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Abstract: 

The objective of this paper is to obtain an optimal cross section parameters of a uniform cross-section hollow rectangular cantilever 

beam with transverse stiffeners subjected to contracted load and uniform distributed load (UDL) considering weight minimization. 

Finite element method in conjunction with optimization algorithm is used to analyses the effect cross sectional geometrical parameters 

such as (cross section thickness, height of the beam) and state variables such as (total equivalent stress) on the beam weight. Commercial 

finite element software (Solidworks) is used to simulate the cantilever hollow rectangular beam subjected to a contracted load and 

uniform distributed load (UDL) at its end and top face of beam respectively, then perform a series of optimization iteration in order to 

obtain the optimal design parameters for a selected objective function (beam weight). In this study, the objective function is the 

minimum beam weight. The beam is made of AS1163 grade C450L0. The goal of the simulation and optimization process is to optimize 

the cross-section parameters to withstand the exerted load yet with minimum material keeping the total equivalent stress just below the 

maximum yield stress. 
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1. Introduction and Background 

 
Hollow rectangular cross-section beam used in different applications for construction of base structure of machine, bridge structure, 

off-shore structures, aerospace and mining structures. Design engineers are facing several challenges for the design of product or system 

with low weight and cost without compromise in the strength of the product or system. Depending on the kind of design optimization 

problem, different parameters are affecting on the optimum design link geometry, material, and manufacturing process in order to meet 

design requirements and maximize its performance with consideration of minimization of its cost and weight [1, 2]. Numerical methods 

for shape optimization problems have been used for a long time. The first challenge for shape optimization was carried out by Galileo 

in1938, who found the minimum weight of a cantilever parabolic beam by developing a mathematical formulation for shape 

optimization [3, 4]. Structural optimization is a substantial technique for designers to tailor a structure for a specific required 

performance level [5, 6]. In the design optimization problem, the objective function depends on the kind of problem. In time line, many 

researchers have made efforts and developed new methods for the optimization.  

There were different optimization methods like Particle Swam Optimization (PSO) [3, 7-9], Numerical Optimization [5, 12-13, 17, 20, 

21, 33, 35-36], Genetic Algorithm (GA) [10-11], Topology Optimization [13, 14, 18, 19, 22-26, 28, 31-32], Superposition Method [15], 

Johnson’s method [19], Simulated Annealing algorithm [27], Experimental Approach [29] and Adaptive Single-Objective Method [34] 

etc. have been applied by different researchers for their optimization problem to fulfill the design requirements.   

Different beam cross sections, such as hollow circular [10, 16], hollow rectangular [12, 14, 16], dual rectangular [14], hollow square 

[12, 16, 21], solid rectangular [13], solid square [21], I–section [14, 16], U-section [14], L-section [14], polygonal hollow structural 

section (PHSS) [17], and so on, are used in various applications reported by various researchers in their research.  

Different types of beams, structures and mechanical components like cantilever [5, 10-14, 23], continuous [15], simply supported [17, 

31], ten truss bar system [27], box girder [32], bus body frame [34], rotor blade [18], taper turbine disc [23] etc. were optimized by 

various researchers according to their problem formulation and to meet the optimum design requirements using different optimization 

approaches with specific objective functions. There were different objective functions considered by different researchers for their 

optimization problem like minimization of inertia weight [7], outer and inner radii [10], mass [11], deflection [15, 20], shear 

deformation [16], geometrical/shape parameter [18, 23, 24, 27, 31-32], cost [19, 28], material [29-30], manufacturing process [29-30], 

stress [22, 32], volume [13, 21], weight [5, 14, 21, 33-34] etc. and maximization of stiffness for a given amount of material [22, 25-

26].  

The commercial finite element software (e.g., Solidworks software) is used to simulate the hollow rectangle cantilever beam. The 

cantilever beam is supported from one of its ends and subjected to a combined load of 15000N (Concentrated Load) at free end and 7.5 

N/mm (UDL) at top face of beam. A series of optimization iterations were carried out using design optimization algorithm to improve 

the design by changing the design variables, in order to meet the optimal design dimensions, for a particular objective function which 

is in this case minimum weight. 
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2. Finite Element Analysis of Rectangle Hollow Beam 
Several optimization techniques have been developed to integrate geometry design and material selection, consequently reducing 

time and cost. Solidworks simulator which is finite element modelling software was used to simulate a hollow cantilever rectangle 

beam with 2000 mm length made of AS1163 grade C450L0. It is subjected to a combined load of 15000N (Concentrated Load) at 

free end and 7.5 N/mm (UDL) at top face of beam. Figure 1 shows the initial geometry of the hollow rectangular beam. 

 

Figure 1. Initial geometry of the hollow rectangular beam 
2.1. Analytical Analysis 

Equation 1 is represented deflection of beam under concentrated load and uniform distributed load (UDL) which was derived by 

using Mohr’s Moment Area Method (MMAM). Deflection at the free end for constant cross section is presented by the following 

way [35].  
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𝛿 = 11.194 mm 

Equation 2 is representing deflection of beam under concentrated load and uniform distributed load (UDL) which was derived by 

using Classical Beam Theory (CBT) and detail description given in [36]. Stress at the support end for constant cross section is 

presented by following way. 

Von mises criterion Stress (σv) is relate with bending stress (σb) and Shear stress (τxy) according to [36].  

𝜎𝑣 = √𝜎𝑥
2 + 𝜎𝑦

2 − 𝜎𝑥𝜎𝑦 + 3𝜏𝑥𝑦
2                                                                                     (2) 

Where: 

𝜎𝑥 = Bending stress in x direction, 𝜎𝑦 = Bending stress in y direction, τxy = Shear stress in xy plane, Yield strength, σy = 450 

N/mm2, Ultimate strength, σu = 500 N/mm2. 

From Equation 3, the obtained value of maximum Von mises stress is 172.19 MPa for problem taken under study with consideration 

of σ1 = (σb)max and σ2= 0.  

𝜎𝑣 = √𝜎𝑥
2 + 3𝜏𝑥𝑦

2                                                                                        (3) 

 

2.2. Structural Analysis of Rectangular Hollow Beam 

Standard practice of Finite Element Analysis has been adopted for the structural optimization of hollow rectangular cross-section 

cantilever beam.  

Step-1 Pre-processing 
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Figure 2 shows the isometric view of prepared 3D model of a beam.  Table 1 shows the material and material properties considered 

for the beam.  

 

 

Figure 2. Solid model of the hollow rectangular beam 

Table 1. Material and material properties of the beam (Initial beam) 

Structure Material used Young 

Modulus (GPa) 

Yield 

Strength (MPa) 

Poisson’s 

Ratio 

Density 

(Kg/m3) 

Rectangular Hollow Beam AS1163 grade C450L0 200 450 0.27 7850 

Step-2 Processing 

Programmed gendered fine mesh was used for meshing the beam and used the element size of 37.6358 mm, number of nodes of 11968 

and number of elements of 6107. Figure 3 shows the meshed beam.  

  

 

Figure 3. Meshing of rectangular hollow beam 
Defined boundary conditions:  

 Beam is fixed (constrained all degree of freedom) at left hand side end.  

 The point load and UDL are applied at end and top side of beam 15000N and 7.5 N/mm respectively. 

Figure 4 shows the boundary (All DOF restricted at fixed end of the beam) and loading conditions (concentrated load applied at free 

end of the beam and UDL on the upper surface of the beam throughout its length) to the beam. 

 

 
Figure 4. Boundary and loading conditions 
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Step-3 Post Processing 

The post processing performed to identify the equivalent stress and deflection.  

Table 2. Equivalent Von mises stress for static analysis (Initial beam) 

Name Type Min. Max. 

Stress Von mises stress  

(Equivalent stress) 

0.260 MPa 

    Node: 6992 

109.755 MPa 

Node: 672 

 

 

Figure 5. Equivalent Von misses stress (Initial beam) 
Figure 5 shows the finite element result of the beam deflection. The maximum value is at the free end and its value is equal to 2.7941 

mm. 

Table 3. Deflection for static analysis (Initial beam) 

Name Type Min. Max. 

Deflection Total deflection 0.0 mm 

  Node: 1 

7.429 mm 

Node: 61 

 

 

Figure 6. Deflection of beam (Initial beam) 
Numerical model of the cantilever beam has been built and solved using Solidworks simulation static structural tool. The results of 

the maximum value of Von mises stress and the maximum deflection values were compared with the analytical solution. Figure 5 

shows the finite element result of Von mises equivalent stress distribution through the beam length for the geometry of initial beam. 

The maximum value of Von mises stress located at the support is σ = 169.9 MPa, which is lower than the yield strength of the 

material of the beam (AS1163 grade C450L0) (450MPa) as well as lower than the safe stress (225 MPa) with consideration of factor 

of safety as 2. It shows that there is a scope of optimization. Figure 6 shows the finite element result of the beam deflection, with 

maximum value of 10.87 mm at the free end of the cantilever beam. Analytical and finite element results are listed in Table 4, where 

these results are compatible with each other. 

Table 4. Comparison between numerical and analytical results of the initial geometry of the beam 
 Analytical results FEA results %Error 

Max equivalent stress (MPa) 172.19 169.9 1.33 

Maximum Deflection (mm) 11.194 10.87 2.89 
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3. Design Variables 

The design variables are some geometrical parameters that the designers want to change to fulfill the optimization goal, which in this 

case, is the weight minimization. The geometrical parameters that need to be changed are thickness of cross section and the height of 

the beam, as shown in Table 5. The optimization algorithm will search for the minimum objective function (minimum weight) within 

the design space specified by the upper and the lower limits of the design variables and constraints. 

 

 

Table 5. Initial set and the lower and upper limit of design variables 

Parameters Initial set Lower limit Upper limit 

 

Thickness of cross section 

(mm) 

2  2 10 

Height of the beam (mm) 100  100 200 

 

In the optimization procedure, Solidworks optimization toolbox performs a series of analysis evaluation-modification cycles. That 

is, an analysis of the initial design is performed, the results are evaluated against specified design parameters, and the design is 

modified as necessary. The process is repeated until all specified criteria are met. 

 

4. Constraints 

In order to utilize the material to it extent, the maximum Von mises stress must be kept just at the maximum allowable stress. 

Therefore, it is very important to specify the allowable stress as a constraint for optimization algorithm to avoid critical situation and 

be safe. The yield stress of AS1163 grade C450L0 is 450 MPa and the allowable stress is equal to 450⁄2 = 225 MPa. 

 

5. Objective Function 

The main goal of the design engineer is lowering the production cost, and one of these costs is the material used in the production, so 

one of the objectives is minimization of the material. The goal of the simulation is to find out the shape of the beam that leads to a 

minimum weight. The mass calculated by Solidworks modeler is defined as the objective function to the optimization toolbox. The 

optimization toolbox keeps changing the beam cross section parameters until the minimum weight is obtained. 

 

6. Results and Discussion 

Table 6. Evaluation of parameters for beam cross section size 100 mm x 100 mm 

Cross section size 100 mm x 100 mm No. of stiffeners 5 

Intermediate stiffener spacing 480 mm Max.  

Intermediate stiffener thickness 5 mm  

Thickness of cross section First stiffener Stress (MPa) Deflection (mm) 

2 20 1224 160.3 

2 100 1284 160.4 

2 200 1260 160.5 

2 300 1258 160.6 

2 500 1295 161.1 

4 20 651.8 86.38 

4 100 690.1 86.24 

4 200 668.8 86.26 

4 300 668.5 86.29 

4 500 671.4 86.36 

6 20 467.8 61.84 

6 100 481.9 61.86 

6 200 497.3 61.89 

6 300 485.8 61.89 

6 500 498.3 61.94 

8 20 386.8 49.92 

8 100 389.2 49.9 

8 200 390.2 49.94 

8 300 387.5 49.92 
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8 500 391.7 49.96 

10 20 308.9 41.79 

10 100 322.8 41.80 

10 200 326.4 41.81 

10 300 325 41.81 

10 500 328.9 41.82 

Table 7. Evaluation of parameters for beam cross section size 155 mm x 100 mm  

Cross section size  155 mm x 100 mm No. of stiffeners 5 

Intermediate stiffener spacing  480 mm Max.   

Intermediate stiffener thickness 5 mm   

Thickness of cross section First stiffener Stress (MPa) Deflection (mm) 

2 20 678.8 57.93 

2 100 712.7 57.97 

2 200 714.3 57.99 

2 300 714.2 58.02 

2 500 714.3 58.13 

4 20 361.8 30.58 

4 100 373.4 30.59 

4 200 368.5 30.6 

4 300 368.3 30.62 

4 500 368.1 30.64 

6 20 254.5 21.52 

6 100 282.7 21.54 

6 200 264.5 21.54 

6 300 263.7 21.53 

6 500 278.5 21.56 

8 20 204 17.04 

8 100 210.4 17.05 

8 200 212 17.05 

8 300 211.1 17.04 

8 500 211.3 17.06 

10 20 163.8 14.07 

10 100 161.3 14.06 

10 200 170.7 14.06 

10 300 168.6 14.07 

10 500 170.8 14.07 
 

Table 8. Evaluation of parameters for beam cross section size 200 mm x 100 mm 

Cross section size  200 mm x 100 mm No. of stiffeners 5 

Intermediate stiffener spacing  480 mm Max.   

Intermediate stiffener thickness 5 mm   

Thickness of cross section First stiffener Stress (MPa) Deflection (mm) 

2 20 495.2 31.56 

2 100 506.6 31.59 

2 200 507.9 31.6 

2 300 506.9 31.61 

2 500 506.9 31.66 

4 20 254.1 16.53 

4 100 261.5 16.54 

4 200 259.9 16.54 

4 300 259.7 16.55 

4 500 259.6 16.56 

6 20 169.9 10.87 

6 100 189.6 11.54 

6 200 194.8 11.55 

6 300 186.5 11.54 

6 500 195.1 11.55 

8 20 140.9 9.05 
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8 100 145.9 9.05 

8 200 145.4 9.05 

8 300 145.2 9.05 

8 500 144.9 9.06 

10 20 109.7 7.43 

10 100 110.8 7.42 

10 200 115.9 7.42 

10 300 114.3 7.43 

10 500 115.9 7.43 

 

The geometrical parameters that need to be changed are thickness of cross section and the height of the beam, as shown in Table 6 

to 8 and found values of von mises stress and deflection for respective set of condition. 

 

 

Figure 7. Detail drawing of optimum stiffener location w.r.t. maximum equivalent stress and deflection 

 
Table 9. Optimum value of n = 5, ts = 5 mm, first stiffener position (w.r.t fixed end) = 20 mm (ε = 0.01) and distance between 

intermediate stiffeners = 480 mm (α = 0.24) 

Iteration 
Cross-section 

thickness (mm) 

Beam height 

(mm) 

Max. equivalent stress 

(MPa) 

Beam deflection 

(mm) 

Geometry 

mass (kg) 

1 2 100 1206 160.3 14.76 

2 2 155 686 57.93 19.66 

3 2 200 487.7 31.57 23.63 

4 4 100 661.8 86.36 26.12 

5 4 155 374.6 30.62 34.41 

6 4 200 256.8 16.53 41.2 

7 6 100 470.4 61.87 36.81 

8 6 155 254.8 21.52 48.51 

9 6 200 169.9 10.87 58.07 

10 8 100 381.8 49.9 46.86 

11 8 155 204 17.04 61.94 

12 8 200 141 9.05 74.29 

13 10 100 307.6 41.79 57.55 

14 10 155 163.7 14.07 76.03 

15 10 200 109.7 7.43 91.14 

 

Figure 7 shows the detail drawing of optimum stiffener location w.r.t. maximum equivalent stress and deflection The finite element 

analysis and optimization results of some design sets are presented in Figure 8 and Figure 9. Figure 8 shows the optimization iterations 
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(design sets) versus maximum equivalent stress as primary axis and beam mass as secondary axis. Design sets with equivalent stress 

higher than 225 MPa are called infeasible design sets (1, 2, 3, 4, 5, 6, 7, 8, 10, 13) (Refer Table 9), and they are out of the design space. 

The rest are within the design space and called feasible design sets (9, 11, 12) (Refer Table 9). Among this, only one is the optimum 

design set (9) which has the deflection (10.87 mm which under limit as per Eurocode3) and maximum equivalent stress value of 

169.9MPa. 

Figure 9 shows the optimization iterations (design sets) versus beam deflection as primary axis and beam height as secondary axis. The 

optimum design sets have maximum deflection of 10.87 mm, and the optimum beam cross section height of 200 mm simultaneously. 

Several iteration optimization design sets were carried out by using Solidworks package simulation software. Table 9 shows the finite 

element analysis and optimization results of the best candidate design sets (Iteration number 9). It also reveals that the optimum design 

set with maximum equivalent stress, mass geometry and maximum deflection are 169.9 MPa, 58.07 Kg and 10.87 mm, respectively.  

 

 

Figure 8. Maximum equivalent stress and beam mass versus optimization iteration number 

 

Figure 9. Beam deflection and height versus optimization iteration number 
 

Table 10. Equivalent Von mises stress obtained from static analysis (Optimized beam) 

Name Type Min. Max. 

Stress VON: von Mises stress 

(Equivalent stress) 

0.230 MPa 

   Node: 5145 

169.9 MPa 

Node: 115 
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Figure 10. Equivalent Von misses stress (Optimized beam) 

 

Table 11. Deflection of beam obtained from static analysis (Optimized beam) 

Name Type Min. Max. 

Deflection Total deflection 0.00 mm 

  Node: 1 

10.87 mm 

Node: 62 

 
Figure 11. Deflection of beam (Optimized beam) 

 

Table 12. Finite element analysis and optimization results of the best candidate design sets 
Candidates No. Cross-section 

thickness (mm) 

Beam height 

(mm) 

Max equivalent 

stress (MPa) 

Beam 

deflection (mm) 

Geometry mass 

(kg) 

Best 

Candidate No. 9 

6 200 169.9 10.87 58.07 

 

Table 13. Comparison of finite element results for the initial and the optimum geometry 
Parameter Initial 

geometry results 

Optimum 

geometry results 

% Optimized 

Max. equivalent stress (MPa) 109.7 169.9 35.43% 

Geometry mass (kg) 89.84 58.07 35.36% 

Total deflection (mm) 7.43 10.87 31.64% 

 

Table 10 shows the equivalent Von mises stress of optimized beam obtained from static analysis. Table 11. Shows the deflection of 

beam obtained from static analysis for optimized beam. Table 12 indicates the comparison of finite element results for the initial and 

the optimum geometry. The maximum equivalent stress, geometry mass and total deflection are improved in about, 35.43% (increased), 

35.36% (decreased), and 31.64% (increased) respectively (Ref. Table 13). 
 

7. Conclusions 

Several iteration optimization design sets were carried out by using Solidworks package simulation software. Table 9 shows the finite 

element analysis and optimization results of the best candidate design sets (Iteration number 9). It also reveals that the optimum design 

set with maximum equivalent stress, mass geometry and maximum deflection, are 169.9 MPa, 58.07 Kg and 10.87 mm, respectively. 

The comparison of FEA results for the initial and the optimum geometry of beam shows that the maximum equivalent stress increased 

by 35.43%, geometry mass reduced by 35.36% and total deflection increased by 31.64%.  The maximum equivalent stress is within the 

stress limit (225 MPa), the deflection is below the limiting value of deflection as per EUROCODE3.  
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