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Abstract - “The set of all partial functions over a set under a natural addition, functional composition and functional relation on
the, forms a I'-SO-semiring. The concepts of prime ideal, semi prime ideals in ternary I'-SO-ring are introduced.”

Index Terms - “prime ideal, semiprime ideal, Ternary I'-SO semiring.”

1. INTRODUCTION

“In 1981 the concept of I - semigroup as generalization of semi group introduced by Sen. H.S Vandiver develops the theory of
semi ring in 1934. The notion of I - semirings was introduced by M.MuralikrishnaRao in 1995.

Some classical notion of ternary I - SO semirings are introduced in this paper. In 2019 K.Bhagyalakshmi and
Dr.V.AmarendraBabu developed ideal theory in Ternary I'-SO semirings. In this paper we familiarize the notions of irreducible,
strongly irreducible bi-ideals of Ternary I'-SO semirings and obtain characterizations of prime, semiprime, irreducible and
strongly irreducible bi-ideals in regular Ternary I'-SO semiring. Ternary I'-SO semiring is denoted by TI'SS, Commutative
Ternary I'-SO semiring is denoted by CTT'SS, prime ideal by PI, semiprime ideal is denoted by SPI, is denoted throughout this
paper, minimal prime ideal by MPL.”

2. PREREQUISITES
The following are the prerequisites for this paper.
Definition2.1: “A be partial -monoid is a triple (R, ', ¥) where R, I" are non-empty sets and X is a partial addition defined on

some but not necessarily all families (&, :i € I)) in R with the following laws:

1)  Unary sum axiom: If (& :i € ) isaone element family in R and | = {j} then Z(a, -1 €l) is defined and equal to a.

2) Partition Associative axiom: If (& :iel) isafamilyinRand (a;: j €l) is a partition of I, then (& :i € l) is sum-
able if and only if (a:iel;)is sum-able for every j in J, (Z(a, iel):jed) is sum-able
andZ(a,. e Ij):Z(Z(ai ely):jed)”

Definition 2.2: “Let M, I" be partial I'-monoids then M is said to be partial ternary gamma semiring provided 3 a mapping
M xI'xM xI'x M — M satisfying the following conditions:

1) xayp(zépyq) =xa(ypzép)yq =(XaypBz)épyrq

2) a family (& :iel)is sum-able in M implies that (xaypfa : foroddiel) is sum-able in M and
xayp| Y (a:iel)|= (xaypa: foroddiel)

3) family (& :iel)is sum able in M implies that (xaapfy: foroddiel) is sum able in M and
xa| Y (a:iel)|By=> (xaaBy: foroddiel)

4) family (3 :iel)is sum able in M implies that (aaxpy: foroddiel) is sum able in M and

[Y(@:iel)|axpy=> (aaxpy: foroddiel)~
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Definition 2.3: “A partial ternary I -semiring said to have a left (lateral, right) unity element provided there exist a family
(e;:iel)ofMand (o, B, :iel)of ' D

Y eaefa=ad exafe =a, » acefe =a)foranyacM.”
Definition 2.4: “The sum ordering relation < in partially ternary I" -monoid M is the binary relation such that a<b iff there exist
anelementcinMsuchthatb=a+cVa beM.”

Definition 2.5: “A sum ordered partially ternary I" -monoid (ternary I -so-monoid)in which partial sum ordering is a partial
ordering.”

Definition 2.6: “A partial ternary I -semiring M is said to be sum ordered partial ternary I -semiring (Ternary I"-SO-
semiring) if the partial I" -monoid is SO-I" -monoid.”

Definition 2.7: “Let M be a partial ternary I'-semiring. A non-empty subset of M is said to be left (Lateral, right) partial ternary
I'-ideal of M provided

(i) (& :1 € l)isasum able family of M and xi€ A for all i€ I implies X, X, € A

(ii) for all x, y € M, ze A implies that zaxsye A (xazYE€ A, Xayfze A)
If A is left, lateral and right partial ternary I'-ideal of M, then A is called partial ternary I'-ideal of M.”

Definition 2.8: “Let M be a ternary I'-s0-semiring. A non-empty subset A of M is said to be a left (lateral, right) ternary I'-ideal
of M, if it satisfies the following:

(i) A is a left (lateral, right) partial ternary I'-ideal of M.
(ii) xe M and ye A such that x<y then xe A.
If A is left, lateral as well as right ternary I'-ideal of M, then A is known as ternary I'-ideal of M.”

Definition 2.9: “Let M be a ternary I'-SO-semiring and A be a subset of M, then the intersection of all ternary I"-ideals containing
the set A is called ternary I'-ideal generated by A and it is denoted by (A).”

Definition 2.10: “A Ternary ['-SO-semiring M is said to be complete ternary I'-SO-semiring if every family of elements in M is
sum able.”

Definition2.11: “A non-empty subset A of a ['-SO-ring R is said to be I'-sub SO-ring if

(i) Aisasub-SO monoid of R
(i) ATCATAcC A”.

3.0 Prime and semi prime ideals:
Def 3.1: “A proper ideal P of a TT'SS M is called as primeiff for any ideals R, S, T of M, RISTTESP=RcCPorScPorTC
P”.
Example 3.2:“Let R= [0, 1] be the unit interval of real numbers. For any family (@;:i €I) in R define
Zi a; = Sup{a;/i € I} then R is a partial ternary monoid. If we take =W then R is a partial ternary I'-monoid. Consider the
mapping (x, &, v, 8,2) = inf(x, &, ¥, f, z) of R xI'x RxI'x R— R then R is a partial ternary I'-semiring. Then R is a ternary
I'-SO semiring with usual = of real numbers. Let X € R. Take P=[0, x].
Let E, F, G are ideals of R such that ETFT'G < P. Then 3y,z,we R such that E= [0, y], F=[0, z] & G=[0, w]. Now
ET'FI'G=[0, y]I'[0, z]T'[0, w]=[0,inf{y, o, z, B, w}] for every «, f €I and so, [0,inf{y, a, z, B, w}]< P=[0, X]. Either y < Xor
Z < XorW< X. Thus E=[0, y] €[0, x]=P or F=[0, z] <[0, x]=P or G=[0, w] £[0,x]. Hence P= [0, x] is a prime ideal of R”.
Definition 3.3: “A proper ideal P of a TT'SSM is called as semiprime if and only if for any ideals R of M, RTRTR € P = R € P”.
Example 3.4:“Consider the TT'SSM, as define in Example 3.2. Take P=[0, x].
Let E be any ideal of M such that EFETEC P. Then 3y € M such that E= [0, y]. Now ETET'E=[0, y]I'[0, y]I'[0, y]=[0,inf{y, .,
¥, B, y}1 for every &, € and so,

[0,inf{y, o, y, B, y}]E P=[0, x]=> ¥ < X. Thus E= [0, y] €[0, x]=P. Hence P= [0, x] is a semiprime ideal of M”.
Def3.5: A subset A (# @) TI'SSM, is entitled an m-system if for each a,b,C € A there exists elements W,, W,, W;, W, of M

3 aaw,fbyw,oc € Aor aaw, SW, ybow,nw,@c € A or
aaw, Sw,ybSw,ncgxw, € Aor waaSw,ybow,nw,¢c € A.
Copyrights @Kalahari Journals Vol.7 No.2 (February, 2022)

International Journal of Mechanical Engineering
3506



Th3.6: “A proper ideal L of a TTSSM is prime iff its complement L° is an m-system”.
Pf: Let L be a Pl of a TT'SS M. Supposed, e, f ¢ L. Thend,e, f e L°.

If possible, let L° be not an m-system.
Then for all W, W,, Wy, W, € M daw,feyw,s f ¢ L° or
daw,Sw,yedw,nw,é f & L ordaw, fw,yesw,n f gw, & L° or w,ad Sw,yedw,nw,¢ f & L°.

= daw,Seyw,0 f € Lordaw, fw,yedw,nw,¢ f € Lordaw, fw,yeow,n f gw, € L orwad Sw,yeow,nw,4f e Lf
or all W, W,,W;,W, € M. QL is a prime ideal of M, by known Th. we ought tod € L or €€ Lor f €L a contradiction.

~ L is an m-system.

On the contrary, let L° be an m-system.
Then de fel implies that there exist W, W,, W,, W, € M adaw,feyw,o f € L° or
daw,Sw,yedw,nw,é f € L® ordaw,fw,yedw,n f gw, € P°orw,ad pw,yeswnw,g f € PC.

Thus d,e, f ¢ P implies that dT'MT'elTMIf L , dTMI'MI'elTMI'Mf & Land MI'dT'MI'eTMI'MIT < L.
Hence by known theorem L is a prime ideal of M.

Def3.7:“LetM be a TI'SS and L be an ideal of M. Then L is called a maximal ideal of M if L # M and there does not exist any
other ideal I of Msuchthat Lc | < M. »

Th3.8:“Let A be an m-system and N an ideal of a TTSSM such that N 1 A=@ . Then there exists a maximal ideal L of M
containing N such that L1 A= . Moreover, L is also a prime ideal of M”.

Pf: The collection I(M) of all proper ideals of M containing N and each of which has an empty intersection with A is non-empty
because N itself is a member of (M) & I(M) is also partially ordered under the usual set inclusion relation. Now any chain of

such ideals in the partially ordered set I(M) has an upper bound which is their union. Hence by Zorn’s lemma

I(M) possesses a maximal elementL> L1 A=O.

If possible, let L be notaPlof M. Let XgL,yeL&zeL.Let | =L+<x>J=L+<y>&K =L+<Z> be
three ideals of M such that ITJTK < L but | zL,J & L&K & L. Then we see that all the ideals I, J&K Properly contain
L and hence by maximality of L, we get Il A#¢g, Il A#p&KI A#¢. So 3e,f,ge A such that
eel, felJ&geK.QA is an m-system, 3 elements X, X,,X;,X, of M such that eaxffyx,00eA or
eax Bx,y f oxnx,09 € Aoreax, X,y f ox;ngéx, € Aor x,aefx,y f oxnx,49 € A.

Ifeax, BX,y T 6X,7X,09 = (X, BX,7) f (6X17%,49)

ellJTK =M
Ifeax X,y foxnX,009 € A, eax, X,y f ox;nx,09 = (eax fX,y) f (6XnX,49)
el JTK =M
Ifeax X,y foxnaex, € A, eax BX,y f ox;ngex, = (eax fX,y) f (6Xn94X,)
el JTK <M

Thus in any case, we arrive at the contradiction that L1 A= ®. Hence L is a Pl of M.

Def3.9: A Pl K of a TT'SS M is called a MPI belonging to an ideal I of M if | < K &there exists no other PI K’ of M
5l cK'cK.
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Th3.10: A PI“P” of a TI'SS M is a MPI belonging to an ideal I of M iff its complement P° is a maximal m-system
3Pl | =0,

Pf: Let P be a MPI belonging to I. By th.3.6 P°® is an m-system with P° < 1° so that P°l I Il | =D
ie. Pl | =®. By applying Zorn’s lemma to the class of m-systems of M, we can find a maximal m-system A such that
Al | =® sothat P < A Let L be a maximal ideal containing 1 5 L1 A=®. Then by Th.3.8, L is also a prime ideal of M
and | c L A° < P. Since P isaMPI containing I, M = A® =P and hence A= P°.

Conversely, suppose that P° is a maximal m-system 3 Pl M =®. Then | cLc P and hence P° M€ c I°.

Therefore, L1 1 < 1°1 | =®ie, L'l | =®d. By virtue of maximality of P°, we have P° =L°& P=L. ThusP is a
prime ideal containing I. Now we have to S.T P is a MPIcontaining I. If possible, let Q be any PI containing | and properly
contained inP. Then P°1 1 < Q°Il 1 < Il | =® which is a contradiction.

=~ P is aMPI containing I.
Corollary3.11: Every prime ideal containing an ideal | of a TT'SS M possesses a MPI belonging to 1.

Pf: If P is a prime ideal containing I, then there exists a maximal m-system A such that P — A Thusby Th:3.10 Q=A°c P
is a MPI containing I.

Def3.12: A proper ideal P of a TT'SS M is called a “completely prime ideal” of M if daef3fy € P = implies that d € P or
ee Por f € P forafew three elements d,e, f of M.

Note3.12: “Every completely prime ideal of M is surely a prime ideal of M but the converse may not be true, in general.
However; for a CTT'SS both the concepts coincide.”

Lemma3.13: A proper ideal Q of a TI'SS M is “completely prime”iffQ° is a ternary subsemiring of M.
Pf: Suppose Q° is a ternary subsemiring of M. Let haif3j € Q. If possible, let h,i, j € Q°.

Since Q° is a ternary subsemiring of M, we have hai 3 j € Q°, a contradiction. So either
heQorieQor j€Q. Consequently, Q is “completely prime”.

By reversing the above argument the converse follows:

Theorem3.14: A proper ideal O of a TT'SS M is completely prime iff for each pair of non-negative integers m &n with even sum,
M™"T(haij)TM" = Q implies he O orieOor jeO.

Pf: Suppose O is a CPI of M and

M™"T(haigj)TM" c O,

Where m and n are non-negative integers with even sum.

Then (hai BJ)T'(hai B)T.....(hed B )T (M+N+1) times belong to O.

Q Oisa CPI of M & by induction, we have haifj cO =heO orieOorieO.

Conversely, suppose thathaif])eO. Ifm & n are non-negative integers with even  sum,
M™T(haig))TM" = M"TOIM" < O. Thus, heOorieO jeO.

~ O is completely prime.

Def3.15: A prime radical of a ideal P of TI'SS M is defined as the intersection of all prime ideals of M and is denoted by P(M).
Remark3.16: Since every prime ideal of aTT'SS contains 0, P(S) # ¢.

Theorem3.17: For a TTSS M, P (M) = {m€eM: every m-system of M containing m contains zero of M}

Pf: Suppose that P’(S) ={aeM: every m-system of M containing ‘a’ containing zero of M}. Let b & P for some PI P of M.

By theorem3.14, P° is an m-system.Q 0 € P,0 ¢ P° Thus P°® is an m-system of M containing “b” but not containing zero of
M. Consequently, b ¢ P’(M) and hence we find that P'(M) < P(M) --- (1)
Copyrights @Kalahari Journals Vol.7 No.2 (February, 2022)

International Journal of Mechanical Engineering
3508



Again, let b ¢ P'(M).

Then 3 an m-system A of M such that b € A but O ¢ A Thus by theorem3.8, 3 a PI“P” of M3 P A=¢.

Consequently, b ¢ P and henceb ¢ P(M) .

So we find that P(M) < P'(M) ....(2)

From (1) & (2), it follows that P'(M) =P(M).

Th3.18: IfL is an ideal of TI'SS Mthen P(L) =L 1 P(M), where P(L) denotes the prime radical of L considering L as TI'SS.

Pf: Let the collection A, be of all prime ideals of M & A, be the collection of all prime ideals of L. Then by known theorem
PeA, impliesthat P1 LeA,.
so P(L)=] Q< | (LI P)=LI (] P)=LI P(M)--(

QeA, peA PeA
Again, suppose @ ¢ P(L). ThenO & A for some m-system A of Lcontaining ‘a’. Since A is also an m-system of M, by Th: 3.16,
agP(M).
Consequently, P(M) < P(L)
Now L1 P(M)c LI P(L)=P(L)---- () from (1) & (2),we get P(L)=L1 P(M).
Def3.19: The completely prime radical of a TI'SS M is defined as the intersection of all completely prime ideals of M and is
denoted by P.(M).

Note: Since every completely prime ideal of a TT'SS M is also a prime ideal of M, P(M) < P.(M).

Remark3.20: In a commutative TT'SS M, prime ideals of M coincide with its completely prime ideals. Hence for a commutative
TI'SS M, we find that P(M) = P,(M).

Def3.21: ATT'SS M is called a prime TT'SS if the zero ideal is a prime ideal of M.

“Remark: It is to be noted here that each ternary ring ideal of a ternary ring T is also a ternary semiring ideal: however, the
converse need not be true, in general. Thus if a ternary ring M is a prime ternary ring then the ternary semiring M is a prime
ternary semiring.”

Def3.21: A proper ideal Q of a TT'SS M is called a semiprime ideal of M if JT'JT"J < Qimplies J < Q for any ideal J of M.

Note3.22: Every PI of a TI'SS M is also a SPI of M.

Th3.23:“A necessary and sufficient condition for an element ‘s’ of a TI'SS N to belong to a semi prime ideal R of N is that
NISINcR”.

Pf: Assume R is a SPI of N.

If Se R, thenclearly NI'STN —c NI'RI'N c R.

Conversely, let NI'STN cR.

Then NI'NI'STNI'N < NT'RI'N < R.

Now <S>I"<s>T"<s>=(NI'NI's+SI['NI'N + NI'SI'N + nI's)[”

(NI'NT's+SI'NI'N + NI'SI'N + NI'NT'SI'NI'N +nI's)I”

(NI'NI's+SI'NI'N + NI'SI'N + NI'NI'STNI'N +nI's) € (NI'STN + NI'NI'STNI'N) c RQR is semiprime, we
have <S> R&-SeR.

The resultingTh. gives a descriptionof a semiprime ideal in a TT'SS N.
Th 3.24: Let M be a TI'SS then a proper ideal Q of M then the conditions are equivalent.

(i) Q issemiprime
(i) sSTMISTMI'sEQ, STMI'MI'STMI'MI's=Q, sSTMI'MI'sSTMI'sSTME=Q&

MISTMISTMIMIsEQ = 5 € Q.
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(iii) <s>T<s>T<s>EQ=5E Q.

Pf: (i)= (ii)Assume Q isa Pl of M

& STMISTMIsEQ, STMIMISTMI'MIsEQ,
sSTMIMI'STMI'STMSQ & MI'sTMI'sTMI'MI's=Q.
Then (MISTM)I(MIsTM)[(MI'sTM)=

MI(sSTMIMI'sSTMIMI's)ITMEMIQIMEQ
(MIMISTMIM)C(MIsTM)IC(MIsTM)= (MM s)I(MTMIM)I(sT MITMIsTM)

CMI(MI'sTMI'sSTMIMTI's)TMSMI'QIMEQ.

(MISTM)T(MIMISTMIM)I(MT'sTM)= MI'sT(MTMI'M)I(sTMI'MI'sT'M)

CMI(MI'sTMI'sSTMI'MTI's)TMSMIQIMEQ.

(MIMTsTMIM)T(MIMISTMIM)I(MI'sTM)= (MI'MI's)I MT(MITMIM)IsT(MTMIM)ISTM SMIMI(sTMIMI sTMI'sT'M)
SIMI'MI'Q=Q.

(MISTM)T(MISTM)T(MIMIsSTMI'M)= MI'(sTMIM)TsT'(MIMIM)I(sT MI'M)

EMI(sSTMIMIsTMI'sSTM)I'M EMI'MI'QEQ.

(MIMIsTMIM)T(MIsTM)IE(MIMIsSTMI'M)= (MI'MI's)[(MTMIM)I'sT(MIMIM)T(sTMI'M) SEMIMI(sTMI'STMI's)TMI'M
CMI(MIQIM)IMEMIQIMEQ.

(MISTM)T(MIMIsTMIM)I(MIMI sTMI'M)= MI'sT'(MTMIM)IsSTMIT(MIMIM)T(sTMI'M)
S(MISTMIsTMIMI's)IMIMESQIMIMEQ.

(MIMIsTMIM)T(MIMIsTMIM)IC(MIMIsTMIM)= (MIT'MIs)I MT'(MI'MIM)T'sTMI(MITMIM)I(sTMI'M)

SMIMI (sTMIMISTMIMIs)TMITMEMI(MITQIM)ITMEMIQIMEQ.

Sums of consecutive pairs are taken, we get

(MI'STM+ MIMI'STMIM)I(MI'sTM)I(MI'sTM)

SQ+Q5Q

(MI'sTM+ MIMIsTMI'M)I(MIMIsSTMIM)I(MI'sTM) SQ+Q%Q
(MISTM+MIMIsTMIM)C(MIsTM)T(MITMIsSTMI'M) SQ+Q5Q
(MIsSTM+MIMI'sSTMIM)T(MIMIsSTMIM)C(MIMIsTMI'M) SQ+QSQ

for the above four relations repeat the same procedure, further we have
(MISTM+AMI'MI'STMI'M)I(MI'sTM+ MI'MI'sTMI'M) I'(MI'sI'M)

£Q+Q=Q

(MI'STM+MIMIsSTMIM)T(MIsTM+ MTMI'sSTMITM) T(MTMI'sSTMI'M) £Q
(MISTM+MTMISTMIM)T(MIsTM+ MTMIsTMIM) T(MIsSTM+MIMIsTMIM
CQ+Q%0Q.

The above each component are ideals of M, by primeness of Q, it shows that
(MI'sSTM+MIMISTMI'M) SQ or (MISTM+MI'MI'STMI'M) ) £Q or
(MISTM+MI'MISTMI'M) Q.

Without loss of generality, suppose that (MI'sSTM+MI'MI'sTMI'M) &Q then
<s>T<s>T<s>EQ.

Q Qs asemiprime ideals of M, <s>=Q&thuss € (,

In the same manner if (MISTM+MI'MI'sTMI'M) &Q then s € @,

& if (MISTM+MIMISTMI'M) EQ then s € Q.
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(ii)= (i)
Assume (ii)<s>I'<s>I'<s>=Q for some s€ M.

STMI'sTMI's=sI'(MI'sST M)I's =<s>T'<s>T'<s>=Q

SIMI'MI'sTMI'MI's=sI'(MI'MI'sTMI'M)T's

C<e>T<s>T<s>5Q

sSTMI'MTsTMI'sTM=sI(MI'MT's)[(MI'sTM) €

<s>T<s>I'<s>=Q

MTISTMISTMIMIs=(MI'sTM)TsD(MIMI's ) ©

<s>T<s>I'<s>=Q

By (ii)s € Q.

(ii)= (i)

Suppose the condition (iii) holds and JI"JI"J < Q for an ideal J of M.

If possible J Q. Then3anelement Se€ J3s¢J.

Now <s>T'<s>I'<s>c JIJI'J Q. Thisimpliesthats € Q, a contradiction.

Thus J < Q & hence Q is a SPI of M.

Corollary3.25: A proper ideal Q of a CTI'SS M is semiprimeiff SaxS S € Q implies that s € Q for any element s of S.

Def3.26: A subset D (#¢) of a TI'SS M is so-called a p-system if for each d € D3 elements S;,S,,S;,S,0f M
&a, fB,y,0,& el such that das,ps,yd € D or
das,fs,ydds,ns,ed € Dordas, fs,ydos,ndes, € Dors,ad fs,ydos,ns,ed e D.

Def3.27: A proper ideal Q of a TT'SS M is called a completely semiprime ideal of M if SaxSarS € Q impliesthat S€ Q.

Th3.28: A proper ideal Q of a TI'SS M is semiprimeiff Q¢ (complement of Q) is a p-system.

Th3.29: Let D be a p-system and J be an ideal of a TTSS M 3 DI J =¢. Then 3 a maximal ideal N of M containing J
5DI J =¢. Moreover, N is also a semiprime ideal of M.

Th: 3.30 A proper ideal Q of a TI'SS M is a minimal semiprime ideal belonging to the ideal J iff its complement Q°is a maximal
p-system such that Q° 1 J =¢.

Corollary3.31: There exist a unique minimal semiprime ideal belonging to an ideal J of M, namely, the intersection of all
semiprime ideals containing J.

Corollary3.32: There exists a unique maximal p-system which does not intersect any ideal J of a TT'SS M.

Theorem3.33: A proper ideal Q of a TI'SS M is completely semiprime iff for each pair with even sum of non-negative integers m
&n, S"T'(sasas)I'S" < Q implies s€Q.

Remark: Every m-system is a p-system and it is clear that the union of p-systems is again a p-system but not conversely.

Th3.34: Asubset D (# @) ofa TI'SS M is p-system iff it is the union of m-systems.

Pf. Suppose D is a union of m-systems. Then D is a p-system, since any m-system is also a p-system & the union of p-systems is
a p-system, by above Remark.

Conversely, Let D be a p-system andS,eD. Now we set C,={s,}C,., ={s:s=aat pbot,scor
s =aat, ft,yt.ot,6C ors = aat, ft,yt.ocet, or s =t aaft,ytot,6C

k
Forsome a,b,ce JC;;t,,t,,t,,t, e M, a0, B,7,6,6 €T},

j=0
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Next we show that C = | JC, is a subset of D.
k=0

To show this we shall have to show that if seC, then S=5, or
S =S,al S,y 1,ES,0r S = Syl B, yS,01,E1,11S, 0r S = Syl B,y S,01L,S,nr, or S = Las, B,y S,0r,er,nS, for
somen,r,, L, ,eM,a,B,7,0,e,nel.

We shall show this by using induction on k. 1fs € C, then clearly; S=S, € D.

k
Suppose the result is true for all j<k. Now if seC.;, then 3a,b,celJC,3s=aatSbyt,5cor

j=0
s = aat, ft,ybdt,st,nc or s = aat, ft,ybot.ecnt, or s =t aaft,ybot,st,nc for some
t.t,tLt,eM,a,B,y,0,e,nel’.
Now by hypothesis of induction, we have a=s,au, fs,yu,0s,or

a = s,au,fu,ys,0U,su,ns, or a = Syau, SU,yS,0U,eS,1U, or & = U,aS, U, S,0U,EU,1S,

for some u,,U,,u;,u, M, o, B,7,0,&,nel’

b =s,aVv,BS,7V,08, orb = SV, SV, ¥S,0V,6V, 1S, 0r b = Syav, BV, yS,0V,eS,1mV, orb = v, S, BV, 7S,0V,6V, 1S, for
some Vi, V,, VoV, €M, a, B,y,0,&,n €l C=Ssaw, S,y W,58, or
C = Sy W, SW, ¥S,0W,EW,77S, or C = S,aW, BW, 'S, 0W,ES,77W, or C = W,arS, BW, ¥ S,0 W, W, 77S,, for some
W, W,,W,, W, e M, &, B,7,0,&,nel.

Thus by considering each of the 44 cases the result follows because if we
consider s = aat, fbot,eC , a = s,au, SU,yS,0U,eU,17S, , b = V,aS) BV, 7S 0V,EV,11S, C = SyaW, BW, 7SO W,£S,17W, then
S = (Syau, BU,rS,0U,sU,ns, )at, B(V,as, BV, yS,0V,6V,11S, ) O, & (S,orW, BW, S, OW,ES,17 W, )

= S, (U, U, yS,0U,eu,ns,at, fv,asS,) BV, 7 S,0V,EV,1S,0t,ES,aW, fW, ) 7SO WL ES,7TW,

= S0l B,y SeOLESNT,

Where I, =U, SU,yS,0UeU,nS,0t, BV,as, , I, =V,yS,0V,EV,171S,01,ES,aW, BW, , I = W,, &I, =W,

Similarly, for the other cases we find that

S = S,al S,y 1,ES,0r S = Syl B, yS,01,E1,11S, 01 S = Syl Br,yS,01,S T, or S = Las, B,y S,0r,er,nS, for

somel,, I, L, r,eM, a,fB,7,0,6,nel and

Hence C = | JC, is a subset of D.
k=0

Now it remains show that C = |JC, is an m-system.

k=0

To show this let a, b, ¢ are belongs to C.

Then a,b,c e Ck for some natural number k.

Consequently, s=aat pbyt,oceC,,, cCor
s =aat ptybotst,nc e C,,, < Cors =aat ft,ybot,ecnt, € C, ., < C ors =t aapt,ybot,st,nc for
somet,t,,t,,t,eM «,5,7,0,e,nel’.

Thus C is an “m-system”.
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Theorem3.35: A proper ideal Q of a TI'SS M is semiprimeiff if the complement Q° is the union of m-system of M.
Def3.36: The prime radical P(J) of the ideal J in a TI'SS M is the intersection of all prime ideals in M which contain J.

We have the following characterization of prime radical of an ideal in a TT'SS M.
Th3.37: For a proper ideal J of TT'SS M,
P(J)={reM: every m-system in M which contains r has a non-empty intersection with J}.

Pf: Suppose P°(J) ={reM: every m-system in M which contains r has a non-empty intersection with J}.

Let ag P°.
Jan m-systemAinMs3aec A&Al J=¢.

Then by Th.3.8, 3 a PI P of M containing J & Al P=¢. This implies that a ¢ P & hence a ¢ P(J) consequently,
P(J)c=P*(J).

Again, let b P(J).

Then 3 a prime ideal Pof M 3D ¢ P i.e.b € P, the complement of P.

Now by Th:3.6, P° is an m-system of M.

since P contains J, P 1 J =¢.

Thus 3 an m-system P°in M which contains b but has an empty intersection with J.

So, b ¢ P°(J) & hence P*(J) < P(J).

Thus it follows that P°(J) = P(J) and this completes the proof of the theorem.

Th3.38: Anideal J of a TT'SS M is semiprime iff P(J)=J.

Pf: LetJ be a semiprime ideal of a TT'SS M. Then by Th.3.8 the complement J ©is a p-system.

Hence by Th.3.34 1° = | B, , where each B; is an m-system contained in 1°.
ieA
Q || B, =¢for each i€A, it follows from Th.,3.8 that 3 a maximal ideal P, containing J such that B, | P. =¢ for each i€A,

and each P, is a prime ideal of M.

Thus Jc| P<c| P BS=(UB) =1°)°=J.

ieA ieA ieA ieA

Consequently, J = | P =P(J), where A’ is the set of all prime ideals of M containing J.
ieA’

Conversely, suppose that J=P(J). Then J =1 {P: P is a prime ideal of M containing J}.
= J° =U{P° : Pisaprime ideal of M containing J}.
Since P is a prime ideal of M, by Th: 3.8, it follows that P° is an m-system and hence by using Th: 3.6we get J°is a p-system.

Consequently, J is a SPI of M, by using Th: 3.8
Corollary: If Jis an ideal of a TT'SS M, then P(J) is the smallest semiprime ideal of M contains J.

Def3.39: A proper ideal J of TT'SS M is known to be weakly irreducible if for ideals K, L, Nof M, KI LI N=J = J=Kor
J=L or J=N.

The termwe simply use irreducible to mean weakly irreducible.

Def3.40:A proper ideal J of TT'SS M is said to be weakly irreducible if for ideals K, L, Nof M, K| LI NcJ = KcJ
orLcJorNcJ.

Note3.41:“It is be noted here that a strongly irreducible ideal of a TI'SS M, is an irreducible ideal of M.
Def3.42: A non-empty subset A of a TT'SS M, is named an “i-system” if |,m,n e Aimplies <l >1 <m>1 <n>1 A= ¢.
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Th3.43: The conditions followed in a TI'SS M, are equivalent:

(i) Jisastrongly irreducible ideal of M
(i) Iffor mneM; <l>l <m>I <n>cJthenleJ ormeJornel

(iii) The complement of Jie., J© is an i-system.

Pf: (i) = (ii) This is a consequence of the Def. 2.2.24
(ii) = (iii) If possible let ,m,ne J°&<I>1 <m>1 <n>1J°=¢.

Then <I>1 <m>1 <n>1J°=¢ implies that <l >1 <m>1 <n>cJ and hence by using (ii), we have | € J or
me Jorn e J, which is a contradiction. Consequently <I>1 <m>1 <n>1J°#@&hence J° isan i-system.

(ili) = (i) LetE,F, G be three idealsof M S Ez J,F 2 J &G &z J .
ThenaleE-J,meF-J&neG-1J.

Now from (iii), it follows that <I >1 <m>1 <n>1J°#¢
ie., there exists an element 0 e (<1 >1 <m>1 <n>)—-J.
=o0eEl FI G&ogl.

~El FI GgJ. = Jisstrongly irreducible.

Lemma3.45: Let “I” be a non-zero element of a TT'SS M and let J be a proper ideal of M not containing ‘I’. Then there exists an
irreducible H of M containing J and not containing “1”.

Th3.46: Any proper ideal J of a TT'SS M is the intersection of all irreducible ideals containing it.
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