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Abstract:We present algorithms in this article and
demonstrate the existence of Group {1,—1,i,—i} Cordial
Labeling in the extended duplicate graphs of complete
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1. INTRODUCTION

The graph labeling was proposed by Rosa [1] in 1967. A
mapping of integers or values to the vertices(nodes) or
edges(lines) or both subject to particular condition(s) is
termed as graph labeling. If the collection of set of vertices
(or edges) is the mapping’s domain, then the labeling is called
a vertex (or an edge) labeling. Various graph labeling have
been used in the interim in over 2000 papers[3]. E. Sampath
kumar initiated work of duplicate graphs and demonstrated
number of findings[4]. K. Thirusangu, P.P Ulaganathan and
P. Vijaya kumar established prime and total cordiality in
ladder graph’s duplicate graph [5]. Athisayanathan et al [2]
made an attempt to link concept of graph labeling using
elements of a group {1, —1, i, —i} cordiality in some classes of
graphs. In this paper, we apply the same labeling in certain
classes of duplicate and extended duplicate of graphs.

2. PRELIMINARIES

Definition 2.1: A group is a non-empty set along with a
binary operation satisfying closure, associative, identity and
inverse axioms. Order of an element a is the least positive

integer n having a" =e where eis group’s identity.

Definition 2.2: Group {1,—1,i,—i} cordial labeling is
assignment of the elements 1,—1,i,—i to the vertices such
that an edge uv is assigned label 1 if gcd{o[f(w)],
o[f(v)]} =1 otherwise label 0 satisfying condition that
difference of total number of vertices having different labels
differ by at most one and that of edges having label 0 and 1
differ by at most 1.

Definition 2.3: Consider a graph with vertex set V with p
vertices and g edges. We construct the duplicate graph as
follows: For the vertex set V, there corresponds a vertex set V'
and duplicate graph has vertex set V U V' such that V and V'
are disjoint and each vertex v in VV corresponds to a unique
vertex v' in V' in such a way that an edge uv in G
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corresponds to two edges uv' and u'v in its duplicate graph
and vice-versa.

3.MAIN RESULTS

Algorithm 3.1: Applying labels to extended duplicate
graph’s vertices of complete bipartite graph EDG (K, ,,)

The vertices of duplicate graph of K, are
Up, Uy, ooy Uy, V1, Vg oo, Up W, W g, e, Wi, VI, Vg, o, V)

Label the vertices as follows:
Case (iym < lmTJr"J

Label the vertices uy,uy ..., Up, V'1, V', ...,v’lmml_mwith 1
2
H ! ! ! H
Label the vertices v LESTEE v LESTESPTE v’ with -1

Label the vertices vy, v, ..., Ulm+nl_m u'y, Uy e, Uy With @
2 |-m,

Label the vertices vlm_ml_m 1
2

UlmTMJ_m_‘_z, vee, Uy, With —i

Case (i) m > meJ
Label the vertices v'y,v'5, ..., V', ug, Uy, ...,ulm+nJ_n with 1
2

Label the vertices Ulm_HlJ_n+1,Ulm_MJ_n+2 T with -1
2 2 ’

Label the vertices vy, v,, ..., vy, u'y, Uy, ...,u’lm+nJ with i
2

H ! ! ! H
Label the vertices u lm;n]_n+1,u [LEST wo, Wy Wwith
—i

Case (iiiym = lmTMJ then n = [m—m

Label the vertices uy,u, ..., Uy, with 1
Label the vertices u'y,u’, ..., u’,, with-1
Label the vertices vy, v,,...,v, Withi
Label the vertices v'y,v'5, ..., V",  With —i

Theorem 3.1: The complete bi partite graph’s extended
duplicate graph EDG(K,,,) admits group {1,—1,i,—i}
cordial labeling.

Proof: The duplicate of complete bipartite graph has 2mn
edges in the formof u;v'; (i = 1tom,j = 1 ton), u';v; (i =
ltom,j=1ton)
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Case(i) m < lmTMJ

connect the vertices wu,,uj to get the extended duplicate
graph
Itis clear that |V, (x)| = mTMJ forall x=1,-1,i,—i

Now, for counting the number of edges labeled 1, we use
inclusion-exclusion principle, the difference of the number of
edges having one of the end vertices labeled 1 and total
number of edges labeled 1 at both ends.  |e;(1)| = mn +

(5] ) - (5] ) 1= 3

Since the extended duplicate graph of complete bipartite
graph has 2mn + 1 edges

e =2mn+1l—-mn—1=mn is guarantees tha
lef(0)] = 2 1 1 this guarantees that

the labeling is group {1, —1, i, —i} cordial.

Case(ii) m > ||

connect the vertices v,, v; to get the extended duplicate graph
Itis clear that |V; (x)| = lmTMJ forallx = 1,-1,i,—i
Proceeding as above, we have,

les(D)| =mn+n(lmT+n —n)—n(lmTJrnJ —n)+ 1=

mn + 1 and

lef(0)| =2mn+1-mn—1=mn

So, the labeling is group {1, —1,i, —i} cordial.
m+n

Case(iii) m = l J then n = [ 5 ]

connect the vertices u,, u; to get the extended duplicate
graph

It is clear that V(D] = |2 = (-0 V@) =

rn+n |L}( l)|

|Vf(x) - Vf(y)l <1 forallx,y
lef(1)| =mn +1 and les(0)] =2mn+1-mn—1=
mn

So, the labeling is to be group {1, —1, i, —i} cordial.

Algorithm 3.2: Applying labels to duplicate graph’s
vertices of Complete graph DG(K,,), for n even

The  vertices of graph
V1, Vg, e, Vg V', V', e,

duplicate of

v,

K, are

Label the vertices as follows: when n is even

f(v) =1, for 1SkS72—l
<k<n

f(v,) =—1,for %+ 1

flw) =i, for 1SkS72—l
<k<sn

f(v) = =i, for %+ 1
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Theorem 3.2: The complete graph’s duplicate graph
DG(K,), for n even, admits group {1,-1,i,—i} cordial
labeling.

Proof: The duplicate graph of complete graph K,, has n(n —
1) edges in the format of

v’y (L # ), Vv #)) for i,j=1ton
It is clear that |V, (x)| = —forall x=1,-
g(n— 1) Since the duplicate graph has

i es(D]| =
n(n — 1) edges

le(0)| =7 (n—1). So, the duplicate graph of K, admits
group {1, —1, i, —i} cordial labeling when n is even.

Note: When n is odd, to be cordial |Vf(x) — Vf(y)| <
1 foranyx,y

To satisfy the condition [V;(1)| = EJ or E] that follows
|ef(1)| = [ J n—-1) or[ ](n— 1) and so, |ef(0)| =
[;] (n—=1or l;J n—-1) |ef(1) — ef(0)| =
(n-1) (E] — ED > n — 1 which contradicts the definition

of cordial. So, the duplicate graph of complete graph K,, , for
n odd, does not admit group {1,—1,i, —i} cordial labeling.

hence

Algorithm 3.3: Applying labels to extended duplicate
graph’s vertices of Quadrilateral snake EDG(QS(n))

The vertices of duplicate graph of quadrilateral snake

! ! !
are Ul' Uz, ey U3n+1_1] 1s v 20 ey v 3n+1

Label the vertices as follows:

fv) = { —1,k being odd

—i, k being even fvi) =
{ i,k being odd

1, k being even

Theorem 3.3: The Quadrilateral snake graph’s extended
duplicate graph  admits group {1,—1,i,—i} cordial
labeling.

Proof: The extended duplicate graph of quadrilateral snake
has 8n+1 edges in the form of

V3i_2V3i11,V3i—2V3i—1,V3i—1V3i, V3iV3i+1 1 V3i—2V3i+1: V3i— 2\

3n+1

It is very obvious that |V, (x)| = l3"+1j [ ]so |V, () —

V}(y)| <1 forallx,y

in the form

vl (k being even) and of them H of them have degree 4
and remaining have degree 2 so the number of edges labeled 1
n

lerl = 4[5+ (|75 - [5]) +2
=<l J+lg)*2=4n+1

Since there are totally 8n + 1 edges

3n+1

3n+1
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lef(0)| =8n+1—4n—-1=4n

and |ef(1) —e;(0)| < 1. Hence, the labeling is group
{1,—1,i,—i} cordial.

Algorithm 3.4: Applying labels to
vertices of triangular snake DG(TS},).

duplicate graph’s

The nodes of duplicate graph of Triangular snake graph TS,
arevy, Uy, v, Vonp V', Vo) oo, Vangt

Label the vertices as follows:

1, for k=1 mod 4

fv) =4-1, for k=0,2 mod 4
i for k=3 mod4
i, for k=1 mod 4

=< —i, for k=0,2 mod 4

1, for k=3 mod4

f i)

Theorem 3.4: The triangular snake graph’s duplicate
graph admits group {1, —1, i, —i} cordial labeling.

Proof: The duplicate graph of triangular snake has 6n edges
in the form of VoV okt V' ok Vare1(fork =

1ton); Vok—1V 2k+1) V'2k-1Vaks1 (fork =
1ton); Vo V'ak-1var(k =1ton)

n+1 n+1
+__

V=Dl =n=[(-0] and |[v;D)]="7+"F=n+

1=[v@)|

The number of edges having label 1 is depending on the
number of vertices labeled 1. The vertices vy, for k =
1,3 mod 4 are each of degree 4 except first and last vertex.
The first and last such vertices are of degree 2. There are n+1
vertices vy, k = 1mod 4,v, =3 mod 4. Using inclusion-
exclusion principle

lef(1)| =2%2+4(n+1-2)—n=3nand the remaining
edges are labeled 0.

lef(0)| =6n—3n=3n. So, the labeling is group
{1,—1,i,—i} cordial.

Algorithm 3.5: Applying labels to  duplicate graph’s
vertices of alternate triangular snake DG(A(TSn)), n=2

Case (i) Whenn iseven
Label the vertices as follows:

(1, if k being odd

fld = { i, if k being even
O o 8 if k being odd
flvi) = { —i, if kbeing even

Case (i) Whenn is odd
Label the vertices as follows:

fy) =1, k=123,..,n—1
f(ar-1) =1, k=123, ,nT_l

f(vzn_2) =1
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fy) =-1, k=123,..,n—1 FWhney) = —1
fie—) = -1, k=123, ,nT_l

f(v?’k_Z) = i’ k = 1:'-2]-l31 +3ln - 1 f(v3n) = i

. n n
fse) =10, k= — e
fWh ) = =i, k=123, ...n—1 Fwh) = =i
I . n+ n+
fie) = =i, k= — 5

Theorem 3.6 : The alternate triangular snake’s duplicate
graph , DG(A(TS,)), n > 2, admits Group {1,-1,i,—i}
cordial labeling.

Proof:

The duplicate graph of Alternate triangular snake,
DG(A(TS,)), n =1, has 6n vertices and 8n — 2 edges.
Case(i): Whenn is even

By algorithm 3.5, it is clear that |V (x)| =37n,for x =
1,-1,i,—i

Since 37"odd indexed vertices vy, are labeled 1,and no edges
has both end vertices with label 1. Of the above said
vertices (g+ 1) of them are of degree 2 and remaining
(?) vertices are of degree 3.

5n-1

le; (] = G+ 1) *2+(*2) «3=4n—1

As the graph has total of 8n — 2 edges remaining edges are
labeled 0 and so |e;(0)| = 4n — 1

Case(ii): When n is odd

3n—-1

By algorithm 3.5, it is clear that |V, (x)| ===, for x =
1’_1; |Vf(x)| — 3n+1

T,for x=1i—i
Of these, vertices vy, (k = 1 to n),vs,_, each of degree 3
are labeled 1 and vertices vs,_q,(k =1to nT_l) each of

degree 2 are labeled 1.

|ef(1)|=(n—1)*3+3+(n )*2=4n—1

As the graph has total of 8n — 2 edges remaining edges are
labeled 0 and so |e;(0)| = 4n — 1

Algorithm 3.7: Applying labels to
graph’s vertices of Alternate
EDG(A(QS,)), n>2

Label the vertices as follows:

(1 if k being odd
fli) = { i, if k being even

N (-1, if k being odd
fi) = { —i, if kbeing even

extended duplicate
guadrilateral snake

Theorem 3.8: The alternate quadrilateral snake’s

extended duplicate graph, EDG(A(QS,)), n > 2, admits

Group {1, —1, i,—i} cordial labeling.

Proof: The extended duplicate graph of Alternate

quadrilateral snake, EDG(A(QSn)), n = 2, has 8n vertices
Vol. 6 No. 3(December, 2021)

International Journal of Mechanical Engineering



and 10n — 1 edges. By algorithm 3.7, 2n odd indexed
vertices v, are labeled 1 and no edges has both end vertices
with label 1. Of the above said vertices (n + 1) of them are
of degree 2 and remaining (n — 1) vertices are of degree 3.

les(D|=(m+1) *2+(n—1)*3=5n—-1

As the graph has total of 10n — 1 edges remaining edges are
labeled 0 and so |e;(0)| = 5n

ILLUSTRATION

EDG(QS;)

EDG(K,3)

DG(K,4)
i v -1
1y, -1
’
1V V3 “
i vy -i

DG(TSs)
P
1wy vy i
’
- [!,‘2 v, -t
r
vy vy |
-1 vy vy -i
'
1lvg ve f
1vg v i
i vz l;; !
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DG(A(TS,))
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4. CONCLUSION

We proved the existence of Group{1, —1, i, —i} Cordial
Labeling inthe extended duplicate graphs of complete
bipartite graph, Quadrilateral snake, alternate quadrilateral
snake and duplicate graph of complete graph with even
number of vertices, triangular snake and alternate triangular
snake.
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