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ABSTRACT
Let h be a map from V(G) to { 1,2}. We associate
two integers P = h(u)h(v) and D = l%] where h(u) =

P+D

h(v). For each edge uv assign the label lTJ Then h is

called a PD mean cordial labeling if |v;(i) — v;(j)| < 1 and
|ef(i)—ef(j)| <1, i,j €{1,2}, where vs(x) and ef(x)
denote the number of vertices and edges labelled with x(x =
1,2) respectively. A graph G is PD mean cordial if it satisfies
PD mean cordial labeling. In this paper, we prove two star,
two wheel and two helm are PD mean cordial graph.

Mathematics subject classification: 05C78

Keywords : Mean cordial, Star graph, Wheel graph, Helm
graph.

1. INTRODUCTION

One of the fast growing areas of graph theory is graph
labeling. Let G = (V,E) be a graph with vertex set V and the
edge set E. Labeling of graphs are used in radar, circuit
design, communication network etc. In 1987, Cahit introduced
the concept of cordial labeling[3]. He restricted the range set
of h to {0,1}. The SD prime cordial labeling was first
introduced by G. C. Lau et al. in 2016 [6]. Here we introduce
PD mean cordial labeling as a new notation. In any cordial
labeling, the values are restricted to 0 and 1. In PD mean
cordial labeling of graph, the values assigned to the vertex are
restricted to 1 and 2[2]. A graph which admits PD mean
cordial labeling is called as PD mean cordial graph.

2. PRELIMINARIES
Definition 2.1

Disconnected graphs are connected by an edge in order to
form a connected graph is known as wedge. It is denoted as *.

Definition 2.2

The graph W, = C, + K; is called wheel, a vertex of degree 3
on the cycle is called a rim vertex. A vertex which is adjacent
to all the rim vertices is called the central vertex. The edges
with one end incident with a rim vertex and the other incident
with the central vertex are called spokes.

Definition 2.3
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The helm graph H, is constructed from the wheel by
attaching a pendent edge at each vertex of the a- cycle of the
wheel.

3. MAIN RESULTS
Theorem 3.1
The two star K o, “K; o, is @ PD mean cordial graph.

Proof. Let the graph G = K, 4, “K 4,. The vertex and edge set
is given by V(G) = [{my, 0<f0<a}U{n,0=<¢=<
ay}] and E(G) = [{memg,1 <60 < a;} U{mgn,, for any
oneof 0 <O <qand0 < ¢ <a}U{nyn, 1<¢ <a,}
]. Then G has a, + a, + 2 vertices and a; + a, + 1 edges.
To prove K4 "K;q,is aPD mean cordial.

The following cases satisfies h is PD mean cordial labeling:
Casel: a; < ay
The required vertex labeling of G is defined as follows:

h(mg) =2,0 <6 < ay, h(n,) =1,0< ¢ < [222],

h(n,) =2,[* 22| < ¢ < a,.

Illustration of the labeling for the two star K4*K, is given in
Figure. 3.1.

Figure. 3.1

The related edge labeling of G is given below:
h(mymy) =2,1<0 < ay, h(non(p) =1, 1<¢<

2
h(non,) =2, [*22] < ¢ < ay.
The  wedge labeling of G is
2 for any one of 8, ¢.
Case2:a; = «a,
The required vertex labeling of G is defined as follows:
h(mg) =2,0<0 < a;,h(n,) =1,0< ¢ < ay.
The related edge labeling of G is given below:
h(mgmy) =2,1<0 < ay, h(nomp) =1,1<¢ < a,.

h(mgn,) =
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The  wedge labeling of G is
2 for any one of 0, @.

Case3: a; > a,

The required vertex labeling of G is defined as follows:

h(mg) =1,0<6 < [a1+a2] h(n(p) =2, 0< ¢ <a,,
h(mg) = 2, [a1+a2+2] <0< a,

The related edge labeling of G is given below:

h(memg) =1,1 <0 < [a1+cxz] h(nonqo) =2forl<

h(mgny) =

(p < aZl

h(mgmy) = 2, [“1+a2+2] <6< a.

The wedge labeling of G is h(mgyn,) = 2 for any one of 6, .
From all the three cases, v,(1) = lwl v(2) =
la1+a2+2J and eh(l) _ la1+z;2+1J, eh(Z) _ la1+(;2+21'

Therefore, the graph satisfies the condition |v, (i) — v, ()| <
1and |e, (i) —e,(NI < 1, (i, He{1, 2}

Theorem 3.2. Two wheel W, "W,, is a PD mean cordial
graph  iff |ai — a]-| #2n, neN,a; =a,=4,56,..,
i,je{1,2}.

Proof. Let the graph = W, "W,,. The vertex and edge set of
G is given by V(G) = [{my, 0<6<a;}U{n,0<¢=<
as}] andE(G) = [{memg,1 <60 < a;} U {ngn,, 1< ¢ <
a,} U{mgmg,,1 <0 <a; —1}U{mym, }U
nenyi1, 1 <@ <a, — 13U {nyng,} U {myn, for any one
of 0<6< a; and 0< ¢ < a,}]. Then G has a; + a,
vertices and 2(a; + a;, — 2) + 1 edges. To prove that G is a
PD mean cordial for |a; —a;| #2n, neN, oy =a, =
4,5,6, .., i,j €{1,2}.

The following cases satisfies the PD mean cordial labeling:
Caselia, =a; +1

Consider the graph = W, "W,,, where a, = a; + 1.

The required vertex labeling of G is defined as follows:

Define amap h: V(G) — {1,2} by

h(mg) =1,0 <0 < ay, h(ng) =1, h(n,) =2,1 < ¢ < ay.
The related edge labeling of G is given below :

h(memg) =1,1<60 < ay, h(ngn,) =2,1< ¢ < ay,
h(mlmal) =1, h(mgmg,1) =1,1<0 < a; — 1,

h(ning,) =2, h(nyngs1) =2,1< @ < a, — 1,

The wedge labeling of G is h(mgyn,) = 1 for any one of 6.
Case2: a, = a;

Consider the graph = W, "W,,, where a, = ;.

The required vertex Iabellng of G is defined as follows:

h(mg) =1,0<0 < ay,h(n,) =2,0< ¢ < a,.

The related edge labeling of G is given below :

h(memg) =1,1 <60 < ay, h(ngn,) =2,1< ¢ < ay,
h(mlmal) =1, h(mgmge) =1,1<60<a, — 1,

h(nlnaz) =2, h(n,pnq,ﬂ) =2,1<¢<a,—1

The wedge labeling of G is h(mgyn,) = 2 for any one of 0 <
0<a,and0 < ¢ < a,.

Case3:a, =a; — 1

Consider the graph = W, "W,,, where a, = a; — 1.

The required vertex labeling of G is defined as follows:

h(mg) =1,0<60 < a4, h(n(p) =209 < ;.

The related edge labeling of G is given below:

h(mymg) =1,1<0 <a;, h(mgmyy,) =1,1<60<a;, —
1,
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h(mlmal) =1, h(nonq,) =2,1<¢p =<y,

h(nlnaz) =2, h(n(pnwﬂ) =21<¢<a,—1

The wedge labeling of G is h(mgn,) = 2 for any one of 0 <
0< aand0 <@ < ay.

Cased:a, —a; =2n+1,neN.

Consider the graph = W, "W,,, where a, —a; =2n+
1,neN.

The required vertex labeling of G is defined as follows:

a—a1—1

h(mg) = 2,0 <0 < ay, h(n,) =2,1< <=2,
a—aq+1
h(no) = 11 h(n(p) = 1, %

The related edge labeling of G is given below:
h(mgmg) =2,1<0 < a;, h(mgmyy) =2,1<0<a; —

<@ < a,.

1,

h(mlmal) =2, h(n(pn(pﬂ) =2,1<¢< az_;“l_ll
h(non(p) =2,1<¢< 012%11—1’ h(non(p) =1, ay— a1+1 <
(p < az;

az— a1+1

h(nlnaz) =2, h(n¢, (p+1) =1, <p< a,—1.

The wedge labeling of G is h(m9n<p) = 2 for any one of 0 <
0< a;and 0 < ¢ < a,.

Case5:a; —a, =2n+1,neN.

Consider the graph = W, "W,,, where a; —a, =2n+
1,neN.

The required vertex labeling of G is defined as follows:

a—az—1

h(mg) =1,h(mg) =2,1<60 < -

h(my) =1, L"ZH< 6 < al,h(nq,) =20<5¢< a,.
The related edge labeling of G is given below :

h(mymg) =2,1<60 < al%“z_l
0 < aq,

h(mlmal) =2, h(mgmg,1) =2,1<6 <
h(nlnaz) =2, h(mgmg,,) =1, fmBtl < g < a, —1,
h(n0n<p) =2,1<¢ < az,h(nwnml) =2,1<¢< a,—
1.

The wedge labeling of G is h(mgn,,) = 2 for any one of 0 <
< a;and 0 < ¢ < a,.

The above cases are PD mean cordial labeling as shown in the
following table 3.1 and 3.2 :

h(mymg) =1, M <

a;—az—1
1

Nature of a, v, (1) v,(2)
a2:a1+1 a1+2 a1+1
a, = a4 a a;
az =a1—1 a1+1 0(1
az—a1=2n+1,n6N a1+a2+3 a1+a2+1
2 2
al_a2=2n+1,n€N a1+a2+3 a1+a2+1
2 2
Table 3.1
Nature of a, ep(1) en(2)
(Z2=(Z1+1 2a1+1 2“1"’2
a, = 204 2, + 1
azzal—l 2(11 20{1—1
a,—a,=2n+1,neN a, +a, a;+a, +1
a;—a,=2n+1,neN a, +a, a;+a, +1
Table 3.2
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Hence, G is a PD mean cordial graph for |a; — a;| # 2n,
neN,a; =a, =4,5,6,..., i,je{l,2}.

Conversly, suppose |a; —a;| =2n, neN,a =a, =
3,4,5,6,.., i,je{1,2} and h is a PD mean cordial. Here
V@) =a;+a,+2 and |EG)|=2(a; +ay)+1. |If
ve(Q) = a1+32+2, i € {1,2} then we must have e;(i) = a; +
a,ora, +a, +1,i € {1,2}. But we get er() <a; +
ay —1and es(2) = a; + a, + 2. From this |ve (i) — v, ()| <
1 but les(D —e;(N|=3,G,j) €{1,2}, a
contradiction. If v (i) # “1+:2+2 ,i € {1,2} then lve (D) —
v (D] > 1,(,j) € {1,2}, a contradiction.

Illustration of the labeling for the two wheel W, AW, is given
in Figure. 3.2.

2

1_
Figure. 3.2

Theorem 3.3. Two helm graph H, "H,, is a PD mean cordial
graph.

Proof. Let the graph = H, “H,,. The vertex and edge set of G
is given by V(G) = [{my, 0<6<a}u{my0<6<
a}uf{n,l1<o<ajufn,1<¢<a,ll

E(G) = [{mgmy,1 <0 < a;}U{mgmg,,,1 <0 <a; —
13U {mgn,, 1<6,¢ < a;}U{mym, }U {m’om’g, 1<6<
ay u{m';m'gy,1<0< a, -1} U {m’lm’az} U
{m’an’q,,l <0,p< ay}u

{mgm'g or mgn’, or nym'g or nyn', for any one of 6, ¢}]
. Then G has 2(a; + @, + 1) vertices and 3(a; +a,) +1
edges. To prove that G is a PD mean cordial for a; < a,.
Define a map h:V(G) - {1,2} and h:E(G) - {1,2}. The
following cases satisfies the PD mean cordial labeling:
Casel:a; < a,

Subcase 1: a, = a;

Consider the graph = H,, “H,,, where a, = a;.

The required vertex labeling of G is defined as follows:

h(mg) =2,0<60 < a;,h(m'y) =1,0<0 < ay,
h(ng,)=1,h(n,)=21<¢ < a, -1,

h(n'y) =2, h(n’q,) =1,2<¢< a,.

The related edge labeling of G is given below:

h(memy) =2,1 <0 < ay, h(mgnq,) =2,1<6,¢ < a,
h(mlmal) =2, h(mgmg1) =2,1<0 < a; — 1,
h(m'ym'g) =1,1<60< a,, h(m'gmy)=11<6<
a, — 1,
h(m'lm’az) =1,
0,0 < a,.

The wedge labeling of G is given below:
h(nalm’g) =1foranyoneof 6 or
foranyoneof 2 < ¢ < a,.

h(m';n')) = 2, h(m’gn’(p) =1,2<
h(ng,n',) =1
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Subcase 2: a, = a; +1

Consider the graph = H, "H,,, where a, = a; + 1.

The required vertex labeling of G is defined as follows:

h(mg) =2,0<60 < a;, h(m'y) =1,0<60 < ay,
h(ng,)=1,h(n,)=21<¢p < a — 1,
h(n',)=21<¢ < 2,h(n',)=1,3<9¢ < a,.

The related edge labeling of G is given below:

h(mgmy) =2,1 <0 < ay, h(mgnq,) =2,1<6,¢ < a,
h(mgmgyq) =2,1<0< a; —1, h(mM'ym'y) =1,1<6 <
a,,
h(mlma1) =
0< a,—1,
h(m'gn'y) =2, 1<60,9 < 2, h(m'yn',) =1,3< 6,9 <
a,.

The wedge labeling of G is given below:
h(nalm’e) =1 for anyoneof 8 or
foranyoneof 3< ¢ < a,.

Subcase 3: a, = a; + 2

Consider the graph = H, "H,,, where a; + 2 = a;.

The required vertex labeling of G is defined as follows:

h(my) =2,0<0 < a,h(m'y) =1,0<60 < ay,

h(ng,) =1, h(n,)=2,1<¢ < a; -1,
h(n',)=21<¢ < 3,h(n,)=14<9¢< a,.

The related edge labeling of G is given below:

h(mgmg) =2,1<60 < a;, h(mgmyy) =2,1<60 < a; —
1,

h(mgn,) =2,1<6,¢ < a;, h((m'ym'p) = 1,1 <60 < ay,
h(mlmal) =2, h(m’lm’az) =1, h(m'gm'y)=11<
0< a,—1,

h(m'gn'y) =2, 1<60,9 < 3, h(m'yn',) =1,4< 6,9 <
a,.

The wedge labeling of G is given below:
h(ng,m'g) =1 for any oneof 6  or
foranyoneof 4 < ¢ < a,.

Subcase 4: a, = a; + 3

Consider the graph = H,, “H,,, where a; + 3 = a,.

The required vertex labeling of G is defined as follows:

h(mg) =2,0<60 < a;,h(m'y) =1, 0<0 < a,,

h(ng,) =1,h(n,)=2,1<¢ < a; — 1,
h(n'y)=21<¢< 4h(n',)=15<¢< a

The related edge labeling of G is given below:

h(mymg) =2,1<0 < ay, h(mgmgy1) =2,1 <0< a; —
1,

h(mymg,) = 2, h(m'ym’,,) =1, h(mgn,) =2,1< 6,9 <
aq,

h(m';m'g) =1,1 <0 < ay,
a, — 1,

h(m'gn'y) =2, 1<0,9 < 4, h(m'yn',) =1,5<6,9 <
a,.

The wedge labeling of G is given below:

h(naln’q)) =2 foranyoneof 1 < ¢ <4.

Subcase 5: a, = a; +4

Consider the graph = H,, “H,,, where a; + 4 = a,.

The required vertex labeling of G is defined as follows:

h(mg) =2,0<60 < a;,h(m'y) =1,0<60 < ay,
h(ng,)=1,h(n,)=21<¢p < a, -1,

h(n'y) =2,1< 9 < 5h(n',)=1,6<¢ < a,.

The related edge labeling of G is given below:
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h(momg) = 2, 1<6< aq, h(mgn(p) = 2;1 < 9.(P < aq,
h(mlmal) =2, h(m’lm’az) =1, h(m'ym'y) =1,1<0 <
az,

h(mgmgyq) =2,1<0< a;—1, h(m'gm'yy) =11<

0 S az - 11
h(m'gn'y,) =2,1<60,9 <5 h(m'yn',)=1,6<6,¢ <
C{z.

The wedge labeling of G is given below:

h(naln’q,) =2 foranyoneof 1< ¢ <5.

Subcase 6: a, = a; + 2n+ 1,ne N — {1}

Consider the graph = H, "H,,, where a; +2n+1=
a,,ne N —{1}.

The required vertex labeling of G is defined as follows:
h(m'y) =1,h(my) =2,0<0 < ay,

h(ng,) =1,h(n,) =2,1<9p < a; — 1,

h(m'e) =2,1 <60 < 02 h(m'y) =1, 2= <0 <
asy,

’ —a1+5 f —aq+7
h(n'p)=21<p< 28 p(n,) =12 <p<
az-

The related edge labeling of G is given below:

h(momy) =2,1<0 < a1, h(mgmg,1) =2,1 <60 < a; —
11

h(m'ym'y,) = 2, h(mymy,) =2, h(mgn,) =2,1< 6,9 <

(11,
ar—a1—3

h(m'ym'y) =2,1<6 < E— h(m'om’g) =
1,274 < g < q,,

h(m'gm'9+1) =2, 1<6< ‘12%11_3, h(m'gm'9+1) = 1
L4l o9 <q,— 1,

h(m'gn',) =2,1< 6,9 < az%““s h(m'gn’,) =1,
O 60 < a

The wedge labeling of G is given below:

h(nalm’g) =1 for any one of Ll o g < a, or

h(nalm’o) =1or

h(naln’(p) =1 for any one of “Z%W <9< a,.
Subcase 7: a, = a; + 2n,ne N — {1, 2}

Consider the graph = H,, "H,,, where a; + 2n = a,,ne N —
{1,2}.

The required vertex labeling of G is defined as follows:
h(m'y) =1, h(mg) =2,0 < 0 < ay, h(ng,) =1, h(n,) =
2,1<¢p< a;—1,

h(m'e) =2,1 <60 < =22 h(m's) = 1,222 <0 <
a,,

h(n',)=21<¢< ‘12%“1"'6’ h(n',) = 1,“2%“”8 <p<
az.

The related edge labeling of G is given below:

h(mymg) =2,1<0 < a;, h(mgmg41) =2,1 <0< a; —
15

h(mlmal) =2, h(m’lm’az) =2, h(mgn(p) =2,1<6,¢p <

al,
h(m'gm'e) =2,1< 0 < =222

1’0‘2;“1_2 <6 < ay,
—a;—4
h(m'gm'9+1) =2,1< < %,

—a,-2
1,20 <<, — 1,

h(m'qm'g) =

h(m'gm'g,,) =
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h(m’gn’q,) =2,1<06,p < az%w, h(m’gn’(p) =1,
az%“ﬁg <0, ¢ < a,.

The wedge labeling of G is given below:

h(nalm’e) =1 for any one of 270 o9 < a, or

h(nalm’o) =1lor

h(ng,n',) = 1 for any one of 012%114'8 <9< a,.

The above cases are PD mean cordial labeling as shown in the
table 4.3 and 4.4:

Nature of a, v (1) vp(2)
a, =a, a;+a, +1 a,+a, +1
a,=a;+1 a;ta,+1 a,ta;+1
a, =a, +2 a;+a, +1 a,+a, +1
a,=a,+3 a+a, +1 a, +a, +1
a, =a, +4 a,+a, +1 a,+a, +1
a;+2n+1=a,neN —{1} a ta,+1 a, ta;+1
a, +2n=a,ne N—{1,2} a,+a, +1 a,+a, +1
Table 4.3
Nature of a, e, (1) en(2)
Q= 3a, 3a,+1
a, =a; +1 3a, =1 3a, -1
a, =a; +2 3a, =2 3a, =3
a,=a; +3 3a, —4 3a, — 4
a,=a;, +4 3a, =5 3a, — 6
a;+2n+1=a,neN —{1} 3a; +3a; +1 3a; +3a; +1
2 2
a; +2n=a,ne N —{1,2} 3a, +3a; +2 3a, + 3a,
2 2
Table 4.4

Hence, G is a PD mean cordial graph if a; < a,.

Case2: a; = a,

Incase 1, put oy = ay, apy =a;, m=m, m=m, n=n,
n =n, where a; = a,.

Hence, the two helm is a PD mean cordial graph for all a4,
a,.

Ilustration of the labeling for the two helm H;"Hg is given in
Figure. 3.3

Figure. 3.3 2
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