ISSN: 0974-5823

\/ol. 6 No. 3 December, 2021,

International Journal of Mechanical Engineering

On Fundamental Algebraic Attributes of w —
Q —Fuzzy Subring, Normal Subring and Ideal

M. Premkumar™ , A. Prasanna?, Amit Kumar Sharma®, M. S. Karuna?,
Arvind Sharma® and Moti Lal Rinawa®

“Department of Mathematics, Sathyabama Institute of Science and Technology (Sathyabama University), Chennai-600119,
Tamilnadu, India.

PG and Research Department of Mathematics, Jamal Mohamed College (Autonomous), (Affiliated to Bharathidasan University),
Tiruchirappalli-620020, Tamilnadu, India.

3 Department of Physics, D.A.V.(PG) College, Dehradum, Uttarakhand-248001, India.

“Department of Chemical Engineering, M.J.P. Rohilkhand University, Bareilly-243006, Uttar Pradesh, India. Department of
Electronics and Communication Engineering, Government Women Engineering College, Nasirabad Road, Ajmer-305002.

5Department of Mechanical Engineering, Government Engineering College, Jhalawar, Rajasthan.

Abstract

In this paper, the introduced the new notion of on
Fundamental Algebraic attributes of w — Q — FSR and w —
Q — FI are defined and discussed. The Homomorphism of w —
Q —FSR, w —Q — FNSR and w — Q — FI and their inverse
images has been obtained. Some related results have been
discussed in their paper.

I. Introduction

The pioneering work of L A Zadeh on fuzzy subsets of a
set inl71. A. B Chakranarty et al. invented the theory of fuzzy
homomorphism and algebraic structures in 1993[, The
concept of Prime fuzzy ideals in ring was established by T.K.
Mukhrjee et al. in 1989 V.N. Dixit et al. introduced the
concept of Fuzzy rings in 19921, In 1996, explored the notion
of K-fuzzy ideals in semi rings by B. K Chang et al.?. A
Prasanna et.al.l¥l, introduced the concept on Fundamental
Algebraic attributes of x —Fuzzy Subring, Normal Subring
and Ideal. R. Kumar, described the new notion of fuzzy algebra
in 1993, In 1982, Wang-Jin Liul*®! the concept of fuzzy
invariant subgroups and fuzzy ideals. A. Rosenfeld™,
explored the new notation of fuzzy groups in 1971. P.K.
Sharmal*3], explored the a - Anti Fuzzy Subgroups in 2012. In
addition , more recent development, - Fuzzy subgroups in
20131 | D.S. Malik et al. derived from the extension of fuzzy
subrings and fuzzy ideals in 1992 In 1992, R. Kumar®],
introduced the new notion of Certain fuzzy ideals of rings. A.
Prasanna et.all™®, introduced the new concept on Elemental
Algebraic characteristic of w —Fuzzy Subring, Normal Subring
and Ideal in 2020. V. Veeramani et al. derived from the Some
Properties of Intuitionistic Fuzzy Normal Subrings in 2010[°)
T.K. Mukhrjee et al. propsed by the concept of on fuzzy ideals
of a ring in 19871, A. Solairaju and R. Nagarajanl*4l |
described the notation of a structure and Construction of Q-
fuzzy Groups in 2009.

The research article is arranged as follows, section Il contains
the elementary basic concept of definitions related to the
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results which are thoroughly crucial to this research. In section
I1l, we introduce fundamental algebraic attributes of w —
Q —fuzzy subring(w — Q — FSR) and ideal(w — Q — FI) and
section 1V, describe the algebraic structures on homomorphism
of w — Q —fuzzy subrings(w — Q — FSR), normal
subrings(w — Q@ — FSNR) and ideals (w — Q — FI).

Il. Preliminaries

Definition: 2.1 [7]

Let R be aring. A function A: R — [0,1] is said to be a
FSR of R if
DA —y) = min{pu,s(x), pa(¥)}
(DACxy) = min{us(x), ua()},V x,y €R.
Definition: 2.2 [13]

A FSR A ofaring R is said to be a FNSR of R if
A(xy) = A(yx),Vx,y €R.
Definition: 2.3 [14]

Let R be aring. A function A: R — [0,1] is said to be a
(@) Fuzzy Left Ideal of R if
(DA(x — y) = min{A(x), A(y)}

(iDA(xy) = A(y),Vx,y ER
(b) Fuzzy Right Ideal of R if
(DA —y) =2 min{A(x), A(y)}
(iDA(xy) =2 A(x),Vx,y €ER
(c) Fuzzy Ideal of R if
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DA —y) = min{A(x), A}
(i)A(xy) = max{A(x),A(y)}L,Vx,y ER

Theorem: 2.4 [6]
If A be a FSR of the ring R then
(1) A(0) = A(x)
(i)A(—x) = A(x),Vx ER
(éii) If R is ring with unity 1, then A(1) = A(x),V x € R.
Definition: 2.5 [1]

Let X and Y be two non-empty setsand f: X - Ybea
mapping. Let A and B be FS of X and Y respectively. Then the
image of A under the map f is denoted by f(A) and is defined

_ (Sup{A(x):x € f'(y)}
s fO) = { 0: otherwise Vyey

Also the pre-image of B under f is denoted by f~*(B) and
defined

f1(B)(x) = Bf(x),Vx € X.
Definition: 2.6 [1]
The mapping f: R; = R, from the ring R, into a ring R, is
called a ring homomorphism if
Ofx+y) =f)+7»)

D fxy) = ff),Vxy €Ry.
Definition:2.7[14]

Let Q and G a set and a group respectively. A mapping
u:GxQ —[0,1]isnamed Q — FSin G. Forany Q — FS pin
G and te€[0,1] we define the set U(u;t)={x€G /

u(x,q) =t,q € Q } which is named an upper cut of “u” and
may be use to the characterization of p.

I11. On Fundamental Algebraic attributes of w —
Q —Fuzzy Subring(w — Q — FSR) and w — Q —ldeal(w —
Q- FI)
Definition: 3.1
Let A be a fuzzy set (FS) of aring t,and Q —
fuzzy subset (FSb) of a set t. Let w € [0,1]. Then the
Q —fuzzy set A® of 7 is called the w — Q —fuzzy subset(w —
Q —FS) of T with respect to FS A and is defined by
A2 @0,9) = {A(6,)A\w},  Vw €[0,1]and q € Q.
Definition: 3.2
Let A be a FS of a ring 7, Q — fuzzy subset (FSb) of a
set T and € [0,1] . Then A is called w — Q —Fuzzy Subring
(w —FSR) of T if A“ is FSR of 7 i.e. if the following conditions
hold
DA (6 — ), 9) = {A°(6, DNA° (0, )}
(iDA® (09, q) = {A (0, )NA® (9, )}, V 0, €
Tand q € Q.
In other words, A is w — Q —FSR of 7 if A“ is FSR of 7.
Definition: 3.3

Let AbeaFSofaring r and Q — fuzzy subset (FSb) of
asett.Letw € [0,1]. Then A is called w — Q —Fuzzy Left
Ideal of T (w —FLI) if
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() A°((0 — ), q) = {A°(6, )NA“ (¢, )}
(i) A (69, q) = A°(9,q),V 0,9 € Tand q € Q.
Definition: 3.4

Let AbeaFSofaring T and Q — fuzzy subset (FSb) of
asett. Let w € [0,1]. Then A is called w — Q —Fuzzy Right
Ideal of  (w —FRI) if

(D) A2((0 — 0), @) = {A° (6, )NA® (0, @)}
(it) A®(6p,q) = A®(6,9),V 6,9 ETand q € Q.
Definition: 3.5

Let AbeaFSofaring T, and Q — fuzzy subset (FSb)
ofasett. Let w € [0,1]. Then A is called w — Q —Fuzzy Ideal
of T (w —FI) if

(D) A°((6 — ), q) = {A° (6, )NA“ (9, @)}

(i) A2 (89, q) = {A°(6, )NA®(9,q)},V 0,9 ETand q €
0.

Proposition: 3.6

Let A and B® be two w — Q —FS of aring 7. Then
(AnB)® = A® N B®.
Proof:

Let, 8 € T and q € Q be any element, then

(An8)°0, ) = {AnB)Aw}
= ({A6, DAB(0, ) }A\w)

({AG, DA INB(@, )NAw})
= {&°(6, A8 (9, @)}
= (A» nB°)(6,9)
Hence (ANnB)“(6,q) = (A* N B“)(6,q), VO €Etand q €
Q.
Proposition: 3.7

Let g: @ — f be a mapping. Let A and B are two FS of
a and f respectively, and Q — fuzzy subset (FSb) of a set T,
then

D g BY) = (g7 B)”
(ii) g(A°) = (g(A)®, vV w € [0,1] and q € Q.
Proof:

Let g: @« — B be a mapping.

Let A and B are two FS of a and /3 respectively,
and Q — fuzzy subset (FSb) of a set t.

D9 B) (e, 9) = B8°(9(¢.9))
={B8(9(p, ) \w}
={g7'B) (¢, DAw}
= (g7 B (9, D)
=97 B“) (9, q) = (g7 (B)”
(i) g(A) (6, q) = Sup{A®(9,9): 9(p.q) = (6,9)}
= sup({A(p, PAw}: g(p.q) = (6,9))
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= (Sup{A(p,0): 9(p, @) = (6, D}\w)
= {9(&)(6, ) N\w}

=(9(@))" @0

= g(A®) = (g(A))w VY w € [0,1] and q € Q.
Theorem: 3.8

Let Ais FSR of aring 7, and Q — fuzzy subset (FSb) of
asett,then Aisalso w — Q —FSR of 7.

Proof:

Let 8, ¢ € T be any element of the ring 7, and Q —
fuzzy subset (FSb) of a set t.

Now,
D A°((0 - ), q) = {A°((6 — 9), D) Nw}
> ({A2(0, ) NA® (9, )} \w)

({A° 6, DA0IMA (9, ) Aw})
= {6, DAA° (0, )}
=>4°((6 - 9),q) = {A°(6, PAA® (9, )}
(i) A° (89, q) = {A(09p, P Aw}
> ({A(6, DAA(9, }Aw)
= (A6, DAwIMA(, DAw))
= {A“(6, DA (0, 9)}
=24°(09,9) = {A°(6, )N\A“ (9, @)}V w € [0,1] and q € Q.
Therefore, A is w — Q —FSR of 7.
Proposition: 3.9
The Converse of above theorem (3.8) need not be a true.
Example: 3.9.1

Let us consider the ring (Zs, +5,X5), where Z; =
{0,1,2,3,4,5}.

Define the Q —fuzzy set A of Zs by
0.7; if x=0
A(0,9) =305;if x =13
0.2;if x =24
It is easy to verify that A is not w — Q —FSR of Zs.

However, if we take w = 0.1, then A®(6,q) = 0.1,V 0 € Z..

Now, it can be easily proved that A“ is FSR of Zs and hence A
isw— Q —FSR of Zs.

Lemma: 3.10

Let A be a FS of the ring 7. and Q — fuzzy subset (FSb)
ofasett.Letw < L,where L ={A(0,q):VO €Etand q €
Q}. Then Aisw — Q —FSR of 7.

Proof:

Let A be a FS of the ring T, Q — fuzzy subset (FSb) of a
settandw <L

Sincew<L=>L>w
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Implies that {A(6,q): V0 €tand g € Q} > w
=A(6,9) > w,V0 € tand q € Q.
= A2 ((0 - 9),q) = {A°(6, Y NA“ (@, )} and A® (69, q) =
{A°(6, DNA“ (9, )},
Hence Ais w — Q —FSR of 7.
Theorem: 3.11

Let the intersection of two w — Q —FSR’s of aring T
and Q — fuzzy subset (FSb) of a set t is also w —FSR of 7.

Proof:
Let 9, ¢ € T be any element of the ring T and q € Q.
Then,
DA NB)*(6 - ).q) ={(AnB)((0 - ¢),q)A\w}
= ({A(6 — @), DAB((6 —
?), DIN\w)
= ({AW(6 — 9), DAINB((6 — ), ) A\w})
= {A°((6 — 0), YAB“((6 — 9), 9)}
>
({A“ 6, DAA® (@0, DINB® (6, DAB® (9, q)})
= ({A»6, AB° (6, DINA® (9, DAB® (9, )})
= {(A° n8°) (8, HA(A® N B°) (9, q)}
={(AnB)° O DAENB)° (9, 9)}
>(An8)°((0-9)q) 2 {(AnB)" (6, HAAN
B)“ (0, )}
@) (&nB)" (60,9) = {(An B) (69, PAw)
= ({0, AB(09, D}Nw)
= ({09, DAINB (00, 9) Aw})
= {A°09. N8 (09,9}
= ({A 0, AL (9, DINB” (6, DA (9, 9)})
= ({82, DNB° (0. DINA® (0, )N (0, D)})
= {A”n 80, AR 0 B) (v, )}
={(An8)"0.9)n(AnB)" (0,9}
=>(An8)"0p,9) = {(An8)"©O.q)n(An

8)“(9,9)},V 8,0 € Tand q € Q.
Therefore AN Bis w — Q —FSR of 7.

Theorem: 3.12

Let A be FNSR of aring 7 and Q — fuzzy subset (FSb)
ofasett.Then Aisalso w — Q —FNSR of 7.

Proof:

Let 8, ¢ € T be any element of the ring T and Q —
fuzzy subset (FSb) of a set t.

Then A° (69, q) = {A(89, 9)Aw}

= {A(p0, P/}
= A®(¢6,q),V 6,90 €ETand q € Q.
Therefore A is w — Q —FNSR of 7.
Lemma: 3.13
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Let Ais FLI of aring 7, and Q — fuzzy subset (FSb) of
asett,then Aisalso w — Q —FLI of 7.

Proof:
In this theorem(3.12), we need only to prove that
A6, q) 2 A°(p,q), VO,p ETtand q € Q.
A®(69,q) = {A09,q), w}
> {A(p, Ao}
=A%(¢,9)
Implies that A% (6¢, q) = A®(p,q),V 0,9 € Tand q € Q.
~Aisw—Q —FLIl of 1.
Lemma: 3.14

Let Ais FRI of aring T, and Q — fuzzy subset (FSb) of
asettthen Aisalso w — Q —FRI of 7.

Proof:
In this theorem(3.14), we need only to prove that
A®(08¢p,q) = A®(6,q), V0,9 ETand q € Q.
A°(09,q) = {A69,9), w}
> {A(6, ) N\w}
=A“(6,9)
Implies that A (g, q) = A®(6,q),V 6,9 € Tand q € Q.
~Aisw— Q—FRlof .
Theorem: 3.15

Let Ais Fl ofaring 7, and Q — fuzzy subset (FSb) of a
set T then A is also w — Q —Fl of 7.

Proof:
Follows from Lemma (3.13) and Lemma (3.14)

1V. Algebraic Structures on Homomorphism of w —Fuzzy
Subrings, Normal Subrings and Ideals

Theorem: 4.1

Let g: 7, = 7, be a ring homomorphism from the ring 7,
into aring 7,, and Q — fuzzy subset (FSb) of aset t.Let B
be w — Q —FSR of 1,. Then g~*(8B) is w — Q —FSR of ;.

Proof:
Let B w — Q —FSR of 7,.

Let 6,,0, € 1, be any element and Q — fuzzy subset (FSb)
ofasett.

Then
(i) g7 (B“) (6, — 62),q) = B*(9((6: — 62),9))
= B°(9(61,9) — 9(6,9))
> {B“(g9(6:, )NB*(g(62,9))}
= {97 B“) (01, DA™ (B*) (62, )}

=297 (8)(6, — 6,),9) =
{97 B*) (01, DN~ (B) (62, @)}

(i) 976,605, q) = Bw(g(eﬁz’ Q))
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= ‘Bw (9(91: q) - g(HZJ q))
> {B(9(01, ))AB“(g(62, )}
= {g *(B*)(01, )Ng (B*)(6,,9)}

=971(6,6,,9) = {g7 (B“) (61, DAg~ " (B*) (62, D)},
VO,p€etandq € Q.

Therefore g=1(8%) = (g~1(8))® is FSR of 7; and hence
g 1(B) isw— Q —FSR of 1,.

Lemma: 4.2

A function g: 7, — 7, be a ring homomorphism from the
ring t; into aring t,,and Q — fuzzy subset (FSb) of aset t.
Let B8 be w — Q —FNSR of 7,. Then g~1(B) is w — Q —FNSR
of 7.

Proof:

LetBbew —Q —FNSRof t,,V 0,,0, € T, and q € Q.
g7 (B°)(6:6,,q) = B“(g(6162,9))
=B(9(61,9)9(62,9))
=8°(9(62,9)9(61, 9))
= 8°(g(616,,9))
= g7 (8°(6:62,9))

=g 1(8%) = (g"1(B))? is FNSR of 7; and hence g~1(B) is
w — Q —FNSR of 7.

Theorem: 4.3

Let g: 7, = 7, be a ring homomorphism from the ring 7,
into aring 7,, and Q — fuzzy subset (FSb) of a set t. Let B be
w — Q —FLI of 7,. Then g~ 1(B) is w — Q —FLI of 7,.

Proof:
LetBbe w — Q —FLl of 7,,V 0,,0, € T, and q € Q.
Then, in view of the theorem(4.1),
We have only prove that
97 (B)(0162,9) = g (B°)(6,,9)
97 (B)(0:6,,q) = B (g(6,6,,9))
=8“(9(61,9)9(62,9))
> B8°(g9(02,q))
=g ' (B°)(62, @)

Now,

Thus implies that g~ (8°)(0,6,,q9) = g~ (B“)(0,,9), V
0,,0, €T, and q € Q.

Thus implies also g~ 1(8) = (g~ 1(8)) is FLI of 7, and
hence g~ 1(B) is w — Q —FLI of ;.

Theorem: 4.4

Let g: t; = 7, be a ring homomorphism from the ring 7,
into a ring 7,, and Q — fuzzy subset (FSb) of a set t. Let B be
w — Q —FRI of 7,. Then g~1(B) is w — Q —FRlI of ;.

Proof:

It can be easily to prove that, can be obtained similar to
theorem(4.3)

Theorem: 4.5
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Let g: 7, = 7, be a ring homomorphism from the ring 7,
into aring 7,, and Q — fuzzy subset (FSb) of a set t. Let B be
w — Q —Fl of 7,. Then g~ 1(B) is w — Q —Fl of 7,.

Proof:

It can be easily to follows from the above theorem (4.3)
and Theorem (4.4)

Theorem: 4.6

Let g: T, — T, be Surjective ring homomorphism and A
be w — Q —FSR of 7,,and Q — fuzzy subset (FSb) of a set
1. Then g(A) is w — Q —FSR of 7.

Proof:
Let Abe w — Q — Q —FSR of 1,.

Let ¢4, @, € T, be any element, and Q —
fuzzy subset (FSb) of a set T. Then there exist some 6,,6, €
7, and q € Q such that g(6;) = ¢, and g(6,) = ¢,. (Since
that 6;, 6, need not be unique)

Dg(A°)((p1 = 92).9) = (gB) (91 — 92). 9)
= {g(B)(g(61,9) — g(62, ) N\w}
= {g@)(g((6: — 6,), ) \w}
> {A((6: — 02),4)\w}
= Aw((gl _
6),q)
> {A%(6:, )N (6,, 9)},

Forall 6,,0, € t, and q € Q such that g(0,,q) = (¢4,q) and
9(62,9) = (¢2,9)

= {46, 9): (01, 9) = (01, DINA® (8, 9): 9(85,9)
= (92 0)}}
= {9(A°) (@1, DAI(B®) (92, 9)}
Thus implies that g(A°)((¢1 — ¢2),q) =
{g(A°) (91, DAI(A?) (92, ).
@) g (1020 = (9(B)” @102, 9)
= {9(B)(9(61, 9)9(6,, D)) Nw}
= {9(5)(9(9192' Q))/\w}
= {5(9192' q)/\a)}
= A®(6,6,,9)
= {Aw (911 Q)/\Aw (921 q)}

Forall 6,,0, € t, and q € Q such that g(8,,q) = (¢4,q) and
9(62,9) = (92, 9)

= {3201, 9): 961, 0) = (91, DINAE (6, 9): 9(62,)
= (¢ 0}

= {g(A*) (@1, DNg(A?) (92, D)}
Thus implies that g(A®) (@105, q) =
{9(A°) (@1, DNg(A*) (@2, D)}.
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Thus g(A®) = (g(A))m is FSR of 7, and hence g(A) is w —
Q —FSR of 7,.
Theorem: 4.7

Let g: 7, — T, be Surjective ring homomorphism and A
be w —FNSR of 7;, and Q — fuzzy subset (FSb) of aset t .
Then g(A) is w — Q —FNSR of 7,.

Proof:
Let A be w — Q —FNSR of 7,.

Let ¢4, @, € T, be any element, and Q —
fuzzy subset (FSb) of a set . Then there exist some 6,6, €
7, and q € Q such that g(8;) = ¢, and g(6,) = ¢,. (Since
that 6,, 6, need not be unique)

In this view of theorem(4.6), we need only to prove that
(9(A)? (p102,9) = gAY (0201, 9)

(9(A)* (p192,9) = g(A*)(9(61, ) 9(62,9))
= g(A*)(g(6:62 9))
= {42 (6102, 9): (6162, 9) = (91902, 9)}
= {A° (0,61, 9): (6162, 9) = (9192, 9)}
= g(A*)(g(62,9)9(61, 9))
= (9®)" (2010
Thus implies that (g([\))w is FNSR of 7, and hence g(A) is
w — Q —FNSR of 7.
Theorem: 4.8

Let g: 7, — T, be bijective ring homomorphism and A be
w — Q —FLI of 74, and Q — fuzzy subset (FSb) of a set t.
Then g(A) is w — Q —FLI of 7,.

Proof:
Let A be w — Q —FLI of 7,.

Let ¢4, ¢, € T, be any element, and Q —
fuzzy subset (FSb) of a set t. Then there exist some 6,,6, €

7y such that g(6,, @) = (¢1,q) and g(62,q) = (92, q).
In this view of theorem(4.6), we need only to prove that
(9(A)* (P1902,9) = (9(A)* (92, 9)

G(A)® (@102, 9) = {g(B) (961, )9 (6, 9))Aw}
= {9(B) (9 (6,62, DN}
= {A(6,6,, Q) \w}
= A°(6,6,,9)
> A®(6,,9)
= {A°(6,, ) A\w}
= {g®) (9 (62, DI}
= {g(B) (92, P Aw}
= (9(AD* (92 @)
Thus implies that (g(A))* (@192, q) = (9(A)* (92, q)

Hence (g(A))® is FLI of 7, and hence g(A) is w — Q —FLI of
5.
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Theorem: 4.9

Let g: T, — T, be bijective ring homomorphism and A be
w — Q —FRI of t,,and Q — fuzzy subset (FSb) of a set t.
Then g(A) is w — Q —FRI of 7,.

Proof:

In this view of prof it can be obtained similar to
theorem(4.8)
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