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Abstract: In the present paper realization new classes
W) (a,B,h) and Fl(a’,B’, h)of bi - univalent functions
defined in the open unit disk U and its inverse g = f~1
satisfying the conditions that with quasi - subordination is
defined on the first two Taylor - Maclaunin series
coefficients |a,| and|as| for functions in the new
subclasses are determined . Several special consequences of
the results are also indicated.
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1-Introduction:

Let H be class of analytic functions f defined in an open
unit disk U = {z: z € C and |z| < 1} and normalized by the
conditions £(0) =0, f'(0) =1 in U. An analytic function
f € H has Taylor series expansion of the form :

f(2) = z + ¥, azt (z€U).
(1.2)

Further , let A symbol the class of all functions in H
consisting of form ( 1.1 ) which are univalent functions in U.
For two analytic functions f and @, the function f is said to
be subordinate to @ in U and written as f(z) < @ (z), if
there exists a Shwarz function w be analytic such that
f(z) = ®(w(z)) with w(0) = 0 and |w(2)| <1,(z€
U).

The Koebe - One - Quarter Theorem [11] ensures that the
image of U under every univalent function f € A contains a

disk of radius i

Thus every univalent function f has an inverse [~ is
satisfying ([3] and [14]):

@) =2,(z€0),

and

FUFIw) =w,(Awl < 1 ()10 () =7),
where

gw) = f7'w) =w — a;w? + (2a3 — az )w® — (5a3 —
S5a,a; + al))w*+...,(weU). (1.2)
A function f € H is said to be bi-univalent in U if both f

and f~1 are univalent in U. Let 2 denote the class of bi-
univalent functions defined in U.

In the year 1970, [25] proposed the notion of
quasi - subordination for the first time. The function f is
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said to be quasi - subordinate to in U for two analytic
functions f and @ and is expressed as

f(2) <4 ® (2),(z € V),

if there exists analytic functions in U , 9(z) and w(z) ,
w(0) =0 such that |[9(2)| <1, |lw(z)| <1 and f (2) =
9(z)Pd(w(z)) ,forall ze U . If 9(z) =1, then f (2) =
®(w(z)), so that f(z) < ® (2)in U. Also notice that if
w(z) =z, then f (z) = 9(z) ®(z)and it is said that f is
majorized by @ and written f (z) « @ (z) in U (see [11]) .
Hence it is obvious that quasi — subordination is a
generalization of  subordination as well as
majorization ([4,26 ,25, 27]) .

In the sequel , it assumed that @ is analytic in U satisfying
®(0) = 1,&'(0) > 0 such that a function has Taylor a
series expansion of the form:

® () =1+ Z G2 (¢, >0)  (13)

j=2

and
9(z) = Ky + Kyz + K, 2% + -+, (1.4)

which analytic and bounded in U. However , there
are only a few works determining the general coefficient
bounds |a,|and |as|

([1,2,5,6,7,8,9,12,13,15,16,28,29,30,31,32]) for the analytic
bi- univalent functions in the literature . ([8,9,10,11]) Ma
and Minda [18] defined a class of starlike and convex
functions for quantities Z;:TS) and 1+ % is subordinate
to a more general superordinate function and using the
method of subordination , and studied a class S*(®) which
is defined by
zf' (2)

S*(@) = {f eH: L2<0 ()¢ U},

and

* _ . Zf” (z)
G (<p)_{feH.1+ e <cz>(z),zeu}.
The functions in the classes S*(®) and G*(®) are known as
starlike of Ma — Minda type and convex of Ma - Minda
type, respectively. $*5(®) and G*;(®) designate bi - starlike
and bi - convex functions f is bi - starlike and bi - convex
of Ma — Minda type, respectively [18].
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Lewin [17] explored the class 2 of bi - univalent functions in
1967 and determined the constraint for the second coefficient
a,. Brannan and Taha [9] studied subclasses of bi -
univalent functions that are analogous to the well-known
subclasses of univalent functions, which include starlike,
highly starlike, and convex functions. They developed the
bi-starlike function and bi-convex function classes, and
derived non-sharp estimates for the first two Taylor -
Maclaurin coefficients |a,| and |as|. Ali et al. [3], Deniz
[10], Peng et al. [23], Ramchandran et al.[24],
Murugusundaramoorthy et al.[20] and others have recently
created and analyzed Ma- Minda type subclasses of the bi -
univalent function class 2. Several writers, notably ([14],
[19]), have produced further generalizations of the Ma -
Minda type subclasses of class 2 by using quasi —
subordination. Motivated by our work on quasi-
subordination in [22], we develop and investigate several
new subclasses of class 2.

Let h(z) be analytic in U with h(z)
9(2) = Ao+ A1z + Ayz% + 5

= 1land

(Ig(x)| <1,z€0) (1.5)
h(z) =1+ By + Bz + By3% + -+;
(By>0). (1.6)

Oshah and Darus [21] defined the following generalized
derivative operator:

M 0af (2)
s i [{’(1 + A+ )k —1)) + d]’" .
=2z Z
| 1+ 2,0k-1)+d
where f(z) € A, A, 21, 20,£=0and £+d > 0.
Definition 1.1. If f € 2, then f € W (a,5,h) @ = 0,0 <
B < 1) if the following quasi-subordination hold:

< (M7 e df(z))
(MT 200 (Z))

’
s(MI 2y eaf @)
Mﬂ'lz'e'df(z)

-2 ﬁ>+(6¥ﬁ—1)2

mm f
q2p? Latat /@) <4 (h(z) - 1),
[(M _ 20[[;) + (af —
(Mll,lz,t’,dg (w))
!
2 w(Mﬁ'lz_g,dg(w)) 2p2 Mﬂ'lz'&d‘g(w)
D) — " —a’p -
Mll,lz.t’.dg(w) w

1<, (h(w)—1).

Definition 1.2. If f € 23, then f € F!(a’,', h) if
the following quasi — subordination hold

(@ >1p=0123..)

(M 20af @)
z

(a'B' +1) +a' B a(M s, af () +

—a’ﬁ’Mﬂ,Az,e,df(z)
3z

- 1<, (h(z) - 1),
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(alﬁl + 1) W(Mll‘l;;idf(W))
+ /B0 (M 4, paf ()"
+ —a'B' M7 5, 0.af (W)
w
- 1<, (h(w) - 1).

Lemmal.3[3]. Ifp € P, then |p;| £ 2 for each i, where
P is the family of all functions p , analytic in U, for which
Re(p(z)) > 0,wherep(z) = 1 + pz+ p3% +

p32° +...,for z € U.

2. Main Results:

Theorem 2.1. If f € W (a,B,h) (@ =00<p<1),
then

[49|By1

[€(1+(/11+lz)(k 1))+d]
#(1+22 (k—1))+d

|a,| < min

\/ZIIXﬁI

8|3-2ap)|

|4o|(B1+|B2—B1l)

[z(1+(,11+,12)(k 1))+d]
(1+2(k-1))+d

(2.1)

and
las|
< i [141] + 1441]1B,
_mmi (1+ (4 + 2)(k 1))+dm2
¢ 1T Ag)UK —
k|az'82_|_2a"8-|-8| H €(1+12(k—1))+d ] ]
. |4|2B2(c? + d?) :

o1+ Wy + 1)k — 1) + d]m' ’
2(1+2,(k—1))+d
[1A;] + |A;]1B;

He(1 + A+ )0k - 1)+ d""]
2(1+2,(k—1))+d

2|3 — 2ap|? H

|a?B?% + 2ap + 8|

\

14ol(B, + 1B, — B, ) L
(14 4 + )k — 1)+ d]m
(1+2,(k—1))+d J

[2ap| [
(2.2)

Proof :
Let f € W (a, B, h), there exist the Schwarz functions
R(z),3(z) with

R(z) =15+ Xj2, 650, (z€U )

3@ =diz+ ) dzl,  (ZEU )

j=2
R(0) = 3(0) = 0and |[R(z)| < 1,|3(w|) < landan
analytic function g(z) such that
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Kz (M 100t @) w)
(M/{faz,adf (Z))’

+ (af — 1)2 2 (Mlnf,az,f,af(z))
M/{?‘/lz.{’,df(z)
- azﬁZM 1
z

=g@"(R@)-1) (23)
Kw(Mf;gz,{ﬂf(w))" o ﬁ>

(M/{T,/lz,{’,df (w ))
+ (@ — 1)? w (M s, eaf (W)
Mﬂ,az,e,df (w)
m
—a2p? M3 2y 0.af (W) 1
w

=gw)h@Sw))—-1). (24
Define the functions

1+ R(z)
PO =g = astast e @9
1+3
qlw) = % =dyw + dyw? + - (2.6)
or equivalently
p(z)—1 1 1\ ,
R(z) = p(D) +1 = E[Clz + (cz —?)z + ]
2.7)
o~ qu)—-1 1 d,
&)=+ 1 2[d1w+ (dz _7)“’2 * ]
(2.8)

Itis clear that p(z), q(w) are analytic and have positive real
parts in U. In view of (2.3), (2.4), (2.7) and (2.8) clearly

[(Z(M)T,Az,&df(z))” - 20(3)

(M4, 0af (2))
+ (af — 1)? Z(MAT.Az,f,df(Z))
Mﬂ.lz,f,df(z)
_grge e @
Z

_ p(z) —1
=¢(2) (h (p(z) ¥ 1) - 1)

(2.9)
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[(W(Mﬁﬁsz ) e >

(M5, paf (W)
—1)2 W(M/{;I,/lz,t’,df (w ))
+ (af - 1) Mo f ()

5y M apeaf (W)
—a ﬁ Tyt 7
w

qw) -1
- o (n (o) 1)

(2.10)

-1

where f(z) and g(w) as given in (1.1) and (1.2)
respectively.
(z(w?,az,e,df(z))’ o B)
(Mﬂ,az,e,df (Z))
EMhi0af @) o g0 Miiseal (@)
M4, .0af () b4

+ (ap - 1)?

-1
o 2(1+ A+ )k — 1) +d]"
=G Zaﬁ)[ e(1+,(k—1) +d ] 2%
+ [(a?B? — 4ap + 8)a;

+ (—a?p? - 2ap

oo [P A+ A (Kk — D) + d]’" ,
S)QZ][ QA+ nk-1)+d | ° 7
(2.11)
(z(MiT.Az.e,df(z))" e ﬁ>
(M)Zl,lz,f’,df (Z))’

2 Z(M/{;l,/lz,{’,df (Z))’  2p2 Mﬁaz,e,df (2)
+(af-1) M5, eaf (2) «h z }
-1
_ 2(1+ (A + )k — 1) +d]"
_—(3—2043)[ e(1+LKk—-D)+d ] 2
+ [(a?B? — 6ap + 5)a3
+ (—a?p? + 4af

A+ Ay + )k — D) +d]"
~8)as] [ 1+ ,(k—1)+d ] N
(2.12)
Using (2.5) and (2.6) together with (1.5) and (1.6)
p(z)—1
#(2) <h (p(z) ¥ 1) - 1)
= %A()Blclz
1 1 c?
+ [EAlBlcl + EAOBl (Cz + 7)
AoByc?]

4 28 ]z

(2.13)
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qlw) —1
g“”)(h(quv>+1>"1)
= %AOBldlz

1 1 d?
+ [5,4113’1511 +540By <d2 + 7)
AyB,d?
Al
(2.14)
From (2.9) we get (2.11) equal (2.13)
2(1+ (A + )k — 1) +d]"
(3_20‘3)[ 1+ Lk—-D)+d ] 2
1
=~ 4oBicy (2.15)
[(@?B? — 4af + 8)a,
+ (—a?B? - 2ap
_sa] [{’(1 + (N + )k — 1)) + d]’"
S e +aa(k D) +d
1A B 1A B a
2 161 + 2 1 <Cz 2 )
AyB,c?
T (2.16)
Similarly, (2.10) we get (2.12) equal (2.14)
L1+ + )k — 1) +d]"
G _2“’3)[ 1+ (k—1) +d ] 2
= %AOBldl (2.17)
[(a?B? — 6af + 5)a3
+ (—a?B? + 4ap
(1+ (A + )k — 1) +d]"
~8)as] [ 1+ h(k—1) +d ]

1 1 42
= EAOBldl + EAoBl dz +—=

2
AyB;d?
T (2.18)
4
From (2.15) and (2.17), we find
Cl = _d1 (2.19)
ﬁ: A3BE(E + dB)

21+ + )k —D)+d]"T
8(3_2“3)2” A+ Lk-D)+d H

(2.20)
Adding (2.16), (2.18), we get

2 2A0B;(c; + dy) + Ag(B, — By)(cf + d7)

a; m
1+ +2)(k—1) +d
~16af [ A+ L,k—-D) +d ]

(2.21)

Lemma (1.3) is applied for ¢, c,, d, dy and d, follows from
(2.20),(2.21), we get
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@282 + 205 + 8| H{’(l + A+ )k -1)+ d] ]

[4o|B4
laz| < ( ) m
813 — 2apl H A+ Lk-D)+d
|Ao|(By + |B; — By)
|a2| S m
2lap] 1+ +2)(k—1)+d
2(1+2,(k—1))+d
la,| < min 40151

8|3-2ap|

#(1+22(k—-1))+d

[[€(1+(){1+12)(k 1))+d] ] ‘

|Ao|(By + |B; — Byl)
2lap] ‘[3(1 + M+ )k —-1)+ d] ‘

(14 2,(k—1))+d
(2.22)
That provided |a,| as showed (2.1).
New further computations (2.16) to (2.18) lead to
4A1Byc,(c; +dy) + 240B,(c; — dy)(cf + df)

zmﬂﬂ+zwh4nrﬁifkii¥ﬁi?z+ﬂ

as =

+ as.
Upon substituting the value of a from (2.20), (2.21) and
Lemma (1.3) is applied for ¢y, c,,d; and d,, we get
las|
- [1A;] + |A4]]By

o1+ Ay + )k — D) +d]"]
(1+2,(k—1))+d
|Ao|?BE (c? + d%)

2 f(1+(/11+/12)(k_1))+dm2
2|3 = 2ap]| H (1+,(k—1))+d ]]

|a2B? + 2ap + 8|

las|
(ALl + 14,1]1B,

(1+2,(k—1))+d
|4o|(By + |B; — B1])
2(1+ (A + )k — 1) +d]"
|2“ﬁ|[ A+ L,k—D)+d ]
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|a3|
- i (14,1 + 14,18,
= (1+ A + Ak — D) +d|™]’
| 2R2 # 1 2 -
|+ 2ab + 8] H A+ 4k—-1)+d H
N |Ao|*BE(cf + di)
o1+ + A0k — D) +d]"T
2~ 2ent | e e |

[1A;] + |A111B,
H{’(l + 4+ Ak — D)+ d]’"]z
(1+2,(k—1))+d
\

|a2B? + 2aB + 8|

|Ao|(By + |B; — By )
2(1+ Ay + )k — 1) +d]"
(14 2,(k—1))+d

e —

IZaﬂI[ J

(2.23)

That provided |a;| as showed (2.2). If puttinga = 1, g =
1 in Theorem 2.1, we get

Corollary 2.2: Let f € WJ(0,,h). Then

(

la,| < mini 405, 5
g Hi’(l + (A + 20— 1)) + d]’”]
\ (1+k-1)+d

|Ao|(B; + |B, — By ) ]
, [{’(1 + (L + )k —1) + d]m %
(1+,(k—1))+d

las|

[14:] + 144118,

H{’(l + A+ )k — 1) + d]m]z
(14 2,(k—1))+d

< min

11

|Ao|?BE (cf +d)

+ =,
, H{’(l + (A + )k — 1) + d]’"]
2(1+2,(k—1))+d
[1A;] + |A;]1B;

Hf(l +h+ Ak — D) + d]’"r
(1+2,(k—1))+d

11

|40|(By + |B, — By ) L

1+ + 20k — 1)) +d]™ |
t(1+2,(k-1)+d ]

If putting ¢(z) = 1in Theorem 2.1, we get
Corollary 2.3. Let f € W (a, 8, h). Then
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las|

(

< min! By

< —
larn 21+ +2)k—1) + d] ]
813 ~ 2af] H A+ Lk—D)+d

1

(B1 + 1B, — By ) j

1+ (A + )k — 1) +d]"
jzmm‘[ A+ L,k—D)+d ]

las|

(
<min! B,
< —
| {202 €(1+(/11+/12)(k—1))+d] ]
kla 2%+ 2ap + 8| H WA+ 40— D) +d

Bf
o1+ (A + Ak — 1) + d]’"r'
(1+(k-1)+d
H{’(l + (A + )k — 1)+ d]m]z
2(1+2,(k—1))+d

(By +|B, — B,]) ]
1+ + )k — 1) + d]m '
(1+,(k-1)+d )

Theorem 2.4.1f f € El(a’,f',h), (¢' = 1,8 =
0,1,2,3...), then

+

2|3 — 2ap|? H

|a?B? + 2ap + 8|

IZaEI[

la,|

2|4¢|B,/B;

2(1+ (A + )k — 1) +d]"
\/4(16‘”; B 6)[ (1 + 2k — 1) +d ] AobBy” —

<

2

1+ (3 +2) 0k — D) +d”
(B2 = B0t “ o1+ 2,(k=1) +d ] o
+2)?
(2.24)
and
las|
< [14.] + |4,11B;
= 2(1+ (A + )k — 1) +d]"
4@3ap +2) [ (14 2,(k —1)) +d ] |
N |4,|*BF
[[eQ+ (s + 20 = D) +d]"] |

(2.25)
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Proof Since %! (a’, ', h) and g = £, there exist Schwarz
functions R(z), I(w) and an analytic function g¢(z) such
that

(M), 1af () !
( 11'12;)@ ) + a’B’Z(Mﬂ,AZ,&df(Z))

N —a'B' M5, 0af (2)
z

=g9@)(h(R(@)) - 1),

(@'B"+1)

(2.26)

(MAT,AZ,f,df (w )),

w

w

+a'Blu (Mﬂ,az,e,df(w))
N —a'ﬁ'Mf:,az,f,df(w)‘ B

w
= g(w)(h(S(w)) — 1).
(2.27)

For p(z), q(w)as given in (2.5), (2.6) in view of (2.25),
(2.26) clearly

Z MT’Z”f(Z), "
l(a’ﬂ’ +1) b e ) +a'B'z (M, 00 2)
N —a'ﬂ']"f)fgaz,e,df(z) 1
B p(z) —1
=00 (+(3571) 1)
(2.28)
M '
l(a'ﬁ’ +1) w( Al’*jj'df(w))
+a'Bw (Mﬂ,az,f,df(w))”
N —a' B M p,eaf ()|
w
_ qw) —1
- g(w) (h (q - 1) _ 1).
(2.29)
Since
[(a’ﬂ’ iy Z(Mal,azz,f,df(Z)) N “'ﬁ’Z(Mﬂ,az,e,df(Z))”
N —a'ﬂ'Mf:,Az,e,df(z)] .
z
o 1+ + )k — 1) +d]"
= Ga'f +2)[ 1+ 4L,(k—-1)+d ] 2
(14 A + )k —1) +d]"
+ Eaf +3)[ ( £(1(+/1 (k)_( D) +))d ] asz" +
(2.30)
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w
(@'p'+1)

(M, eaf ()
w

1rpt " —(]{"BIJ\/[/{II’/1 ,g’df(w)
+a'flw (M;{'ll,;lz,e,df(w)) + ;Uz .

(14 4 + )k — 1) + d]’"
a,w

=-Gaf +2)[ 1+ k—1D)+d

+ [(16a’'B’ — 6)a3
—(6a’'B’ + 3)as] [
+ vee

(14 (A + )k — 1) + d]’" ,
w
2(1+2,(k—1))+d

(2.31)
From (2.28) we get (2.30) equal (2.13)

. (14 (A + )k — 1) +d]"
(3“3”)[ 1+ L,k —D)+d ] 2
1
=5 AoB1cy (2.32)
. 2(1+ (A + )k — 1) +d]"
(6aﬁ+3)[ e(1+4,(k—D)+d ]
1 1 c?
= EAlBlcl + EAOBI <C2 + ?>
AyB,c?
= (2.33)

Also from (2.29), we get (2.31) equal (2.14)

(14 (A + )k — 1) + d]m
1+ ,(k—1)+d 2

1
=5 AoBid, (2.34)

—(3a'g’ + 2)[

[(16a’B’ — 6)a3 — (6a’p’
+ 3)as] [

2(1+ 4+ )k —1) + d]m
(1+A,(k—1))+d

2

1 1 di
= EAOBldl + EAOBI dz + 7

AOBld%

+
4

(2.35)
From (2.32), (2.34) it follows that
¢ =—d; (2.36)
(cf +df)

sap+ 27|

o1+ G+ 20k — D) +d|"
1+ h(k-1)+d 2
Ay*B,*

(2.37)
Adding (2.33), (2.35) and using (2.36), (2.37) ,we obtain
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A3BY (cf +di)

o 2(1+ (A + )k — D) +d]" .
4(16“ﬁ_6)[ A+ 4,k-1D)+d ] AoBr” —
1+ M+ )k —1D))+d]"]
(32_31)4[ 2(1+ (k- 1) +d ] Ba’f
+2)?
(2.38)

Lemma (1.3) is applied for ¢;, d;

la|

2|4o|B,/B;

j4(16a’ﬁ' PN [{’(1 + A+ )k — 1)+ d] AgB7 —

<

2(1+2,(k—1))+d

2
(B, — B1)4 (Ba'p’ +2)?

[{’(1 + (A + 20— 1)) + d]m
(1+A(k—-1))+4d

(2.39)
That provided |a,| as showed (2.24).
New further computations (2.33) to (2.35) lead to
A1By(¢y —dy) + 24¢B,(c; — dy)

a3 = m
o 1+ +2)(k—1) +d
4@a’p +2)[ A+ Lk—D)+d ]
.\ A3BI(cE + df)

1R 2 €(1+(Al+12)(k_1))+dm2

(2.40)

Lemma (1.3) is applied for ¢;, ¢,, d; and d,, we get
[1A;] + |4ol]B;
(1+ W+ )k — 1) +d]™
t(1+2,(k—-1))+d
|Aol?B?
o1+ + )k — 1) +d|"]
(1 +2,(k—1))+d

las| <

|4(3a’,8’ +2) [‘?

4(3a’'B’ + 2)? H

(2.41)
That provided |a;| as showed (2.25).
If puttinga’ = 1,8' = 1 in Theorem 2.4, we get
Corollary 2.5. Let f € F!(a’,',h). Then

2|A|B,+/B;
J40 [£(1 + (A + )k — 1) +d]"

lay| <

2 —
(14 2,(k—1))+d AoBy
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2

o1+ M +2)(k = 1) +d]|"
144(B, — B;) [ {,(1 + A, (k — 1)) +d ]
and
las|
< [1A1] + |A,]]1By
. [m + 0y +A)(k = D) + d]’"’
£(1+2,(k - 1)) +d
. |Ao|?BS

" [[3(1 +(h+ Ak — D)+ d]”T
2(1+2,(k—1))+d

If putting ¢(z) = 1 in Theorem 2.4, we get
Corollary 2.6. Let f € F!(a’,',h). Then

la|
2B;./B;

[ G - D) ",
\/‘4(16[361 6)[ 2(1+2,(k—1))+d ]Bl |

<

2

0+ +k-D)+d]"]
(B, — B4 [ o1+ 2,k — 1) +d ] Gy
and
las|
< =
“ucarpn v o [EOF Gu+ A= D) +d]"
4@Ba’p +2)[ (1+2,(k—-1)+d ] ’
Bf
" (1+ @+ 1)k =) +d]"]|
o (1 + (4 2 —
4(3a’'p’ + 2)? H {)(1+/12(k—1))+d ] ]
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