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ABSTRACT

In the present article, by means of a process of suitable changes in the raised system we obtain a problem of non-homogeneous
Cauchy Abstract and applying the theory of linear semigroups we obtain the existence and uniqueness of solution to the problem.
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INTRODUCTION

The term dissipative in an equation, serve to ensure that the energy associated with the equation has an asymptotic or polynomial
behavior and makes sense the problem otherwise it can have explosion in a certain time.

Thus, in 1990, E. Zuazua, studied the equation of semilinear wave with localized dissipation in, bounded domain, where you have
the "local dissipative term™ and the semilinear term, expressed in [31]Q < R"a(x)u.f (u)

Uy —Au+au+ flu) +ax)u, =0, in Qx(0,+x)

u(0) = u, , o u(0) =uy in Q

u=0 over I' X (0,+)
Where w is a border vicinity of Q c, R - n. With these mentioned conditions it is proved that the problem is well placed in space,
that is, for initial data Q c R™HZ(Q) x L2(Q),
{uo, u,} € H3 (Q) x L?(Q), there is only one weak solution in the class,

u € C([0,+0); HE () N H2(Q)) n ([0, +0); L2(Q))

Many authors work with local damping, see [3, 6, 10, 11, 12, 13, 14] and [15]

The wave equations describe particle propagation. From a mathematical point of view the wave equation is the exact opposite of
that of heat because it is a reversible system in time, conservative, devoid of regularizing effects and in which the speed of
propagation is finite. They are applied to quantum mechanics (the Schrédinger equation, which represents the motion of microscopic
particles, making a role analogous to Newton's second law in classical mechanics), physics (elasticity problems) and engineering
(vibrations of structures, construction of bridges), among others, as described in the following figure.

Figure 1. Akashi Kaikyo Bridge, Japan Figure 2. Structure of optical crystals via optical diffraction.
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The local dissipative term a(x)u: in the proposed system causes the solution of the system to have an asymptotic behavior, that is, it
decays exponentially when t tends to infinity and as a consequence the posed problem makes sense. The terms semilinear f(u) and
au determine some more irregularities that affect the propagation of waves.

We study, one of its many problems proposed in the article by E. Zuazua [17], "Semilinear wave equation with local damping",
given by

Uy — Au + f gt —Ddivia(x)Vu(@)}dr=f , in Qx(0,+x)
0

u=20 , over T x (0, +)
u(x! 0) = uO(x) ’ ut(xf 0) = ul(x) ) ln Q

considering a real function of vector variable, that is, open and bounded, and with the hypotheses a(x)a: Q@ — R, Q c R"
(H) a€el¥(Q), alx)=ay, >0, c.s.en wcf, w isanopenneighborhood of T = 9Q.

(Hy)) f(s)s=0, Vse R.

(H;) f € C'(R), satisfying the condition of growth, given in (1).

(H,) f isglobally Lipschitziana, i.e. f' € L*(R).

With these hypotheses the problem is well placed in space, that is, for any initial data and for, there is a single classical or
regular solution in space. (02)H2(2) x L?(2) (uy,uy) € HL(Q) x H?(Q) X L2(12)

(03) wueC([0,T]; HL(2)) n C*([0, T]; HE(2) x H2(2)) n C%([0, T]; L*(2))

_ 1 ou _
H*(.Q)—{ueH(.Q)/u+av—0,over1"}

That we will solve using the theory of linear semigroups.
The energy associated with the system (0.1), is formally given by

E(t) = %{f[lut(x, )| + |Vu(x, t)|?]dx + 2 f F(u(x,t))dx +

Q Q

flu(x, t)IzdF}
r

where

F(s) = flf(t)ldt , VSER
0

It is shown that,
E(t) <CE(0)e ", Vt>0, y>0

For information on Sobolev spaces see [1, 2, 5], and on the theory of linear semigroups see [7, 8, 9].

1. Abstract Semilinear Problem
Consider the abstract initial value problem given by,

Z—I; =Au(®) + F(u(t)); t>0 (1.3)
u(0) = ugy,uy € D(A)

where is the generator of a contraction semigroup over a Banach space and a continuous function AH F:H —» H
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Definition 1
We will say that it is a classical or strong solution of the initial value problem (1.8) if
u € C'([0,T]; H) n C([0,T]; D(A)).

As F:H — H is continuous, integrating from 0 to t you have
t

u(t) =Suy + f S(t —s)F(u(s))ds

0

Definition 2

that an application is locally Lipschitzian, if for every positive constant there exists a constantthat F:H - H M Ly,
|F(w) = F(v)| < Lylu —vl

For everything, suchthatu,v € H [u|<M y |v|<M

Motto 3
T>0 and uy € H.Si u,veC([0,T];H) aretwo solutions of (1.9), thenu = v
Demo. As and are two solutions of (1.4) thenuu

u(t) = S@uy + f S(t —s)F(u(s))ds
0

t

v(t) = S)uy + fS(t —S)F(v(s))ds
0
Later

t

lu(t) — v(D)| = jS(t =) (F(u(s)) - F(v(s))) ds

0

< fIS(t - s)I|F(u(s)) - F(v(s))|ds
0

t
<Ly | lu(s) —v(s)|ds
J

and by Gronwall's inequality we get u = v.

Theorem 5
u is a maximal solution of, then(1.3)
Tmax = +0 0 Tpgx < +00 and
lim |u(t)| = +oo

t=>tmax

In the first case, we will say that it is a global solution and in the second case, we will say that the solution explodes in finite time.
Demo. See Pefia Miranda C. [14].
2. Existence and uniqueness of the regular solution

En este capitulo estudiaremos la existencia y unicidad de la solucidn regular de la ecuacién (02) con las hipétesis Q < R™ abierto
limitado y bien regular (H1) — (H4) y datos iniciales (uq,u;) € Q

HY(Q) N H*(Q) x H'(Q)
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2.1 Existence and uniqueness

Theorem 6

Let (ug,uy) € Q c R™ that check the conditions Then there is a single solution (0.2) — (0.5).
u: [0, Tl @ R tal que

u € C([0, Trax [ H2(Q)) N C([0, Trnax [ H1(Q)) N C2([0, Ty [; L2 (Q))

Demonstration

Existence of the regular solution

Be the system

(u” —Mu+fw+ax)u,=0en Q= QX (0;+)
Ju
%+u=0 sobre Z=FX(O;+00)

| u(x,0) = uy(x,0) € H ()
u(x,0) = u; € L2(Q)

Do v=u;
ut =7V
{vt =uy =Au— f(u) —al)u;

Cﬁf) = () + (—f(u) . a(x)v)
Cﬁf) = (2 é) () + (—f(u) 0 a(x)v)
Cﬁf) + (_OA _01) ()= (—f(u) 0 a(x)v)

Then you have the initial value problem

U +AU =F
UQ) =U,
where

a=(5 ) o= (L‘EB’%) = (i) F) = (—f(u)(ia(x)v)
Be X =HY(Q) xL*(Q)

AX—X . A isalinear operator

where U = (’;) EXZueH'(Q),u =v e L2Q)

-V

AU = (—Au

) €X= v e HY(Q),AU € [*(Q),u € H3(Q)

D(4) = {(u,v) € H2(Q) N HA(Q) x HY(Q): u + g—: =0 in aa}

Let's define the internal product in X

u U,
(Ul’ UZ)X = J(Vul.vuz + vlvz)dx + Juluzdr; U1 = (vi), U2 = (vz) EX
Q Q
Statement 1: A it is monotonous

Indeed
It must be shown that (AU,U) =0, VU € D(A)

(AU, )y = f(—Vv. Vu — vAu)dx + J-(—v)udl"
Q r

ou
= f(—Vv. Vu + Vv.Vu)dx —J-vadl" —J-vudl",(by Green)
Q r r
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Ju
J-(—Vv. Vu + Vv.Vu)dx — J- v <u + —> dar
Q

v
J-de —fv.OdF

Q r

r

=0=>0 ,UeD(A +6u_0
=0> ) )'u 5 =

~ A is monotonous

Statement 2: A itis maximal in D(A) = D(I + A)

Indeed

That is, it must be shown that

VFEX=H'(Q) XL*(Q) ,3UeD(+A) JU+AU=F

4= (—OA _01)'(““4) = (—IA _11)
a+av ="y 6= Chutw)

()
then

(I+AU=F

| u—v=f€H(Q)
—AMu+v=g€L*(Q)

Addend

u—Au=(f +g) € L2(Q)

let's apply Lax—Milgram's theorem

It is also maximal if it satisfies that: A

a)a(.,.) is bilinear
b)a(.,.) iscoercive
then

let's define the bilinear function
a:H3(Q) x H3(Q) » R,u,v € H(Q)

a(u,v) = (u— My, v)2¢q) = W, v) + (—Au,v) — (W, V)2

= juvdx + J(—vAu)dx —fuvd]"
Q

Q r

0
= fuvdx + fVqudx - fv—udF —fuvdl’ (por Green)

ov
Q Q an r

0
= fuvdx+fVqudx—fv(u+£)dF
Q Q

r

= fuvdx + fVqudx —fv.OdI“

Q Q r

= f uvdx + f VuVvdx
Q Q
~ a(u,v) eshilineal

Affirmation 3: a(.,.) itiscoercive
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We must show that |a(u, )| = cllullf g, , Vu € Hj(Q)

Indeed

a(u,u) = fu.udx—fVu.udx — J-uudl“

Q Q Q
Ju
= J-uzdx+f(Vu)2—fu%dF—J-uudF
Q Q Q r

du
= fuzdx+f(Vu)2—J-u<u+£>dF
Q Q Q
= fuzdx+f|Vu|2 - fu.OdF
Q

Q Q

= flulzdx + fqulde
Q Q

= ”u”?{l(g_)

“law] 2 ullag,

«~ A is maximal

Uniqueness of the regular solution

Let us consider and two solutions of the equation and let, then uv(02)w =u — v
W —Aw+ f(w) — fw) +alx)w, =0 in Q =Q x(0,+x)

{ w(0) = w;(0) over % =T X (0, +0)

{th —Aw+alw+ f(w) —fw) +alx)w, =0
w(0) =w;(0) =0

Multiplying this equation by w, and integrating on R™ it has

8 [l ar 5 [ 1wl dx+ [wwdr + & [5G foaz =~ [[acomwila

>t we|* dx >t w| dx ww, It fw) - f(v))dx = > a(x)|we|® dx
Q Q r Q Q

g w5 o [1vwi ax + 2 [0 - fonax + [wi%ar = =2 [ a@lwe a

>t we|* dx P w| dx T fw) - f(v))dx > w =3 a(x)|we| dx
Q Q Q r Q

g w55 [1vwax+ [wi%al =2 [0 - ronax = [a@iwl?d

>t we|* dx P w| dx > w =7 fw) — f(w))dx 5 a(x)|we|* dx
Q Q r Q Q

d
a('wtliz(mn) + |W|52(Rn)) < flf(u) — f)|Iweldx + |a|oo|Wt|iz(]R")
Q

2.2. Prolongation of the regular solution

Here we will obtain the overall solution of the problem, applying the theorem. (02)(1.4.22)
Multiplying the equation by and integrating over, we obtain(02) u, Q

(uee — Au+ f(w) + a(x)ug ue)

= (Uer, ue) + (=0, u) + (F (W), up) + (@()ug,u) =0 ()

Developing (—Au,u;)

By Green

(—Au,u,) = f(—Auut)dx = f VuVu,dx — f ”t%dr
Q

Q r
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Developing  (f (w), u,)

(f(w),uy) = ff(u)ut(x, t)dx = fF’(u(x, t)) uy(x, £)dx
Q

Q
d
= E[ F(u(x, t))dx
Q
Replacing in (*)

d—udF + iJ-F(u(x, t))dx + (a(x)ugu) =0

, VuVu,.dx —
(e, Up) +f uVu,dx fut I T
Q Q

r

(e up) + fVuVutdx —fut
r

du d
—dl' + —fF(u(x, t))dx + (a(x)usu) =0
Q Q

dv dt
1df| |2 d +1df|v 12d +f dr+dfF( t))dx = 1[( lu |2 d
g | [wel®dx + 5 u|® dx Uy, T u(x, x=-5 a(x)|u.l*dx
Q Q r Q Q

= —fa(x)lutlzdx

Q

4 fllu Izdx+lf|Vu|2dx+ fF(u(x t))dx+1f|u|2d1“
def) 2 2 ’ 2
Q Q Q r
We define energy E(t) by
1 1 10
E(®) szlutlz dx +§f|Vu|2dx + jF(u(x. t))dx +Ej|u| dr
Q Q Q r

Then integrating from t; a t,

t2

f%(E(t)) = —I!a(x)lutl2 dx dt

E(ty) — E(t)) = — f f () lugl? dx dt
£ Q

whether t, =T and t; =0

E(T) —E(0) = — a()|u?dxdt <0
/]

Then

E(T) < E(0)

This is

E(t) has adecrease whent — +oo
We can then say that

E) = E(t),vt=0
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