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Abstract. This work deals with introducing a new notion of manifold, that is pseudo manifold building on pseudo topological
vector spaces (which are separated, locally convex, pseudo metrizable, p-paracompact, equable, p-regular and admissible spaces).

INTRODUCTION Pseudo topological vector spaces introduced in 1966 by Frolicher, A. & Walter B [1] also several definitions
have been given of pseudo topological vector spaces [2], [3]. Here we have adopted the definition presented in [4]. We also
adopted the definition of the derivability for the functions defined between these spaces, which were presented in the research [5].
This study deals with how to construct the manifold on the pseudo topological vector space and discusses some issues related to
this construction, as well as opened a wide field for studying partition of unit, which has wide applications in mathematics.
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PRELIMINARIES

Definition 3.1[1]: Let = be vector space over R, a filter in = is a nonempty set & of subsets of =, such that: The empty set is not
belonging to &; if X, € FandX; c X, = X, € Fiand ifX;, X, € § = X;n X, € § . Let F(Z) denote the system of all
filterson =.

Definition 3.2[1]: A filter-basis in = is a nonempty set  of subsets of = that satisfies the conditions: @ ¢ B and, for all B,, B, €
[ there exists B; € B such that B;N B, > Bs.

Definition 3.3[1]:The filter  is said to be generated by a filter-basis B if it consists of all subsets of = containing a set from 3, and
denotedas: §F=[B] ={AS =:B €A, B e} andforany a € Z,[a] isafilter denoted by: [a] = {A € Z: a € A}.

Definition 3.4[1]: A pseudo topology T on = isamap :5 = 2F® m w t(m)If § € 1(m), we say that § converges to m in t
and we write § 1,,, (Or & € t(m))and the next conditions hold for any filters & and p:
(1) [m] lp, where [m] = {p c E,m € p};
(2 &ln . TS p=2pln
@) &lmpln= FNplp.
We simply write & | instead of § 1, .
Definition 3.5[1]: The pseudo topological vector space (briefly, Tpys) can be defined in a natural way. A Ty is a vector space
together with a compatible pseudo topology on it. The pseudo topology is called compatible with the vector space structure if the

—~

+ . -
two maps (£ X £ - EZ,R X £ — E) are continuous.

Definition 3.6[3]: Let (£, 7) be a Tpys and aset A S Z can be call open set if A = int(A). The interior int(A) ofasetA € =
can be denoted as: _int(A) ={m € A: § € t(m) implies A € F}.

Definition 3.7[3]: Let (£, 7) be a Tpys and A S =, then A is closed set if
A=A, A= (CLA)={meE:3pl, &£ and A € p}.

Definition 3.8[2]: Let = a vector space over R. Thenamap ||.||,: Z = R*,x — ||x||, is said to be a pseudo-seminorm (in brief,
PSN ) iff the following properties are satisfied: For each p € N, and forall x,y € Z,

Foralla € R — {0}, |al < 1= |la.xll, < llxllp; llx + yll, < llxll, + [yl

And ||x||, > 0.

Definition 3.9[2]: A pseudo metric space is a set = together with a function

9: £ X £ > R* which is satisfies: Vx, y,z € £

o(x, y) > 0;0(x, y) = d(y, x);and d(x, y) + d(y, 2) = d(x, 2).

Definition 3.10[2]:A pseudo topological vector space = is said to be pseudo-metrizable if its topology induced by the pseudo

metric »:5 X £ > R*:Vx,y € Z,b(x,y) = Y5, 277 111’633" . Such that {]|x|[,,},en is a countable family of pseudo
—Jlip
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seminorms on Z. It is clear that b is a translation invariant. The collection of all open balls: Bf/ (x) = {y €Z:|lx—yll, <
T
%},x € Z,r € N/{0} and p € N, is a base for the pseudo topology of =.

Definition 3.11[1]: Let & be a filter in =. The filter & is said to be equable if ¥ = §, such that # is a filter neighborhood of a
Zero.

Definition 3.12[1]: A Tpys £ is called equable if and only if for each filter & with

& | (3 an equable filter p) p > Fwithp I =, (%, t%) is equable pseudo topological vector space.

Definition 3.13[1]: A Tpys (&, 7) iscalled a separated, If & L,,, Zand & !, Z, thenm =n[i.e.if m #n, then T (m) n
t(n) =4@].
Definition 3.14[1]: A T5ys Z is called admissible if and only if it satisfies the condition: If & | = then, CL(¥) | Z.

Notation 3.15[5]: A separated locally convex and pseudo metrizable Ty is T#,WS if it is equable and admissible space. And from
now on we suppose that =, £, =, ... are always T#ﬁvs.

Definition 3.16[1]:Let (£, 71), (&,, T,) be a T#ﬁvs. The map f: (2}, t,) = (&,,7,) is 1-differentiable at the point a if there exist a
map ¢ € L(Z; Z,) such that the map r defined by f(a + h) = f(a) + £(h) + r(h) is remainder. The map £ € L(Z;; £,) is
uniquely determined, it is then called the derivative of f at the point a, and it is denoted by: £ = f(a).

Definition 3.17[5]:Let (Z;, ;) and (£, T,) beaT*;y5,amap f: 5 — Z, is m-differentiable at a point a, then: D™ f (a) =
D(D™ 1f(a))forallm € N.

Definition 3.18[5]: The map f between Z; and =, is C*(5;, 5,) , smooth map if it is C™(5,, 5,) forallm € N. Define
C*(%,, £,) to be the projective limit of this system, C*(E;, E;)=Nm=o C™(E,, Z,) [F L C*(E,, &) iff F L C™(5,,E,) forallm €
N. C*(5,,5,) € C™&,,5,) € COE,, )]

Definition 3.19[5]: Let =, =, are T#ﬁVS, and let f: 5; — 5, be a bijection map, we say that f is a diffeomorphism if f and f~*are
differentiable of classC*(£;, =,) .

Definition 3.20[5]: Let M be a pseudo topological space. A chart (or coordinate chart) (u, @) in M is called C*chart if « is a
diffeomorphism map of u onto a(u) open subset of some T#,;VS E,

4-Main result:

Definition 4.1: Let (u, a) and (v, B) are two C*charts on M such that u N v # @ then the composite map g o a L:a(v Nv) —
B(u nv) (called transition map from « to B) is a composition of diffeomorphism, and is itself a diffeomorphism.

Definition 4.2: Two C®charts (u, @), (v, 8) of a pseudo manifold are smooth compatible if the two maps:
Bop tipunv) > O8uNv),poh t:(unv)—> @(unwv) are smooth of class C*.

Definition 4.3: Let A = {(u;, a;)}i€ I be a collection of C* charts on M. We call A an atlas of class C*(or € *atlas) if the
following conditions are satisfied:

1- Uigu; = M.

2-  The sets of the form a; (u; Nw;) for i,j € I are all openin Z.

3-  Whenever u; N u; is not empty, the map

a0, a;(u; Nuy) - a;(u; Ny is a Cdiffeomorphism.

Definition 4.4: Two C*atlases A and A, on M are compatible iff every € ®chart of one is compatible with the other € *atlas.
This is equivalent to saying that the union A U A, is still a smooth atlas.

And a C*chart (u, a) is compatible with smooth atlas A = {(ug, @4)qe;} if and only if A U (u, @) is a C*atlas.

Definition 4.5: A smooth atlas .4 on M is maximal if every € “chart that is smoothly compatible with every € chart in A is
already in A.

Definition 4.6: A pseudo manifold of class C* is a pair (M,.A) where M is a pseudo topological manifold and A is a smooth
structure (maximal C*atlas) on M.

Remark 4.7:1f A is some € “atlas for pseudo manifold of class € M, and (U, ¢) is a smooth chart in A, for any , nonempty open
subset, V € U, we get a chart, (V, ¢ /), and it is clear that this € ®chart is compatible with 4. Thus, (V, ¢ /, ) is also a chart
for pseudo manifold of class € M. This observation clarifies that if U is any open subset of a smooth M, then U is also a smooth
whose €*charts are the restrictions of ¢*charts on M to U.

Proposition 4.8: Let M be a pseudo manifold of class C*, and let (u,, a;) be a smooth compatible with (u,, a,) and (u,, a,) is
smooth compatible with (us, a3) ina € atlas A, then (u,, a;) be a smooth compatible with (us, a3) on a; (u; N u, Nus).

Proof: Since (u,, a;) be a smooth compatible with (u,, a,) then the map
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ay o a; rag(uy Nuy) = ay(uy Nuy) is smooth and, since (u,, a,) be a smooth compatible with (ug, a3) then the map

a3 ° a, Lia,(u, Nug) = az(u, Nug) is smooth, and the open set u; N u, N ug is subset of u; N u, and subset of u, N us, and
the map a; o a; ! = (az o ay™1) o (@, © a; 1) is composite smooth maps then its smooth map on a; (u; N u, N us), hence
(uq, a;) be a smooth compatible with (u3, @3) on a; (uy Nu, Nus).

Lemma 4.9: Let A = {(us, s)} be an C*atlas on a pseudo manifold of class € M. If two C*charts (v ,) and (w, @) are both
smooth compatible with the € *atlas, A = {(us, £5)}, then they are smooth compatible with each other.

Proof: Letp € v N w. We need to show that ¢ = 1~ is smooth at 1 (p). Since A = {(us,&s)} isan C* —atlas for M, p €
ug for some 8. Then,p €v N w N ug. By the proposition above, ¢ = P~ 1= (p = & 1) < (§5 = P~)issmoothon (v N
w Nug), hence at Y(p). Since p is an arbitrary point of v N w, this proves that ¢ ° Y ~tis smooth on Y(v N w). Similarly,

Y ° @ lissmoothon ¢ (v N w). Therefore, (v,v) and (w, @) are both smooth compatible.

Proposition 4.10: Let u € M be open set. If a: u — a(u) < £ is a diffeomorphism onto its image, then (u, ) is a smooth chart in
the smooth atlas of pseudo manifold of class C* M.

Proof: Let (ug, a,) be a smooth chart in smooth atlas of M, then a o a,~* and «, o = are smooth maps. Then, (u, a) is smooth
compatible with the smooth atlas. And from maximality of the smooth atlas of M , then the smooth chart (u, @) is in the smooth
atlas of pseudo manifold of class C°M.

Definition 4.11: Let f: M — R is smooth function (or C* differentiable) on M if and only if the composite function f o a™1: v -
R is smooth such that

au—-vCE EisT s
Definition 4.12: Let M and N be pseudo manifold of class € “on a T#zm Z, and =, respectivelyand let F : M — N be amap. If

every point p € M has a neighborhood u such that the restriction Flu is smooth, then F is smooth. Conversely, if F is smooth,
then its restriction to any open subset of M is smooth.

And we can say F is smooth if for every point p € M there exists a smooth chart (u, 8) at p and a smooth chart (v, u) at F (p)
such that F(u) c v and

wo F o0t issmooth map from M into N.

Example 4.13: Any open subset V of a pseudo manifold of class € M is also a pseudo manifold. If {(us, 65)} is a smooth atlas
for M, then {(us NV, Oslusnv) }ser Is @ smooth atlas for V', where 85|, ;ny ¢ us NV — Z denotes the restriction of 65 to the
subsetus N V.

Lemma 4.14: L et M be a pseudo topological manifold.

1-  Every C*atlas for M is contained in a unique maximal C*atlas.
2-  Two C*atlases for a pseudo manifold of class C* M determine the same maximal € “atlas iff their union is a € “atlas.

Proof:1- Let A be a Catlas for M, and let A denote the set of all charts that are smoothly compatible with every chart in A. To
show that A is a

smooth atlas, we need to show that any two charts of A are compatible with
each other, which is to say that for any (u, 8), (v, @) € A,
9o 08 :0(unv) > @(unv)issmooth. Let x = (p) € 8(u N v) be arbitrary.

Because the domains of the charts in A cover M, there is some chart (w, ) € A such that p € w. Since every chartin A4 is
smoothly compatible with (w, ), both the maps 7 o =1 and ¢ o =1 are smooth where they are defined. Since, p Eunv N w, it
follows that @ 0 71 = (@ o m™1) o (mr » 1) is smooth on a neighborhood of x. Thus ¢ o 8~ is smooth in a neighborhood of
each point in (u N v) . Therefore A is a smooth atlas. Now to check that it is maximal, just note that any chart that is smoothly
compatible with every chart in A must be smoothly compatible with every chart in A, so it is already in A. This proves the
existence of a maximal smooth atlas containing A.

If B is any other maximal smooth atlas containing A, each of its charts is smoothly compatible with each chart in A, so B c A. By
maximality of B, B = A.

2- Let, A4, A, two Catlases for a pseudo manifold M,
and let A, U A, be C*atlas, since A, A, € A; U A, then A; U A, is maximal of A, and A, .

The other direct: Suppose A; U A, is C* maximal atlas then every atlas on a pseudo manifold M is contain in A; U A,, from
1 the maximal € atlas is unique then A, , A, are specify the same maximal € *atlas.

Lemma 4.15: Let {(u;, 8;)} is a C*atlas for M. If f: M — Z is a map such that f o 8, "is smooth for each i, then f is also smooth.
Proof: We need to prove that f o 8;~" is smooth for any C*chart (u, 8) on M. It suffices to show it is smooth in a neighborhood of
each
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point x = 6(x,) € 8(u). For any x, € u, there is a chart (u;, 8;) in the atlas whose domain contains x,. Since (u, 8)is smoothly
compatible with (u;, 8;), the transition map 6; o 1 is smooth on its domain of definition, which includes x. Thus f o 871 =
(f 2 6;,7") o (6; » 671) is smooth in a neighborhood of x.

Lemma 4.16: Let M, M,and M, are any three-pseudo manifold of class €. And if the two maps F: M; — M, and G: M, — M,
are smooth maps then, G o F is also smooth map.

Proof: Let (u,8) and (v, 9) be any C* —charts for M, and M, respectively. We need to show that G o IF is smooth map (i.e. 9 o
(G o FF) o 871 is smooth on its domain of definition, namely on 8(u N (G o F)~1(v)).For any point x € u N (G o F)~1(v), there
is a chart (z, u) for M, such that F(x) € z. By smoothness of Fand G we get uoFo 8 1and 9 o Go u~! are smooth on its
domain of definition, and therefore 9o (GoF)o 8 1=(9o0oGou™1) o (uoFoh~1) issmooth.

Lemma 4.17: Let M;, M, be any pseudo manifold of class C*, then the product space M; X M, has smooth structure such that the
projection maps m;: M; X M, - M,, m,: M; X M, - M, are smooth. M; X M, is called the product pseudo manifold of class
c>.

Proof: Let {(w;, 8))ier} {(v), 9)) je; Ybe smooth atlases for a two pseudo manifolds M;, M, respectively. Then {(u; X v})( jyerxs} IS
an open cover of M; X M, and the coordinate smooth map 8; X 9;:u; X v; - 6;(u;) X 9;(v;) define a smooth atlas. The
compatibility and smoothness of structure are verified, hence M, x M, is pseudo manifold of class €.

Definition 4.18: IF: M; — M, is called a local diffeomorphism if every point x € M; has a neighborhood u such that F(w) is open
in M, and F:u — F(u) is a diffeomorphism.

Definition 4.19:Let M, and M, are connected pseudo manifold of class C*, a smooth covering map of class €, p:M; - M, isa
smooth bijective map with the property that every p € M, has a neighborhood u such that each component of p~1(u) is mapped
diffeomorphically on to u by p, we will also say that u is evenly covered. The manifold M, is called the base of the covering, and
M, is called a covering space of M,.

Definition 4.20: Let p: M; — M, is any continuous map, a section of p is a continuous map a: M, — M, such that, p o 0 = Id,,.

Definition 4.21: Let p: M; — M, is any continuous map, a local section is a continuous map ¢: u — M, defined on some open set
u c M, and satisfying the relation p o ¢ = Id,,.

Lemma 4.22: Let p: M; — M, is a smooth covering map. Every point of M;is in the image of a smooth local section of p.For any
y € My, there is a neighborhood u of x = p(y) and a smooth local section o: u — M, such that a(x) = y.

Proof: Let u € M, be an evenly covered neighborhood of x. If v is the component of p~*(u) containing y, then p/,: v — uisa
diffeomorphism (by hypothesis). It follows that ¢ = (p/,,)~1: u = vis a smooth local section of p and such that, o(x) = y.

Proposition 4.23: Suppose p: M; — M, is a covering map of class C® and Mj is any pseudo manifold of class €. A map

F: M, — M, is smooth if and only if F o p: M; = M is smooth:

Proof: The first direction is clear. Suppose conversely that F o p is smooth and let x € M, be arbitrary. By the preceding lemma,
there is a neighborhood u of x and a smooth local section : u — M, so that p o ¢ = Id,,.Then the restriction of F to u satisfies:
F/,=Fold, =Fo(poa)=(Fep)e ag;whichisacomposition of smooth maps. Thus F is smooth on u. Since F is smooth in
a neighborhood of each point, it is smooth.

Lemma 4.24: Let M and N be a pseudo manifold of class C*, and let F: M — N be a any map. If {(u;, 6,)ie;}, {(v;,9,) e, } are
C*atlases for a two pseudo manifolds M, N respectively, and if for each i, j , YjoFo ;" is smooth on its domain of definition,
then F is smooth.

Proof: Let p € M, and let a two C*charts (u;, 6;) , (vj, 9;)from the given atlases, such that p € u; and F(p) € v;. From
smoothness of ¥; o F o 6,7 thesetu = F~'(v;) Nu; is open set in M, and F (u) < v;. Hence the C=charts (u;, 0;]) (v, 9))
satisfy the conditions required in the definition of smoothness.

Proposition 4.25: If M, is a pseudo manifold of class C*and p: M; — M, is any pseudo topological covering map, then M, has a
smooth pseudo manifold structure such that F is a smooth covering map.

Proof: Letp, g € M;- suchthat, p # q . Suppose T (m) N t(n) # @ then there exists a filter f € 7 (m) N 7(n), hence fi,,
and f 1, on M,.. Therefore p(f) 1,my and p () {,¢n) , and since M, is separated then, p(m) = p(n). But p is injective then it is
contradiction. Hence, 7 (m) n 7(n) = @. Thus M;. is separated. Any point p € M, has an evenly covered neighborhood u.
Shrinking u if necessary, we may assume also that it is the domain of a coordinate map 6:u — Z. Letting v be a component of
p~t(w)and 6 = 6o p:1i — Z, itis clear that (i, @) is a chart on M,. If two such charts (i, 8) and (¥, ¢). Overlap, the transition
map can be written g o 871 = (@ o p/unz) ° (O °p Jans) =@ °p Jans © ( P Juns) "L © 8~ 1=¢ o 8~1. Which is smooth. Thus,
the collection of all such charts defines a smooth structure on M.
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