky, if j =16u+5,

(_1)u< ’2 _ \/i _ \/i _ 1) a—(16u+6)k + (_1)u+1(\/§ _ l)pza_(16u+5)kx, lf] = 16u + 6,
(—1)¥*1(V2 = 1) pya~ oDk 4 (—1)¥/2 [( l2-v2+ 1) - 1] q~Aeurek if i = 16u + 7.
(-2 K [2-vz+ 1) - 1] a~ ek 4 (—1)"V2 |2 = V2p,a~ e Dkx  if j = 16u + 8
(—1)*V2|2 — V2p,a=1eu+k (—1)u+1\/§[< l2-v2+ 1) - 1] a~Wourky if j = 16u + 9
(—D““ﬁ[( /2 -V2+ 1) - 1] q(eut10k 4 (—1)uH (V2 — 1) pya~1ou+ky  j = 16u + 10

(¥ (V2 — 1) pya(outiDk 4 (—qyutt ( /2 -V2-V2+ 1) q(euriOky, if j = 16u + 11

(-Dutt ( [2-V2-v2+ 1) aAewHIDk | (1)t 3 —\Zp,q (6 IDky, if j = 16u + 12
(—1)urt /2 —V2p,a~ou+1dk 4 (1) ( /z -2+ 1) a~(16u+1ky if j=16u+13

(—1)u< [2-vz+ 1) q(eutitk 4 (_1)up, g~ (outidky, if j =16u+ 14
(_1)up2a,—(16u+15)k + (_1)u+1a—(16u+14)kx' lf] =16u + 15

Lemma 3.8. B is a 32" primitive root of unity over IF,. Sop?” and g>! are roots of t(x) = x* + p,x — 1. Therefore, B*7 4+ p*! =
—-p, and BRI =R =—1let t,(x)=x®>+pa¥x—a?*k=0,1,..,p"—1Suppose that «x/ = t((,j'k) +
tI®x (mod t(x)), j = 0,1,...,32p" — 1 .Hence a~¥B?” and a~*B2* are two roots of t,(x).ThentS"™ + tI¥x is as follows:
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(—1)“qtouk if j = 16u,

(_1)ua—16ukx’ lf] =16u+1,
(_1)ua—(16u+2)k + (_1)u+1p2 a—(16u+1)kx’ lf] =16u + 2’
(_1)u+1p2a—(16u+3)k + (_1)u+1 < ’2 _ \/E + 1) a_(16”+2)kx, lf] = 16u + 3,

(-1)u+t ( [2-vz+ 1) q-6wrDk 4 (~1) |2 — V2p,q-(outdky, if j = 16u + 4,
(—1)" |2 — V2pya~ 6wk 4 (—1)u< l2-vZ -2 - 1) o~ (outky, if j=16u+5,

(—1)“( /2 -V2-v2- 1) etk 4 (—1)4(V2 — 1)pya=teutSky, if j = 16u+6,
(-D*(V2 = 1)pya~@eutDk 4 (—1)44/2 K [2-v2+ 1) - 1] o~ (1outolk if j=16u+7.
(1“2 K /2 —V2 + 1) - 1] a~(A6ur®k 4 (_1)u\/2 |2 —V2p,a~ 0¥+ Dky  if j = 16u + 8
(_1)u\/§ 2 — ﬁpza—(16u+9)k + (_1)u+1\/§ [( ’2 _ \/E + 1) _ 1] a_(16”+8)kx, lf] =16u+9
(-D)*V2 K /2 —V2+ 1) - 1] q~A6ur1Ok 4 (—1)¥(V2 — 1)p,a~Wu+Dky if j = 16u + 10

(—1D)*(V2 — 1) pya~@6uriDk 4 (—q)u+t < /2 —V2-2+ 1) a~6uri0ky i i = 16u 4+ 11

(-1u+t ( /2 -V2-V2+ 1) qAwHIDk 4 (_1)u |2 —\2p,a~(OwH Dy, f j = 16u + 12
(=1)* |2 = VZp,a-Gsur1k 1 (—1)u< l2-vZ+ 1) qreuHDky, if j=16u+13

(_1)u< ’2 _ \/E + 1) a—(16u+14—)k + (_1)u+1p2a—(16u+13)kx’ lf] =16u + 14
(_1)u+1p2a—(16u+15)k + (_1)u+1a—(16u+14)kx' lf] =16u+ 15

4 Decomposition of F, [x]/(x32" — 1) into product of sub rings

Theorem4.1: Let [, be a finite field of g elements, where g = 8k + 3 for some k and p'llq—1forinteger I >0and 4 +q— 1.
Then decomposition of F, [x]/(x3%" — 1) into direct product of its sub rings over [, is as follows:

p"-1
Folx]/(x327" — 1) — H (RD x RD x R x .. x D)
k=0
32pn-1 p"-1 p"-1 p"-1 p"-1
j (€] (2) 3) a7
> =[] [ ] [T ]
Jj=0 k=0 k=0 k=0 k=0

Proof. The irreducible factorization of x32P" — 1 over [F4is as follows:
p"-1
X320 1 = (xta™)(x? + a 2K (x® £ V=2a7*x — a2K)(x® £ Lya *x — a7 ) (x? £ NpaFx — a72F) (k2 £ @ *x

k=0
_ a—zk)(xz + nza_kx _ a,—zk)(xz + pla"‘x _ a—zk)(xz + pza—kx _ a—zk)
where a ! is p™ — th primitive root of unity over F,.

Now by Chinese Remainder Theoremwe define a natural IF,- algebra isomorphismzpas:

p"-1
W Fylx]/ (232" — 1) — 1_[ (R x RP x R x .. x R
k=0
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32pn-1 pt-1 p™t-1 p™-1 pt-1

Z ajx) — rk(l), 1_[ rk(z), 1_[ rk(3) o 1_[ rk(17)

= k=0 k=0 k=0 k=0
Where
R = Byl /(x — @), R = Fy[x1/(x + @), R = Fylx] /(x? + a~2)
RW = Fqlx]/(x* —=vV=2 a ™ x — a™%), R = Fqlx]/(x* + V=2 a™*x — a™2¥)
R = F,lx]/(x* — Lia *x — a™2k), R = Fqlxl/(x® + Apa™*x — %)

R® = F[x]/(x? — La ™ x — a72k), R = F[x]/(x? + La *x — a~2K)

RUO = F qlx1/(x? = ma*x — a=%), RUY = Fqlx]/(x? + na™*x — a™?¥)
RUP = Fylx]/(x? — mya~™x — a=2k), RUD = F,[x]/(x? + npa*x — a=2k)
R(M) = Fqlx]/(x? — pya=™ x — a™%), 33,((15) = Fqlx]/(x* + pya™x — a™%)
RUO = Fylx]/(x? — pya~™x — a 2%), RI7 = F,[x]/(x* + pya~*x — a=2¥)

1 16p™-1 - 2 16p™-1 - 3 8pm—-1 - n-1 — i 4
And rk( ) = Ejzg u; (@), 7, @ — =Y o w(—aT g, ®) = §,p0 Uy (—a™2)) + Dy M Uyjyg (—a™2)x, rk( ) =
. - _ .
yiep 1u] (601 k) e(} k) ) O 2161) 1u] (m(J k) m(] k) ) ® _ 21620 1u]- ( (()J k) Cl(J.k)x) . ,rk(17) -

Jj=0 j=0 j=0
K k
Zf-i’é U (T(J )+T(1 ) )

Where aV*, b9, U8 and 9% for i = 0,1 are defined in Lemmas 3.1, 3.2, 3.3, 3.4. 3.5,3.6, 3.7 and 3.8.

1

Thecasewhenn =1 ,thenn=vl+s, 0 <s <L

Lemma 4.2 If v = 1thenn = [ + s and we have the factorization of x32?" — 1 over [F, is as follows

pl-1
327 g2 n(xps +a7%) (x%° + a7 2) (x%° £ V=2 a Fx?* — a7%) (x?P° £ L@ Fx?" — a72) (2% £ AyaRxP’
k=0
Y g, — (6 £ b Y e @) (e £ pra
— )

Where a1 is a p'-th primitive root of unity over F,. Also , consider k = p*.c and ged(p,¢) = 1 then using Lemma 2.1 :

i. For t=0 we have k=c. So the polynomials (x?°+a7*),(x?" +a™*), (x?° £vV=2a kx?" —a72¥),(x?"
MhakxP — a72K) (% & lya *xP" — a72),(x2P° L pyakaP’ — a72K), (x2P° £ pyaTkaP — a72), (x%P° &
pra~*x?’ — a7?) and (x?° £ p,a*x?* — a?*)are irreducible over F,.

ii. For 0 <t <, the irreducible factorization over IF, is given as follows:

pt-1

t
o st = (0 1 o = [ (0 £ k)
i=0
t

p-—1
t
x2P° 4 g2k = (xzps—f)p _ (a—ZC)pt — 1_[ (x Pt 4 5—1 —Zc)
i=0
p'-1
xzps + \/__2 a—kxps —q %k = ( pst + \/—f—l —Cy -t E;tzia—ZC)
1
pt-1
x2P° + L a *xP’ — a2k = (xzps_t + /hf,:cia'cxps_t - f;gia'zc)
i=0
pt-1
x2P° + La kxP’ — g2k = (xzps_t + lzf;ria'cxps_t - f;gia'zc)
i=0
pt-1
2P £ ka?” — o= | (2 £ g laear - g e )
=0
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s _ s _ s—t i s—t 20 _
X% £ a7 kX — a7k = (pr inzg‘p:la cxP _fptZLQ’ 2”)
i=0
pt-1
s _ s _ [ ] s—t i _ s—t i
X2+ piaFxP — a7 = (pr iplg‘pfla CxP —fptma 20)
i=0
pt-1
s _ s _ [ ] s—t - _ s—t i _
X" £ pyaa?” — a7 = | [ (x7 £ pyg laex?™ — g )

i=0
iii. For t = s, the irreducible factorization over [, is given as follows:

p*-1
xP° +a k= xP° + (a_cpt—s)ps _ H(x + f;sia_Cpt_s)
i=0

p°-1
S
x2P° 4 g2k = x20° 4 (a‘ZCpH)p = l_l(x2 + «f;sia_zcz’t_s)
i=0

pS-1
s _ s _ TT i _pt=s 9 —ompt=s
x%P" + =2 a7kxP — g%k = (x2 + V=2 sa™? x—fpsma 2P
i
p°-1
s _ s _ [ ] i _pmt=s 9 —ompt=s
x?P" 4 LjakxP — a7 = (& ia P x = amiP )
i=0
S
p°-1
s _ s _ [ ] _i _pt=s 9 _oppt=s
X+ akxP — a7 = (x? el PY R A x—$ps21a 2077
i=0
S
p -1
s _ s _ T1T —i _,nt—s —2i t—s
x £ akxP —am = (xzimfpsla Px =g amEep )
11
pS-1
s _ s _ TT i _pt=s —9i o t=S
X2t mpahaP —am = | (P e x = aTPT)
i
p°-1
s _ s _ TT i _t-s —9i  —ompt=s
7t prahar’ = o = | (6 £ pugpta e x — GEa )
i
S
p -1
s _ s _ TT —i  _t-s —2i  _opmt-S
x2P + p,a kyp® _ g2k = (xz ipzfpsla cp x_fngla 2¢cp )
11

Theorem 4.3 If n>1[,thenn = vl +s. Let v = 1 and k = pt.c with gcd(p, ¢) = 1. Then decomposition ofIFq[x]/(x”pHS - 1)
is given below.:

pl-1

b Bl /(@' - 1) — [ [ @ xR x . x2(7)
k=0

Defined as
32pl—1 pl—l pl—l pl—l
Jj (€] (2) (17)
> antt = ([ [ ][]
j=0 k=0 k=0 k=0

Proof.If n > [, then n = vl + s and for v = 1, taking a~?* primitive p'-th root of unity, the factorization of X320 _ 1 over Fq,
computed in Lemma 4.2, is given as
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pi-1
l+s

¥ —1= H(xpsia"‘) (227 + a72) (22 — £V=2 a7*xP" — a7 2)(x%° £ L FxP — @) (x?P° £ LyaFx?’
k=0
- a‘z")(xZPS +nakx?’ — a‘z")(xz”s + nyakxP® — (Z_Zk)(prS + prakx?’ — a‘Z")(xZPS + pyakxP®
— )
Now consider k = ¢ p¢, with gcd (c,p) = 1, then as in Lemma 4.2 we have three cases:
Case 1. For t = 0 we have k = c. So all the factor polynomials o(x) = x?° + a ™%, x2P° + =2k x2P° + /22 a~*xP° — =2k,
x2P° + La kP’ — a2k x4} a kP’ — a‘Zk(xZPS +nakxP — a‘z")(prS + nyakxP’ — a‘z")(xZPS + pyakxP’ —
l+s
a ) (x%° £ pya*x?’ — a7)of x32” " — 1 are irreducible over F,,.

Now, let p® = u, then by Chinese Remainder Theorem, there is a natural FF, —algebra isomorphism

pl-1
P Fylx] /()™ —1>—>]_[(R(” xR x .. x R7)
k=0
Defined as
32pl-1 pl-1 pl-1 pl-1
Z ajxhl — r,fl),l_[rk(z), . l—lrk(m
j=0 k=0 k=0 k=0

Where RV = Fqlx]/(x# —a™), R® = Fqlx]/(x* + a™®), R® = Fqlx]/(x?* + a=2F)

R,(f) = F,[x]/(x** — V=2 a *x# — a72), 32,({5) = F,[x]/(x** + V=2 a *xt — a~%)

R = Folx]/(x? — Ay a~*xt — a=2%), R = Fy[x]/(x? + Ay a~*x# — a=2%)

32,((8) = F,lx]/(x?* — A, a *xt — a=%), fR(g) = Fylx]/(x®* + 2, a *x# — a=%k)

Ri” = Folxl/ (e —my a7 x — a4, RtV = Folal /G + g a*ok = a72)
Folx]/ (e =y a™ xt = a=2), R = Fylx]/(x? + 1, a7*xk — a™2)

Ry = Folal /G = pra™ xt — a™%), R = Fola) /(™ + py a™ at — a™¥)
Fqlx]

x]/(x = py @ *xk — a7), R = Fylx]/(x + p, a™¥xk — a72k)

R}({lZ)

le(<16)

32pl- kN 32pl- _ 6pl-1 6pl-1 —2kN T
And rk(l) =3 - 1uj(af kY, (2) =3 g 1u]( a ) n 3 = Z}l.zg Uy (—a=2k) +21 T Ugjpq (a2 x, rk(4) =

_
T Ty ( G 4 U ) rk(”) Zfiﬁ Ty (dg’ ) di’ k)x), Where e, mY™® are defined as in Lemma 5.1 and 5.2 of
[61 a7, b7, ¢ and d™ for i = 0,1 are defined as in Lemma 3.1, 3.2, 3.3,..., 3.8 . Ugly, ... , Uy,,1_, are polynomials of

degree < u — 1in F,[x]. Similarly, we can have the cases 2 and 3.
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