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Abstract

Many papers introduced to constrained approximation of convex continuous function by algebraic polynomials, here we
approximate the convex function in Ly, 0 < p < 1, quasi normed spaces using piecewise algebraic polynomials. Also we introduce
some properties of these polynomials.
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1 Introduction

The accompanying old style Timan-Freud-Brudnyi Jackson type inequality for the approximation by algebraic polynomials [1,
theorem 8-5-3]). Explains the request for the approximation turns out to be fundamentally better closed to the end point of [-1, 1]:

Ifk €N,r € Nyjand F € C',then for all n = x4+ r — 1, There is polynomial P, € [],, Satisfy
|F () = Pu(®)] < el D) (2w (Fr, Q (%)), xe[-1,1] (1.2)

obviously, if we want to have interpolating approximation at the endpoints for f and it's derivatives. We get better approximation
degree.

As a direct consequence of corollary (2.3.4) in [2], we obtain the following Telyakovskii-gopengauze version theorem, for the
literature review of the subject.

Theorem1.3

In [2-Corollary 2-3-4]) Let teNy, k €e Nand F € C*,then for any n > max {K tr—l2r+ 1}

that (1.2) Is valid and , more over

,there is a polynomial B, € I1,;such

IF(x) — .| < ct )92 (2)w (7—", sﬁ(x)n‘@),m n?<ix<1 (1.4)

We get from theorem 3 in [2], that

2 2(x—1)
If y €R, 9(x)n~ « in (1.4) Cannot be replaced by 9%9(x)nYwith G > 1/x. therefore, the estimate (1.4) offers the best

approximation rate near the end point of closed interval [-1,1].

Now we have a question : Is the above inequalities true in the shape preserving approximation of g-monotone functions ?

The answer is that it is not true for an r and k ,even if we choose n depends on the target function f.This case if we havel < g <
3,0sr<g-1landr+k=¢g+2in][3] ifg=1in[4]if g=20rg=3)and g > 4 andr+ «x > 3 in [5].

More finished, for any g, r, &, n € N, There exists a function F, € C* n A@such that (1.4) is not valid for any polynomial , €
[1.N A®

the development of such an F, is the same as in ( [6] ,view also [7,8,9]) .

This imply that, in the case r > 1,(1.4) cannot be true for each functionF € C* n A®¥and all n > N(x, 1, ¢).

We accentuate that this not imply that for each fixed F € C* n A4)(1.4) is in true for adequately ¢ = x = 2 large n. i.e.(1.4) may
still be true if n = N(F).(is the principle result of this subject).

The case is different if we have kis small and r equal to zero, andg, n are naturals.(1.2) and (1.4) are satisfied for k = 1, which is
follows from the case k = 2, for g-monotone approximation.

Surely, from the interpolator estimate follow, [11,12](g=2), [10](¢ = 1) and [13](g = 3):foranyg,n € Nand F € Cn

A@, there exist a polynomial P, € 11, N A®Such that
9
IF(x) = R@)| < cl@)w, (F,72), xe[~11] (L5)

Where ¢ > 0. If we have n > 2 the estimates (1.2) and (1.4) are satisfied forg = 2 when r equal to zero and x equal to 3, we find
the result in [2], and case ¢ = 3, t = 0 and k = 3 or k = 4 is no solution has yet been found(Actually unknown if(1.2)holds if
(g1, %) = (3,0,4).
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Finally, I was able to show in [8] that (2.1) and (2.3) hold if r €N, k=2 and n = N(F, r)for monotone approximation (¢ = 1) .
define L,(I) = {F:1 > R: f € L,}where I is closed interval between -1,1. and L' ,(I) = {F:1 > R: F* € L}
1
IF L, = (J2,1F () [P)P . For keN and interval I,
K . 7K K Ku
K — _1)i s : T — :
AX(F, x,]) = Zi:o( 1) (i)f(x + (2 1) u),lfx + > €1 and := 0 otherwise.
wi(F,1,1) = supgeu<tl|AS(F, .; DIl pis @ measure of the soomthness modulus of f on I. w (F, 1) == w (F,1, 1), L, = L, (D), for
any interval | we write . (F, §,1)..
We use 9(x) = V1 + x2and Q,(x) = 9(x)nt + n"%4neN,Qy = 1
I1,, symbolizes the space of algebraic polynomial of degree< n.

A function F: [a,b] — Ris said to be x-monotone, k = 1 on [a, b]if and only if for all choices of k + 1 distinct

points xo, %y, ..., xin [a, b]the inequality F[xo, %4, ..., 2] > 0 holds, where F[xg, x4, ..., 2] = Yo ;,(2))
]

[ =1,:= [, 24]  h = h = |Il,n| = X1 T X

max{i, }

Ii,l = U IK = [Xmax{i,L}'Xmin{i,L}—l}: 1<iit<n

k=min{i,}
(the shortest interval containing both I;and 1,)

LT
X, = X,j = COS (;) ,0 <1< n, Ifor 1 < 0and — 1for > n (chebyshev knots)

max{i,}
hi,t: = |Ii.L| = Z h, = Xmin{i,}-1 — Xmax{i,}
k=min{i,}
|1
(lx = x| + [
®% = {T € ¢[0,0]|T 1,7(0) = 0and t, T (t,) < t;7*T(t,) foro < t; < t,}. Note: if F € Lt ,then

T =T(x) = 8, (x) == min{1,n9(x)}

I'(1): = tfun (F®, 1), is equivalent to afunction from @*+*
2k = Jin denoted the x;, 1 < j < n — 1 piecewise polynomials of degree not exceeding k — 1, that are continuous.
ZS) = ffz denoted the set of all x;, 1 < j < n — 1 piecewise polynomials that have continuous derivatives

P =P(s) =S|, 1 <j<mn (S ispiecewise polynomials, of pieces P;(x),x € I;, 1 <j<n—1,and write S|I; ).

”:Pi_?j”p hj K K
bi(s,T) = ) (h—”) whereT € ¥, £0andS € Y, .

b (s, T, B) == max,qjjen{bij(s,1)|l c Band; c B},

Where an interval B < [—1,1] contains at least one interval I,

b (s, ) =b(s, I, 1) = maxyqj<nbij(s, )

¢(p) = is an absolute constant depending on p,and is different from one step to others.

c(x, p) =positive constant that are either may only depend on the parameters k and p or absolute .

2 The Auxiliary Lemma

Lemma 2.1 [16]
(n719(x) < Q,(x) < h; <50,(x),x €1), (hjz; < 3h).
Lemma 2.2 [13]

Using the same lines word by word used for (6.12), P.235 in[13], we get the following lemma for 0 <p <1, (g € Ly[-1,1],x €
N,a € [-1,1] and h > 0 such that a + (x — 1)h € [-1,1].

|x—al

K
laGl, < e) (1+5%)" (wie(a, M)y + lallgasceonn) * € [11].
Lemma 2.3 [15]
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(IB,| < cr(hj)(%i “x€l,v=123).

Lemma 2.4 [14]

(Q%(x) < 4Q,(x)(|x — x| + Q%)) < 8hy(|x — x| + Q. (x)).
Lemma 2.5 [14]

Q. (x) + dist(x, I]-) < Q,(x)+ |x — xj| < 16(Q,(x) + dist(x, Ii))'
Lemma 2.6 [14]

(XL, T, () = 1,2 € [-1,1]).

Lemma 2.7 [14]

G2
_ 52 Q
(|ijjl)(x)| <&@ (Q 1 (<) )) 0<g <8,

Q?‘)l (€] n1(x) +diist(x,lj
Lemma 2.8 [14]

|71l

I by ..
(by;(s, ) = Thi)(h_il.i)K A<ij<n).

Lemma 2.9 [14]
n Qi (%) 4
(Zi=1(ﬂn(x)+dist(x,xj)) <o)

Lemma 2.10 [14]

(lo1 ()| < cby (s, T, B8V 2,
l020)] < cly(s, DY D ¢ - "
2(®)] = cbi(s, Q% ny Q-+ dist(x, [-1,1])\B
I® n s

Y AL N 4 o §
los ()] < by (s, 18~ - (o) -

Lemma 2.11 [16]
(L, < [* FiDdt <1-x,1<j<n).

3 Properties of Piecewise Polynomials

Proposition(3.1)

LetT € @, x € N,F € L,(Dand S € 3., , If w0 (F, 1), < c(p)T(Dand [|F — S|l, < c(p)I(Q,(x)) then
b(s,T) < c(x,p)

Proof.

Recalled that I' # 0,s0 that I'(x) > 0,x > 0 .For 1 <1,j < n,we have

P (hi>“+IIT—?jllp<hj>" -
ii(S, 1) = F(hi) by F(hi) h; =0T 0,

1
where [|P, — |, = (J7,(P, — F)P)p

: b
Iz -l = &-m»
-1
we notice that now, for any 1 < v < n,inequality

IF () — S)l, <c@T(Q,(x)),x € [-1,1] ,and by(Auxiliary lemma (2.1)).

I9(x
%<Qn(x) <h <5Q(x),x€l,1<i<nhz <3h,1<i<n

1Py = Fllpa,y < cPUIIT Q) < eI (hy)
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Hence, ¢; < 1, where we used the fact that ifh; < hi'
then T'(h;) < ['(R;),and if h; > h; then T'(h)/T(h;) < h* /h*.

To estimate o, let us remember the following fact: by using (Auxiliary lemma(2.2)) (lla(x)|l, < c(p) (1 l2= “') (we(g,h), +
lalljz.a+a-1n)) X € [=1,1]).

. h;
setting a := x; g == F — P, ,and h := ————and note that
max{1,x—1}

wi (g, h)p = wK(T - 7—’j,h)p = w(F,h), < c(p)l'(h), we get
lF@) - 2@, < cma +%)k (r(hy) + 7 =), » € 1 where 1 = [-1,1].

and so, || - | < c(p)(hh—ij’j)kf‘(hj). therefore, o, < .

Proposition(3.2)

Letk >3,T € d*and S € XL, Then b(S) < c(p) ||

Proof.
since P(x) =s(—1) +s' (D (x + 1) + [ (x —w)s" (wdu + f;;(x —w)P";(w)du. and

Pix)=s(-1) +s'(-Dx+1)+ in(x —uw)s”"(wWdu + fx(x —w)P";(w)du.
We have P, —P = f;‘ii(x —u)s” (w)du + f;(x —wp”(Wdu — fx’j(x —wp” (Wdu. =: B;(x) + By(x) + B3(x),then
17, = 2l < c@IUB @I, + B2l + B3 @)ll,).

So by (Auxiliary lemma(2.3)) (1B, | < cT(h)(2)*, x € I, v = 1,23
1

1Bs @y < c@I MG, B0l < eI M

IB;()ll,, < hy;By, where B, < c(p)r(h)“‘”)

So maXlSi'an{bil]‘ (§, F)} = bK (S, F)

”?;Eh ;”p (—)K =:b;;(s,I),we have b, (s) < [IB, (x)|l, < c(p)F(h)( Bisy ,XE L, v =1,23.

(i.el|P, - ?i||p < c(p)l‘(hi)(h—‘j")" . This prove is complete

So

theorem(3.3)

Letk €N,y > 0,T € ®*and letn,n; € Nbe such thatnT1

If S € 3. ,Then there exist a polynomial D,,; (., s) of degree< cn; .such that
[IS(x) — Dy (2, 9) I, < ()Y ()T (24 () )b (s, T) (3.4)
Overtime, if S € L," ' (I),r < x, for somer € N and

B := [Xm+, Xm,],0 <M, < M* < n then for all x € B\{x;}}' and 0 < g<r, we have

[s©60 ~ D @], < e@8h@) 2 o5 1B) + (s, 1) /m, [l | (35)
The constants ¢(p) is depending on p only and not on n.

Proof.

Let Dy = By P () Ty q (%) (3.6)

where ijdenoted the polynomials of degree< ¢(§,, G,) from the statement of [14.corollary 7.2].and D,,, (., s)denoted the
polynomial of degree< k + ¢(§,, G,).The parameters S,and G, are chosen to be sufficiently large and depend ony and k.
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SoletS =yand G, =S + 4x + 55 .s0 by(Auxiliary Lemma(2.4) and(2.5))
(Q2(x) < 40, (%) (% — x| + Qu(%;)) < 8hy(|x — x| + 2, (%))

Q.x) + dist(x, Ij) < Q.(x) + |x — x]-| <16 (Qn(x) + dist(x, Ii)))'

ImpIy

< 52 <40 b= xl'*“ “*’“f;(“’) 1<i<n,1<v<n (37)
Also
%SC(p)%WJ <j<n (3.8)

Indeed, if |j — «| < 1 ,then by (Auxiliary Lemma (2.1))
Implies that h,, ;~h,,.

Ifli — v| = 2, since we have unique [;between I,,and I; and then using by (' Auxiliary Lemma(2.1))]to get:
h,; =h, +h; + dist(L,, I;) < h, + 4dist(L,, 1;)

< h, + dist(z,1;), and by (3.5)follows .

Since S(x) = p, (x),(Auxiliary lemma(2.6)) (D=1 Inl(x) = 1) implies
S(x) = D (x,5) = S(*) Tit; Tj(#) = Tigjznjeo P (@) Tj(x), And so

SO - Dy @)=Y (o) - R@)T@) "

=Y S (N(EC@-50@) T w,
1<jsn,j#v i=0

With the assumption that x & {x; }‘;11 ,ifq = 1, since S@that is not exist at those point. note also that x € Djforall1 <j<
n,i # v ,and(Auxiliary Lemma(2.7))

1<jgn,j#v

92
(@) 552 (x) Qn1(x)
||T €3] ” < c(p) 3 P (in(x)Mist(ij)) ,0 < g < S, can be used

for any T, above. since I'(h;) < T'(h,,) < I'(h,)G2)* < (M) G,

Pi—P; .

it follow from [14],Auxiliary Lemma (2.8)] b;;(s,T) = | F(h_;”p (:—_I)Kk and [Lemma(3.1)],(3.7)and(3.8) foralli = 0.
1 i
2.0 = RO, < @2 =B,
r'(hi) hy;
< c(Yu (s, D T G (39)
2
I h,;"

< c(p) by (s, 1) (h h~)

< @by 60 D G 0"

Q < Q
Qq+dist(x,l}) — Q+dist(x.];)

observing that (3.10)

and using (Auxiliary Lemma(2.7)).we now conclude that ,for all
0<i<gandi<j<njzuv| @) - .‘Pi(i)(x)ﬁ'i(%_i)(x)||

r@)
an g-i

Q4
Qg +dist(x,];)

< ¢(p)b,i(s, I)5%2 )92=3k |1fi = g, this become

(

rQ)

_ NG-3
4 Ql+dlst(xl)) i (3.11)

(7@ - ?(@(x))T(x)” < ¢(p) by (s, 1)8% T2
and ,in particular ,ifi=¢g =0,

(7 ) - .’P(x))T(x)” < c(p)b, (s, T)8%2I(Q)( 5573 (3.12)

Q +dlst(x i
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If we assume j # s + 1 ,we get dist(x, I;) > Q/3 therefore & < 1, implies

r@ o Q

—i+1(

)gz—3K—4+i—1

i D)7 @D
(2000 ) 1 0], < come 0 PR )

F(Q)l Qq
Q% ny “Qq+dist(x];)

< c(p)b, (5, 1)8% )9z-3a-1 (3.13)

Now let us study thecaseg > 1,i<g—-landj=v +1,

1
QO + dist(x, 1)

we study the case j = v + 1,the case j = v — 1 of study similar to above. Since S is smooth. In fact

If§ € L2 [—1,1],we have %, (L)(xv) =P,,1Y(x,),0 <1< g — 1and so by (3.4) ,(3.10).

12,0 ) = Po V@), = f (= w3 (PO W) = Pysy @ (Welu

- 1!
p
1

1
s> WZ“M) )’
_(@—i—l)!( i:1xi ul?) ( i:1pv %i) = Po+1(x)[)
where P, P, .1, 2 — u are polynomials so

(p)

< ﬁllx - ullp(lv)||fP4,(‘l)(u) — vaH(‘%)(u)” o) ,where 0 < p < 1.
< _<®
~ (g-i-1)!

Therefore, || (2,9 (x) — 2,0 (x)) 'T},H(%‘” ) || < c(p)by 4 41(s, )85

rQ) Q+|x—x,|
Il — ullp(lv)bvv+1(§ F) (T)3K7

r©

In summary ,the estimate ”(? D) — 4y+1(1)(x)) Ty “x )”

s, T(Q)
09

c(p)by,v+16%2 (

2 ))92—“—4” (3.14)

Q1 +dist(x Lyt P

is valid for all 0 < i < g provided that S € L™ [-1,1]

(for i = g it follows from (3.4) (3.13),(3.12),(3.11)].and using
(Auxiliary Lemma(2.9))and the estimate b,, ;(s, I'), we have

IS(x) = Dia (2, 9)lp < c(P)bi (s, 1‘)8‘521“(9)| )923K

Zl<1<n1$”(ﬂ+d15t(xl) »

< ¢(p)bi (s, T)SYT(Q), and (3.5)is proved .
Let us now estimate (3.6). Assume S € L', [-1,1]lando < g < r

we write S (x) = Dy @ (2, 5) = Risiznjeo(Po () — A@)) ()@

- (Zjezl * Ziezz * 21523 * Zjez‘;)((?v @ =7 (x))'fi(x))(@)

IS@ @) = D P, 9)||, =t 01 () + 02(x) + 03(x) + 04 (),

Where
Z,={l1<i<n,jcB,j*v,v+1}
Z,={ill<i<nl¢B,jxv,v+1}
Zz;={il1<jisnj=v+1}
Z,={il<jsn,j=v-1}.

so by (Auxiliary Lemma (2.10)), [loy ()l < c(p)bi (s, T, B)SV@also

re ) Q
Q + dist(x, [-1,1]\B)

Q y+1
dist(x, [—1 1]\B))

)y+1

lloz ()l < (P (s, 18 — (

p

r@ n

Q% ny

(

llos ()l < c(p)bi(s, I)8Y
p
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similarly [l (x)|l,, is completely analogous ,so the prove of this theorem is complete .

4 L, convex approximation by piecewise polynomial

theorem(4.1)
F(Qn(x))

LetS >0,k € Nand I € &%, be given. If S € ¥, ,n A®,issuch that ||S"(x)ll, < c(p)ﬂz—(x),x € [n_q, 0] \{2}]]
4.2)
0<S'(x4)—S'(x—) < Fg“(fi)))ﬂ <jsn-1 (4.3) and
(%]
$"(x) =0,x € [—1,2,_1) U (x4,1] (4.4)

Then there is a polynomial ? € A® N, ¢ = c(p, x, §),such that[|S(x) — P(x)l, < c(p, 885 ()T(Q, (%)), x € [-1,1]
(4.5)

Proof.

Let S, is denote continuous piecewise linear function interpolates S at the points x;,0 < i < mand ; = S, /I; then

S, €A® S, (x) =Sx),x e, U, (4.6)

And, for x € I;,1 < j < n, using Whitney's inequality and (Auxiliary lemma(2.1)) (n"*9(x) < Q,(x) <h; <50,(x) ,x €[
IS(x) = S1(®)lpqy < e(PIuwrz(s, hy Iy

r'(hyp
h?
i

< c(p)hjwr (s’ hy, ;) < e(p)h?lls”llpqy S0 by using [Is”ll, < c(p)
We get ||S(x) — S, (x)llp(,j) < ¢(p)I'(h;), So we have by proposition

(3.1), IS(x) = S; ()l < c(PIT(Qn (), x € [-1,1]) (4.7)

So we can be write S;as
n-—1

S, (%) = Sy (1) + S (-D(x + 1) + Z 5,0,(x),

S =S'y(%;+) — §'4(%; —), note that, by Markov and Whitney -
171, < c(p, Wn?[pll, -

0<8=0i(%) = i) < c® Ny = saall g,
< c(p)h two (s, by, p (L U yq))p
< ey (1"l + 18" o)) + € @IS (2 +) = S (25 -)
<c)'T(h),1<j<n-1.
Now, if P(x) = §; (=1) + §'; (= 1) (x + 1) + T §,F (),

So that P is a polynomial of degree not exceeding cn, and also convex. and using[proposition (3.1) (4.6)and(4.7) ,we only need to
estimate [|S; (x) — P(x)ll,,. Note that the inequality(c7;* (£)Q,(x) < h; < T, (), (x) implies, Forall 1 <j <nandx €
[-11],

T'(hy) < T(eT M (®)Q,(x)) < cﬂ}‘k(x)r‘(n(x)).Hence by(Auxiliary lemma(2.11),(2.18)) , We have
IS (x) =PI, < Z Si|®;(x) — Fi(x)| < c(p) Z F(hi)Sﬁ(x)J;g(x)
j=1 j=1

< c(ESN(Q @) ) 74
i=1

< c(P)8T(Q,(x)), whenG >k + 2.
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