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Abstract.

Many results proved for the direct and inverse approximation theorems in terms of the kth order modulus of smoothness.
Sometimes we need that the approximation have the same geometric properties of the target function. Here we introduce a direct
theorem for co positive approximation in terms of double weights modulus of smoothness and we see that this shape preserving
approximation restricts the order of the modulus of smoothness say one only. In the second result of this paper a strength of the
first result it mean the first result is in terms of w ; (f,8) not w ; ) ) pw-
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1.Introduction

Many direct theorems for functions in L, spaces for O<p < o, were introduced for the approximation by algebraic,
trigonometric, splines, wavelets and neural networks, these theorems in terms of the Kth order ordinary modulus of smoothness
see for example ( (1) (2) (3) (4) (5) (6) (7)(9)

In(8)
K. A. Kopotun introduced the double weights modulus of smoothness, and he defined it as:
If r € N, The weighted modulus of smoothness is defined by

w(f,(f, t)p,w = Oi]illpgt Il Afl(p(.) (f:-)”p,w ------ (1)
where @(x) == +v1 —x2.

The approximation in the papers ( (1) (2) (3) (4) (5) (6) (7) (9) ) is unconstrained. But we sometimes need that approximation have
the same geometric properties of the target function such as positivity monotonicity and convexity. Here we introduce direct
theorem for the co positive approximation for functions in L, spaces for 0 < p <1, using algebraic polynomials and in terms of the

double weighted modulus of smoothness. We see that the positivity constrain restricts the order of the modulus of smoothness to 1,
that we prove in the first result and we strength it in the second theorem.

approximation.
y €Y is best approximationto x € X if
lIx = yll =2 lIx—gll ¥
Co positive.
the two functions f and g are called co positive if f. g > 0.

The degree of co positive approximation by algebraic polynomial by algebraic polynomial of degree < n is of functions in Lp,w (1)
is,

inf
E? = -
Mo = e pnn qaynao I Pl

Where A° is the set of all piecewise positive functions.
(L pw) space.[9]
the space of all function that is || f||,,,, < oo, define

If lpw (D = ([ If @IP ww)du ) %, 0<pP<1 @)
Doubling constant of the weight w.[9]
let w be the doubling weight if there is a counstant L such that
Jw@du S L [ w@)du. (4)
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S.N. Bernstein inequality. In mathematical analysis, Bernstein's inequality states that on the complex plane, within the disk of
radius 1, the degree of a polynomial times the maximum value of a polynomial is an upper bound for the similar maximum of its
derivative. Taking the k-th derivative of the theorem,

na (P @D < - e (P @D (5)
2.Auxiliary Results
In this section we introduce the results that we need for the proof of our main theorem.
Lemma 2.1.[1]
For odd monotone increasing q,, , we have
Isgn (x) — g ()| < C3Inx|™3, x € [-1,0) U (0,1], (€
[sgn(x) —g,(x)| <1, —-1<x<1.

Lemma 2.2.

There exist a constant C(p) with the following property for f€ L,[—1,1]be a piecewise monotone function with d > 1 changes of
monotonicity in all , one of which is at zero where f has a zero . define

frN f(x) ,x=0
ﬂ@_{#&),x<0

And suppose that for same n > 1 and some €= w, (", 2)p,w there exists a polynomial p,, € I, comonotone with f such that
I = pall,, <%, @
If" = Pl <=
Then there exists a polynomial p,,, € I1,,. Comonotone with f satisfying
Uf = Panllpw <C =0 NIF = P ppllpw < Ce (3)
Proof.

f has one less change of monotonicity than f . Also for 0 <|x|< X k=1

If' ()| < CUAE(f'). (4)
Since f7(0) = 0 and since f(0) = 0.

IFeoll,,, <% wo(fd )

we follow Devore [5, pp.908 — 909]in constructing for each n > 1 the approximation to sgn(x),

pw’

X
a0 = ¢ [y d,
0

where m is the largest odd integer so that q,, € I1,, and C is chosen so that q,,(1) = 1.gq, is odd ,monotone increasing then using
lemma 2.1 ,we have

Isgn(x) — q.(x)| < Clnx|™ , x € [-1,0) U (0,1] (6)
[sgn(x) — ¢g,(x)| <1 ,-1<x<1
Sincef(0) = 0 we may assume p,,(0) = 0 replacing € by 2¢ in the first inequality of (1).Define

X

Pon(x) = J-p’n(x) qn(x)dt . then p,, is comonotone with f .also
0

fG) = pan(x) = f[f'(t) —p',(t) dt] sgn(t)dt +fp'n(t)[59n(t) — qu(D)]dt
0 0

letn =99 [f 0 < |x| <L i=>1,thenusing (2),(4),(6)and that
£'(0) = 0 ,we have
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i—1 (k+1)n

[ f ', (Osgn(t) — g, (Ddtldt]| < Z| f ' (®O[sgn (&) = g, ()]
0 pw k=0 " kn
fom (1) |1 #', [sgn(0) = qu (e}l <15 f'lsgn(®) — qu(®dt]]

X
< J. Aln~3x|dt]|
0 w
< %[wqp(f'.% o T s] + Lyt e Do (f, 2)pw +C] Csk ™3

<C4€
=

Lemma 2. 3.
Let f € Lp[a, b] be piecewise monotone (change monotonicity r time,
0 < r < ) in [—1,1], then for each n = 1 there is a polynomial p,,
co monotone with f such that .

IFOG = p@,1l |, < oIt ag(F2), =01 )
C(r) is an absolute constant independent of f and n, and independent on r
Proof.
For small n, say n < n(p) the theorem is trivial since if

f'(@) =0,since |f(x) = f(a)] < f'()]x — al.

So [If () = f@llpw < [IGx — @) llow < € w0y (f, Dpw < C 5wy (f, o

We prove the theorem for large n by induction on s the number of changes of monotonicity. We consider the proposition that there
exist constant C(s) and N(s),such that for any piecewise monotone function f € Lp[—1,1] with S = 0changes of
monotonicity, such that f’ has zerosin[-1,1] ( this assumption is needed only when S=0 ),and anyn > N(s), there
exists a p,, € II,, comonotone with f satisfying

ifi=0 f = pall pw < c(P)3 wp (f', Dpw C))
ifi=1 IF" =0l o w < c@wy ()3

The proposition is true for S=0 as can be seen by using the following construction of Devore [3, p.341] Assume without loss of
generality that f vanishes at one of the zeros of f'(subtract a constant from f and add it

pw

to the approximation if necessary ) ,and extend f by linear functions to [—3,3]
Preserving the modulus of continuity of f'. Note that

max{ If s, I1f li-s1} < Cs n @y (f7,5), and define

M, 0= [2 2, (x = OF (©)dt + anx.

where {1, }is a suituble sequence of positive polynomial kernels (see Devore [3]) with.f_:/ln(t)dt: 1.f_44/1n(t)t2dt=
0(n~2) and || Ayl pw = O(n™?) , then
2
M) = [ 2= OF Ot + Ay e + DF(-2) = 2o = DF @) +
-2
where

;1
‘n

12 Cx + 2)f(=2) = A(x = 2)f (D) lpw < Cen™" wy (f

It is clear that A,, (f)will have the same constant monotonicity as f , and the desired approximation properties, provided an is
properly chosen from iCsn‘lw,p (f’,%)p,w .

) —1<x<1.
pw

Assuming now that the properties is true for s-1 , we will prove it for s. Given f with s> 1 changes f monotonicity extended its
definition to [-3,3]as before , since f has at least one turning point f’'(a) =0 for some —1 < a < 1 working with the
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interval, I, of length 4 centered at a (obviously I < [—3,3])we see that a change of variable y = %(x — a) yields a functiong (x) =
f(x)defined for—1 < y1 that has a turning point at zero and w(g’, §) < 4w (f’', 5).

we assume w.l.o.g.that g(0) = 0and flip g at zero at get §. Note that w(g,6) < 2w(g’, §)and that § has s — 1 changes of
monotonicity. Using the lemma and the inductive hypothesis there exist a sequence{h,},_,ys-1) Of comonotone approximations
to g . Inverting the change of variable the sequence {p, (x)}, p,(x) = h, (y) verifies the proposition for s.

3- The Main Results

Here let us introduce our main theorems. In the first theorem we see that the positivity constrain restrict very much the order of the
modulus of smoothness. It mean one only.

Theorem3.1.

There exists an absolute constant C = C(r) such that for every f € [—1,1] which alternates in sign r times in[-1,1],0 < r <
o, and eachn > 1,

E,(f) £ Cw (f,%), 1

when f is differentiable we expect to get higher order Jackson estimates. fchanges sign at-1 <y < 1if f(y) = 0 and if for
somee > 0, f(x)f(y) <Oforally —e <x; <y <x, <y+ e Suchayis called an alternation point of f. If f is continuously
differentiable, then either f'(y) = 0 or f'(y) # 0. In the latter case we will say that y is a point of proper alternation. Our
estimates will depend on the location of the points of proper alternation. How large n should be will depend on f.

By setting f(x) = fxg, whereupon f is piecewise monotone and p’, is copositive with f.

In our second theorem we strength our first theorem and show that theorem 3.1 cannot be proved in terms of w,(f,n™Dpw .

Theorem3.2.

Foranyn = 4,a > 0ad any 0 < p < 1,there existaset f EA° N L pw Such that any polynomial p,, €A N[, satisfies
I1f = Pallpw > AW, (f,n D) )

Proof.

Let y, = {0}. For each n>4, A>0. Let us choose 0<b<1 from the condition

= A
Where C is nonnegative constant.
Put
=
Let p, € [[,N A® thatis p* (x) = 0,x € [0,1]
Put
Sa(x) = (x* = b?)?,
and put
My = pn — Sp.
Since p’, (0) = 0, then
M 5, (0) +5"4(0) = P (0) 2 0, ©))
and
Sa(x) = (x* = b?)?
Sa(x) = 4x(x? — b?).
S.(X) = 8x + 4(x? — b?)
$,(0) = 4(0)(2.0) + (0> — b?).4
S,(0) = —4b2.
and

M',(0) > -5",(0) = 4b>.
Let us make use of S.N. Bernstein inequality to obtain
4b? < M, (0) < n?*P |M,(x)|

x€l
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Whence
4b* < n? 708 M, (x)|
4b* < n? 78 |p,(x) — Su(X)|

4b%  sup
| pn(x) — S4(x)]

— <
nz " xel
< Sup S.
< el [pn(x) = fF(x) + f(x) — S4(x)]
< S |, () — FEOL + 52 IF () = S, (0)]

2
2 = |, (x) — ()| + b*

TLZ
So Zlpn = Fllpw = 52 |pa) = F @)
4b?
=z~ b*.
On the other hand
1
ws(f,n™1) <27 C(p) nwy(f',n ") )

1
=20 C(p) n™'wy(f' — Si,n7H)

<8CIn7If' — Sill
6 3

3V3
< C(p)2*b*n?

1

< C(p). n-

Hence

4.2
Hf_pn”p,w < ﬁ_b
Wz(f'n_l)p,w - C(P) 23b3
=A

Conclusions

The positivity of approximation like the target function restrict the degree of positive approximation in terms of w q', (f,6)p0 and
coin not replaced by w ; (f 8)p -
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