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Abstract. An Odd prime labeling if its vertices can be labeled distinctly from the vertex set {1,3,5, ..., 21 — 1}, where [ is the
number of vertices such that uv of E(G) the labels assigned to the vertices u and v are relatively prime. A graph that admits an odd
prime labeling is called an odd prime graph. An odd prime graphs for one vertex union of graphs, graph with identification of
some graphs and graphs have been described in this paper.
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1.Introduction.
Consider connected graphs are finite, simple and undirected. For more details the reader is referred to [ 1 ]. The symbol V(G)

and E(G) will denote the vertex set and edge set of a graph G respectively.
In 1980, Entringer originated the prime labeling, it was first studied by Tout, Dabboucy and Howalla [8 ] in 1982. Defined this
labeling as follows. A graph has a prime labeling if its vertices of G can be labeled distinctly with first n positive integers such
that each pair of adjacent vertices are relatively prime. Such a prime labeling is said to be prime graph. An odd prime labeling is a
variation of prime labeling. The notion of an odd prime graph have introduced by Prajapati et. al [3 ].

A bijection g from vertex set V(G) to {1, 3,5, ..., 2l — 1} of a graph G is called an odd prime labeling of G if for each edge e =
uv € E(G), such that gcd(g(w), g(v)) = 1. A graph which admits that labeling is said to be an odd prime graph.

We will show that few families of one vertex union of graphs, graph with identification of some graphs and graphs are odd
prime.

Here we are listing some preliminary definitions. The following definitions are taken from [2], [5], [6], [7] “The helm H, isa
graph obtained from a wheel by attaching a pendent edge ateach vertex of the n — cycle. The flower graph Fl, is the graph
obtained from a helm H,, by joining each pendent vertex to the apex of helm. The star graph is a complete bipartite graph K ., ,
where m represents the number of vertices and S,,, has m -1 edges. A set of graph vertices partitioned into three independent sets,
such that no two graph vertices within the same set are adjacent such a graph is said to be complete tripartite graph. A fan graph
f. is defined to be the join of the complete graph K; and path B, . i.e, f, = B, ® K, . An udukkai graph A(m,n) , (m, n = 2) can
be constructed by two fan graphs 2f;,, (m = 2) joining two path graphs 2B,, (n > 2) with sharing a common vertex. i.e., A(m, n)
= 2fm © 2P,. An Octopus graph O(m, n), (m, n = 2) can be constructed by a fan graph f,, , (m = 2) joining a star graph K ,,
with sharing a common vertex. i.e., O(m, n)= f,, ® Ky, . The drums graph D(m, n), (m = 3, n = 2) can be constructed by two
cycle graphs 2 C,,, m = 3 joining two path graphs 2 P,, n = 2 with sharing common vertex. i.e., D(m, n) = 2 C,,+ 2 P,.A
triangular snake is the graph obtained from a path x4, x,,. . . ,x;, by joining x,. and x,,, to a new vertex y, forr = 1,2,...,p —
1. The planter graph R(m, n), (m, n =3) can be constructed by joining a fan graph f,,, ,(m =3) and a cycle graph C, , (n =3) with
sharing a common vertex . i.e., R(m, n) = f,, © C,. A circular ladder graph CL,, is a 3-regular simple graph consists of two
concentric n-cycle in which each of the n corresponding vertices joining by an edge. Barycentric subdivision is the graph obtained
by inserting a vertex of degree two into every edge of original graph .Consider barycentric subdivision of cycle and join each
newly inserted vertices of incident edges by an edge. Denote the new graph by C,(C,) as it look like C, inscribed in C,,. The
sunlet graph is a graph of 2n vertices is obtained by attaching n pendent edges to the cycle C,, and it is denoted by S,,. An
umbrella graph U(m, n) is the graph obtained by joining a path B, with the central vertex of a fan f,,,. The ladder graph L,, is
defined by L,, = B, X K, where B, is a path with n verticesand X denotes the Cartesian product and K, is a complete graph with
two — vertices. A whell graph is the graph formed by connecting single universal vertex to all vertices of a cycle.The gear graph

. is obtained from the wheel by subdividing each of its rim edge. The splitting graph of the graph G is obtained by adding to
each vertex v a new vertex v’ is adjacent to every vertex which is adjacent to v in G, that is N(v) = N(v'). It is denoted by S(G). A
graph G in which a vertex is distinguished from other vertices is called a rooted graph and the vertex is called the root of G. Let G
be rooted graph. The graph G ™ obtained by identifying the roots of n copies of G is called a one vertex union of the n copies of
G. A coconut tree CT(m, n) (m, n > 2) is the graph obtained from the path P,, by appending n new pendant edges at an end vertex
of B,. The H graph of a path B, is the graph obtained from two copies of B, with vertices uy,u,,. . . ,u, and vy, v,, . .. ,v, by
joining the vertices un+1 and 17n+1 if n is odd and the vertices un, , and vn if n is even. The Vanessa graph V(m,n) (m, n >2) can

be constructed by two fan graphs fm s fn (M, n >2) of the dlfferent order sharmg a common vertex .i.e., V(m, n, I) one vertex union
of different fans f,, , f, and star K;; which is nothing but called butterfly graph B,, ,, with shell orders m and n. The switching of
a vertex v in a graph G means removing all the edges incident to v and adding edges joining v to every other vertex which are not
adjacent to v in G. The graph obtained by switching of a vertex v in a graph G is denoted by G, .
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In this paper, we determine some graphs, one vertex union of graphs and graph with superimposing of some graphs are
odd prime graphs.

2. ONE VERTEX UNION OF GRAPHS AND SOME GRAPHS.
Theorem 2.1. The one vertex union of g copies of the splitting graph of star graph admits odd prime.

Proof. Let u be the apex vertex and u, , u,, us, ..., u, bethe pendant vertices of star graph K ,.. Construct splitting graph of
star graph K, and v is new apex vertex and v; , v,, vs, ..., v, be the newly added vertices of Sq(KLT). Let S9(K; ) be the
one vertex union of k copies of the splitting graph of star graph. Then vertex set V; (S9(Ky,)) = {u vi,ul, vli1<s< r} and
edge set E; (SU(Ky,)) = {uud, uv!,viud : 1 <s <r}. Here |V(S9(Ky,))| = q(2r + 1)+1. Define odd prime labeling g,: V;
(SUKy,) - {1,3,5 ... , 2q(2r + 1) + 1} by g, (u) = 1, g1 (v?) = pg, Where p, is the highest prime prime number such that
(q-1) 4r+2)+2r +3<p, <2q@r+1)+1, 9, (v)) = (g-1) (4r +2) + 2s + 1 for 1 < s < r. Now label the remaining
vertices ud, 1 <s <r, consecutively odd number from the set {(qg —1)(4r+2)+ 2r + 3,(q—1) (4r+2) + 2r + 5,
,2q(2r +1) + 1}/ {pq}. It is easily to verify that g, is odd prime labeling . Hence S9(K; ,) is odd prime graph.

Theorem 2.2. The one vertex union of d copies of the barycentric subdivision of cycle C,( C,), a =3 is odd prime graph.

Proof. Let H=[C,( C,)]% a >3 be the one vertex union of d copies of the barycentric subdivision of cycle C,( C,). Then vertex
set V, (H) = {vy,v/%vd,v,'*:2<e<a} and edge set E, (H) = {v,v, v,'"v§,vivd v, v :2<e<a-1} U
{v,vd} U {vv,'} U {vv'?, viv/%: 2 <e<a}. Also [V(H)| = d (2a -1)+1. Define odd prime labeling g,: V; (H)—>
{1,3,5, ...,2d-1)QRa—-1)+4a—-1}by g, (v))=1,g, Wd) = 2(d—-1)2a—-1)+4e—-3for2<e<a, g, (v’ ) =
2(d —1)(2a—1) + 4e — 1 for 1 < e < a. Clearly, for any edge uv € E(H), gcd (g, (u), g, (v)) = 1. Hence H = [C,(C]4,

>3 is odd prime graph.

Theorem 2.3. The one vertex union of k copies of Fl;, d = 3 is an odd prime graph.

Proof. Let FI%, d > 3 be the one vertex union of k copies of Flower graph Fl,. Then vertex set Vs (FI¥) = {a, a¥, b¥:1 < ¢ < d}
and edge set E5(FIX) = {aak, ab¥: 1 < c < d}U{a.ac41:1 < c < d — 1}U{a,a,}U{a.b.:1 < ¢ < d}. Also, |V(Fl )| = 2kd +
1. Define odd prime graph gs: Vs (FIX) - {1,3,5, ...,4kd + 1} by g(a) = 1. We have two cases to consider.

Case (1). d # 1(mod 3). gs(@k) = (k—1)4d +
4c—1 for 1<c<d, g;(b¥)=(k—1)4d+4c+1 for 1<c<d. Next in case (2), we consider two subcases.
Subcase (2a). d = 1(mod 3) and k # 1(mod 3). Labels are
in case (1). Subcase (2b). d = 1(mod 3) and k =
1(mod 3). gs@) =(k—-14d+4c—1 for 1<c<d-1,g;(b}) =

(k—14d+4c+1 for 1<c<d-1,gs(ak) = (k—1)4d +4d + 1, g;(b%) = (k — 1)4d + 4d — 1. Clearly, for any edge
ab € E(FI%), gcd(gs(a), g3(b)) = 1. Hence FI%, d > 3, is odd prime graph.
Delete the edges ab¥, 1 < ¢ < d, from the above theorem, thus we get the following corollary.

Corollary 2.3 (a). The HX one vertex union of k copies of H, is an odd prime graph.
Theorem 2.4. The one vertex union of b copies of circular ladder CL., ¢ = 3 is odd prime graph.

Proof. Let CL2, c > 3 be the one vertex union of b copies of circular ladder CL.. Then vertex set V,(CL2) = {uy,v?,ub,vt:2 <
a<c} and edge set E,(CLY) = {wyul, ubub,: 1 <a<c—13U@lvl,vlvld, :1<a<c—1U{uw}, ubvl:2<a < c}.
Also, |V(CL2)| = b(2c — 1) + 1. Define odd prime labeling g,:V,(CL2) - {1,3,5,... ,2b(2c — 1)+ 1} by g,(u,) =1,
gawd) =2b-1)Q2c—1)+4a-3 for2<a<c, g,wW2)=2b—-1)(2c—1) + 4a —1 for 1<a <c. Clearly, for any
edge uve E(CL ) gcd(g4(u) 9.(w)) =1.  Hence CLb, c¢>=3 is odd prime  graph.
Delete the edges v?v?,vEvl,,,1 < a < c, from the above theorem, we get the following corollary

Corollary 2.4 (a). The SL¥ one vertex union of k copies of sunlet graphs SL,,, n = 3 is odd prime.

Theorem 2.5. The complete tripartite graph K; ; , is odd prime for every a >1. Proof. Let K;4,4
be the complete tripartite graph. Then vertex set Vs (K;114) ={x,y, z;:1 < s < a} and edge set Es (K;14) = {xy, x2z5,yz::1 <
s<a}. Also |V(Ky14)| = a+2. Define odd prime labeling gs: Vs (Ki14) = {1,3,5 ... , 2a+3}by gs (X) = 1.
We have two cases to consider.

Case 1. a = 0 (mod 3). Js

V=2a+1g5(z;)=2s+1forl1<s<a-1,g5(z,)=2a+3.
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Case2.a =1, 2 (mod 3). gs (V) =2a+3,
gs (z)=2s+1 forl<s<a. It is easy to satisfy
that g is odd prime labeling. Hence K; ; , is odd prime graph for every a > 1.

Theorem 2.6. Every generalized star Ky, ¢, ¢,, ¢, ... , t,, admits odd prime graph.

Proof. The generalized star graph Ky, ¢,  ¢,, ¢t;, ... , 1, 1S Obtained by joining one of the pendant vertices of each paths P, ,
P, P, ..., P, byanedge to acommon vertex. Then vertex set Vs = {v,:r =1,2,3, ..., t;+t,+t3 +... + t,, +1}
and edge set Eg = {vv,41:2<r<t, t+2<r < t1+t;,... G+t +ts+... + typ1 +2<r<t;+t,+t; +
et ) U {vv} U {vlvt1+2} u {V1Vt1+t2+2}U ... U {V1Vt1+t2+t3+. s tm_1+2}- This graph has t; +t, +t; +
ettty +1 vertices and ty+t,+t; +... + t,edges.
Let us define odd prime labeling g¢: Vg — {1,3,5, ... , 2(t; +t,+t5 +. .. + t,, +1) —1}by ge(v,.) = 2r -1 for 1 <
r<ti+i+ts +... + tp,+tl Clearly, for any edge uv € E(Ky, ¢, , t,, t5, ... , tn, ) the numbers ge(u) and ge(v) are
relatively prime. Hence, Ky, ¢, | t,, ¢;, ... , t,, Nasodd prime graph.

Adding the edges v; V;,, 1 < r < m, from the above theorem, we get the following corollary.
Corollary 2.6 (a). One vertex union of m copies of C;, is odd prime graph.

Theorem 2.7. The union of u copies of ladder L, UL, U...U L, isodd prime graph for all
e=>2.

Proof. Let H=L,U L, U...U L, be the union of u copies of ladder L,. It has 2u e vertices and u (3 e - 2) edges. Then the
vertex set V, (H) = {x},y¥:1 <t <e}and edge set E, (H) = {x¥x}, y¥yii:1<t<e—1} U{xty}:1 <t <e} Define
odd prime labeling g;: V; (H) - {1,3,5, ... ,4ue—1}by g, (x¥) = (u—1)4e+4t-3for1<t<e, g, ¥ =(u—1)de +
4t-1 for 1 <t < e. An easy check proves that g, is the required odd prime labeling of H. Thus H =L, UL, U ... U L, is odd
prime graph for all e > 2.

GRAPH IDENTIFICATION OF SOME GRAPHS.
Theorem 3.1. If G(I, m) has odd prime graph, then there exists a graph from the class G Of* that admits odd prime.

Proof. Let G(I, m) be odd prime graph with [ vertices and m edges. Define a bijective function gg: V5 — {1,3,5, ... ,2l — 1}

with satisfied the condition of odd prime. Consider f* the one vertex union of k copies of fan graph f, with vertex set Vg (£¥) =
{e,ef:1<t<c} andedge Eg (f¥) =set {eef:1<t<c}u { efek,:1<t<c—1}. We superimpose one of the vertex
say u of f. on selected vertex v; in G with gg (v;) = 1. Now we define a new graph H = G Of* with vertex set Vg(H) = Vg (G) U
Vs (fF) and Eg(H) = Eg (G) U Eg (f¥). Note that, |V(H)| =1 + k c. Define a bijective function hg: Vy(H) - {1,3,5, ... ,2l —
1+ 2kc} by hg (v) = gg (v) for all ve V(G), hg () = gg (v1) =1, hg (ef) =21 — 1+ 2c(k — 1) + 2t for 1 < t < c¢. We have to
show that H is odd prime graph. Earlier G is odd prime graph, it is enough to prove that pg in H which is not in G, such that the
numbers h(p) and h(q) are relatively prime. It is easily verified that for any edge pg € E(H), gcd(hg (p), hg (Q)) = 1. ThusH =G
Of¥ admits odd prime graph.

Theorem 3.2. If G(I, m) has odd prime graph , then there exists a graph from the class G @ 0*(r, s), r, s =2, admits
odd prime graph

Proof. Let G(l, m) be odd prime graph with [ vertices and m edges. Define a bijective function go: V4 (G) - {1,3,5, ... ,2l—
1} with satisfied the property that given any two adjacent vertices have relatively prime labels. Consider H = 0%(r, s), r, s =2, the
one vertex union of k copies of Octopus graph with vertex set V, (0%(r, s)) ={d, d¥,e¥:1 <u <r,1 <v < s}andedge set E,
(OF(r,s)={d dk:1 <su<r}u{dkadr ;1 <u<r—-1}u{dek:1<v <s} Weoverlay one of the vertex say u of 0¥(r, s)
on selected vertex p, in G with g4 (p;) =1. Define a new graph G* = G O H with V(G*) = V4 (G)U V, (H) and E(G*) = Eq (G) U
Eq (H). Clearly, |V(G")| =1+ k (r + s) + 1. Define a bijective function hy: V(G*) - {1,3,5, ...,2l—1, 2l+1, ...,
214 2k(r+s) — 1} by hg (v) = go (v) for all v € V(G), hy (d) = go (p1) =1, hg (d¥) =21 — 1+ 2(k — 1)(r +5) + 2u for
1<u<r,hg(ef)=21—1+2(k—-1)(r+s)+2r+2vforl<v<s. Wehave to show that G* is odd prime graph. Already
G is odd prime graph, it is sufficient to prove that for any two adjacent vertices uv in G*, which is not in G, such that the numbers
ho (u) and hq (v) are relatively prime. Clearly, for any edge uv € E(G*), gcd(hg (u), ho (V)) = 1. Thus, G* = G O 0%(r, s) is odd
prime graph.

Theorem 3.3. If G(I, m) has odd prime graph, then there exists a graph from the class Go (Bks,t), (r,s =3
and t >1) admits odd prime.

Proof. Let G(l, m) be odd prime graph with [ vertices and m edges. Define odd prime labeling g4o: V3o — {1,3,5, ..., 21—
1} with satisfied the property of odd prime. Consider BX; ;, (r, s =3 and t >1) the one vertex union of k copies of butterfly graph
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with shell orders and r and s. Then vertex set Vyo (BX;,) = {c, ckdfek:1<a<r1<bhb<s1<o0< t} and edge set Ej,
(Bksr) = {cckcdfcek:1<a<r1<b<s1<o<t} U {ckck,:1<a<r—-1} uf{dfdl,:1<b<s—-1} . We
superimpose one of the vertex say u of BE; ., on selected vertex p; in G with gy, (p;) =1. Now let us consider a new graph H = G
O BE, . with vertex set Vi, (H) = Vi (G) U Vi (BE,) and edge set Eyg (H) = E1 (G) U Eyg (BEs ). Also, |[V(H)| =1+Kk(r+s+
t). Define a bijective function hqo: Vi (H) - {1,3,5, ... , 2l—1+2k(r + s+ t)} by g40 (d) = hy, (d) for all v e V(G),
hio(€) =1 hyy(cBy=21—1+2(k—1D)(r +s+t)+2afor1<a<r,h,@d¥)=21-1+2k—1)(r + s+ t)+ 2r+2a
—2for1<a<s hypE)=21—-1+2k -1 + s+ t)+2r+2s+2a-2for1 <a<t. Inorder to show that H is odd
prime graph. Clearly G is odd prime graph, it is enough to prove that for any two adjacent vertices uv € H, which is not in G, gcd
(h1o(u), hyg (V) = 1. For any edge uv € E(H), the numbers hy,(u) and hyo(V) are relatively prime. Thus, H = G O BE;, is odd
prime graph.

In Prajapati et. al., [3] proved that flower graph FI,, and deduce that helm graph H,, is odd prime. From this, we observe that the
following corollary.

Corollary 3.3(a). The graph obtained by switching of an apex in helm H,, is odd prime.

Theorem 3.4. If G(I, m) has odd prime graph, then there exists a graph from the class G O D¥(m, n),
that admits odd prime.
Proof. Let G(I, m) be odd prime graph with [ vertices and m edges. Define odd prime labeling g,,: V3, - {1,3,5, ... ,2l—

1} with satisfy the property of odd prime graph. Consider D¥(m, n) , m =3, n >2, the one vertex union of k copies of Drum graph
with vertex set Vy; (D*(m, n)) = {r, 7%, sk:1 < b <2m—2,1<c <2n—2}and edge set E;; (D¥(m, n)) = {rrf:b=1,m -
1m2m—2} U {rfrfi1<b<m-2, m<b<2m-3} ufrsf:b=1,n} U {sksf,:1<b<n-2 n<b<2n-3}
We identify one of the vertex say u of D¥(m, n) on selected vertex p; in G with g;; (p;) =1. Now let us construct a new graph H
=G O D¥(m, n) with vertex set V;;(H) = V4; (G) U Vi, (D*(m, n)) and edge set E;; (H) = E;; (G) U E;; (D¥(m, n)). Note that,
[V(H)| =1+ k (2(m-1) + 2(n-1)). Define odd prime labeling hy,: Vi, (H) - {1,3,5, ... , 2l—1+2k(2(m— 1)+ 2(n— 1))}
by gi1 (V) = hqy (v) forall ve V(G), hyy (rF) =21 -1+ 2k —1)Q2(m -1 +2(n—1))+2bfor 1 < b <2m-2, hy; (s¥) =
2l-14+2k-1D)R2mMm—-1)+2(n—-1))+4(m—1)+ 2c for 1 < ¢ < 2n — 2. We have to show that H is odd prime graph.
Already, G is odd prime graph, it is sufficient to prove that pg in H, which is not in G, such that the numbers hy; (p) and h;4(Q)
are relatively prime. It is easily verify that for any edge pq € E(H), gcd(hy;(p), hy1(q)) = 1. Thus, H = G O D¥(m, n), m =3, n
=2 is odd prime graph.

Theorem 3.5. If G(I, m) has odd prime graph, then there exists a graph from the class G 0 Ak(s, 1), 5, t =2,
that admits odd prime.

Proof. Let G(I, m) be odd prime graph with [ vertices and m edges. Define odd prime labeling g, : Vi, = {1,3,5, ... ,2l —
1} with satisfied the property of odd prime graph. Let A¥(s, 1) , s, t >2, be the one vertex union of k copies of Udukkai graph with
vertex set Vi, (A%(s, 1) = {d, d¥ ek:1 <p <2s,1<q<2t}andedge set E;, (A%(s, 1)) = {ddk:1 < p < 2s}u {dkdk,,:1 <
p<s—1 s+ 1<p<2s—1}u{deliqg=1t} U {efek,;:1<q<t—2 t<q<2t—3}. We overlap one of the vertex
say u of A¥(s, t) on selected vertex p; in G with g,, (p;) =1. Now let us construct a new graph H = G O A¥(s, t) with vertex set
Vi2(H) = Vi, (G) U Vy,(A¥(s, t)) and edge set E;, (H) = E;, (G) U E;, (A¥(s, 1)). Also, |V(H)| =1+k (2s + 2(t -1)). Define
odd prime labeling hy,: Vi, (H) = {1,3,5, ... , 2l =14 2k(2s + 2(t — 1))} by g12 (V) = hy, (v) forall v € V(G), hy, (df) =
20-142(k-1D@s+2(t—1)+2pfor 1 <p<2s,hyp () =21-1+2(k-1)2s+2(t—1)+4s+2q for 1< g <
2t — 3. We have to show that H is odd prime graph. Earlier, G is odd prime graph, it is enough to prove that uv in H, which is not
in G, such that the numbers h,,(u) and h,,(Vv) are relatively prime. It is easily verify that for any edge uv € E(H), gcd (R, (u),
hq, (V)) = 1. Thus, H = G O A¥(s, t) is odd prime graph.

Theorem 3.6. G(I, m) has odd prime graph, then there exists a graph from the class G ©@ R*(a, b), a =2, b >3, that admits odd
prime.

Proof. Let G(I, m) be odd prime graph with [ vertices and m edges. Define odd prime labeling g,5: V;5(G) - {1,3,5, ... ,2]l —
1} with satisfied the condition of odd prime graph. Consider H = R¥(a, b) , a>2, b >3, the one vertex union of k copies of planter
graph with vertex set Vy3 (R¥(a, b)) = {c, ¢f,d¥:1<q<a,1<r<b}and edge set E;5 (R*(a b)) ={cck:1<q<a}u
{ckek, i1 <gq<a-1}u{cdf} u {dkdf,,;:1 <7 <b—2} U {cdf_,}. We overlay one of the vertex say u of R¥(a, b) on
selected vertex p, in G with g5 (p;) =1. Now define a new graph G* = G O H with V(G*) = V;5 (G) U V,5 (H) and E(G*) =E;3
(G) U E;5 (H). Also, [V(G*)| =1+k (a+ b -1). Define odd prime labeling hy5: V(G*) - {1,3,5, ... ,21—1, 2l+1, ...,
214 2k(a+ b —1) —1} by hyz (V) = g4 (v) forall v € V(G), hyz (¢) = g13 (p1) =1, hyz (c¥) =21 -1+ 2(k —D(a+b—-1) +
2qfori1<g<a,h;3@df)=2l-1+2(k—1)(a+b—1)+2a+2r for 1 <r <b— 1. We have to show that G* is odd
prime graph. Already G is odd prime graph, it is sufficient to prove that for any two adjacent vertices uv in G*, which is not in G,
such that the numbers hy5 (u) and h,5 (v) are relatively prime. It is easily verify that for any edge uv € E(G™), gcd(h,3 (u), hq3
(v)) = 1. Thus, G* = G O H=R¥(a, b), a =2, b >3, is odd prime graph.
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From the above theorem, delete the edges c d¥, we get the following corollary,

Corollary 3.6(a). If G(I, m) has odd prime graph, then there exists a graph from the class G © U*(a, b), a, b >2 that admits odd
prime. From the above corollary,
delete the edges c cf{H (1 < g < m), thus we have the following corollary.

Corollary 3.6(b). If G(I, m) has odd prime graph, then there exists a graph from the class GocC
Tk(r, s), r, s =2 that admits odd prime.

Theorem 3.7. If G(I, m) has odd prime graph, then there exists a graph from the class G OHy, that admits odd prime.

Proof. Let G(I, m) be odd prime graph with [ vertices and m edges. Define a bijective function g,,: V;, - {1,3,5, ... ,2l -1}
with satisfy the property of odd prime graph. Let H) be the one vertex union of r copies of H- graph with vertex set V,,(Hy}) =

{st:1<e<p}u {tg:1Ses[§]—1}u{t2:[§]+1SeSp}U{t[gl}andedgesetEM (H}) = {sl shyl<e<p-—

1} u {tg tlyil<e< [g] - 1} U { trth, E] +1<e<p-— 1} U {t@]_lt[gl} U {t[glt[gl“} U {s@t[ﬂ forpis odd} or

{s§+ 1t[g] forpis even}. We overlap one of the vertex say t[g] of Hj on selected vertex of p; in G with gi4(p;) = 1. Now we
2 2 2

define a new graph H = G OHy, with vertex set V,(H) = V4 (G) U Vi, (H}) and E14(H) = E14 (G) U Ey4 (Hy). Also, |V(H)| =1+

r (2p - 1). Define a bijective function hq,: Vi, (H) = {1,3,5, ... ,2l — 14+ 27 (4p — 1)} by g14(V) = hqy (V) for all v € V(G),

Ria (t[g]) = g1a (t[g]) =1 hy(s)=2l-1+ @ —-1DUp—-1D+eforl<e<p,hy(t))=2l-1+0r-1DUp-1+2p+e
2 2

forl<e< E] -1, h,tH)=2l-1+@C-1)Up—-1) +2p+e-1for E] + 1 < e < p. We have to prove that H is odd prime

graph. Earlier G is odd prime graph, it is sufficient to show that for any adjacent vertices uv € H, which are not in G, the numbers
hy4(u) and hq4(v) are relatively prime. It is easily satisfied that for any edge uv € H, gcd(h4(u), hi4(v)) = 1. Hence H = G OHy,
admits odd prime graph.

Theorem 3.8. G(I, m) has odd prime graph, then there exists a graph from the class G © [C,( C,)]*, a =3 that
admits odd prime.

Proof. Let G(I, m) be odd prime graph with [ vertices and m edges. Define a bijective function g,5:V;s — {1,3,5, ... ,2l — 1}

with satisfy the property of odd prime graph. Consider H = [C,( C,)]%, a =3 the one vertex union of s copies of the barycentric
subdivision of cycle C,( C,) with vertex set Vis(H) = {v,v,"°,v5,v,"° :2<e<a} and edge set E;s(H) = {v,vs5,
v, 05,5V, v, s 2 <e<a—1} UwvSlu{vv,} ufvv,'®, viv,'*:2 <e<a}. We superimpose one of the
vertex say v, of H on selected vertex of p; in G with g5 (p;) = 1. Let us construct a new graph G* = G O H with vertex set
V(G*) =V;5(G) U Vis(H) and edge set E(G*) = E15(G) U E;s(H). Also, |[V(G*)| =1+ s (2a -1)+1. Define odd prime labeling
his:V(G*) - {1,3,5 ... ,2l—1,2l+1,...,2l—14+2(s—1)(2a—1) + 4a — 1} by g;5(v) = hys (V) for all ve V(G),
g1s(1) = his(v) =1, hys(VS) =2l—1+2(s—1)2a—-1)+4e—4for2<e<a, hys v,'"°)=2l—-1+2(s—1)2a—1) +
4e — 2 for 1 < e < a. We have to prove that G* is odd prime graph. Already, G is odd prime graph, it is sufficient to show that for
any two adjacent vertices uv € G*, which is not in G, ged (hq5(u), hy5(v)) = 1. It is easily verify that for any edge uv € G* such
that the numbers h,<(u) and h,5(v) are relatively prime. Hence G* = G O H = [C,( C,)]°, a =3 admits odd prime graph.

Theorem 3.9. If G has odd prime graph, then there exists graph from the class ¢ © FI3, a > 3 that admits odd prime.

Proof. Let G(I,m) be odd prime graph with [ vertices and m edges. Define odd prime labeling g;¢: V16 = {1,3,5, ...,20 — 1} with
satisfy the property of odd prime graph. Consider the one vertex union of s copies of the Flower graph FI3, a > 3 with vertex set
Vie(Fl3) ={d,d; e.:1<c<a} and edge set Eig(Fl5) ={dd; de.;: 1<c<a}lU{d.d.y1:1<c<a-
1}U{d,d JU{d.e.: 1 < c < a}. We identify one of the vertex say u of FI on selected vertex p, in G with g;4(p;) = 1. Now let
us construct a new graph G* = G © FI3 with vertex set V(G*) = Vi(G)UV;6(FL5) and edge set E(G*) = E1(G)UE x(FL3).
Note that, |V(G*)| = | + 2sa. Define odd prime graph labeling h,6: V(G*) - {1,3,5, ...,2l — 1 + 4sa} by g,6(v) = hye(v) for all
v eV(G), hie(d) = 1. We have two cases to consider.
Case (1). 2l—1#1(mod3) and for every a, that is a=0,12(mod3) and for everys, s = 1(mod 3)
hig(d$)=2l—14+(s—1)4a+4c—1 for 1<c<a, hgdH)=2l1—-1+(—-14a+4c+1 for 1<c<a.
Next in case (2), we consider two subcases.

Subcase (2a). 2l —1 = 1(mod 3), a # 1(mod 3) and s # 1(mod 3). Labels are in case (1).
Subcase (2b). 2l — 1 = 1(mod 3), a = 1(mod 3), and s = 1(mod 3). hig(ds) =2l-1+
(s—1Dda+4c—1 for 1<c<a-1, hglef)=2l—-1+(k—1D4a+4c+1 for 1<c<a-1hed)=2l-1+
(s—1D4da+4a+1,hg(el)=2l—1+ (s—1)4a +4a—1. To prove that G* is odd prime graph. Earlier, G is odd prime
graph, it is enough to prove that pq € G*, which are not in G, gcd(hy4(p), h16(q)) = 1. We can easily check that for any edge
pq € E(G*) such that the numbers h,¢(p) and h,4(q) are relatively prime. Hence G © FI3, a = 3, admits odd prime graph.
Delete the edges deg, 1 < g < a, from the above theorem, thus we get the following corollary.
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Corollary 3.9(a). If G has odd prime graph, then there exists graph from the class G © H,, that admits odd prime.
Theorem 3.10. If G has odd prime graph, then there exists graph from the class ¢ © G, that admits odd prime.

Proof. Let G(I,m) be odd prime graph with [ vertices and m edges. Define an odd prime labeling g,,: V47, = {1,3,5, ...,21 — 1}
with satisfied the property of odd prime graph. Consider the gear graph G, with vertex set V;,(G,) = {e,e;:1 < t < 2r} and
edge set E1;(G,) = {eey, 1 < t < r}U{eer1: 1 <t < 2r — 1}U{e,e,,_1}. We identify one of the vertex say u of G, on selected
vertex p, in G with g,,(p;) = 1. Now let us construct a new graph ¢* = G © G, with vertex set V(G*) = V;7(G)U V;,(G,) and
edge set E(G*) = E;;(G) U E;;(G,). Note that, |V(G*)| =1+ 2r. Define odd prime graph labeling h,;: V(G*) - {1,3,5,
o2+ 4r =13 by g,(v) =h;(v) for all veV(G), hy;(e)=1. We have two cases to  consider.

Case (1). 2L —1 # 1(mod 3), i.e., 2l — 1 = 0,2(mod 3). hi,(e)) =
2l-14+2t for 1<t<2r. Next in case (2), we consider two
subcases. Subcase (2a). 2l —1 = 1(mod 3), and r Z 0(mod 4).
hi,(e) =21—1+2 for 1<t<2r-2, his(eprq) =21 +4r —1, hi,(e5) = 21 + 4r — 3.
Subcase (2b). 21— 1 = 1(mod 3), and r = 0(mod 4). hi,(e;)) =2l—1+2t for

1<t<2r-—3, hy;(ep_y) =2l +4r —1,h;(ey_1) =21l +4r —3, hy;(ey) =21+ 4r — 5. To prove that G* is odd prime
graph. Earlier, G is odd prime graph, it is enough to prove that pq € G*, which are not in G, gcd(hy,(p), hy7(q)) = 1. We can
easily check that for any edge pq € E(G*) such that the numbers h,,(p) and h,;(q) are relatively prime. Hence G © G, admits
odd prime graph.

Theorem 3.11. If G(I, m) has odd prime graph, then there exists a disconnected graph from the class G U (L, U L, U ... U L,)
admits odd prime.

Proof. Let G(I, m) be odd prime graph with [ vertices and m edges and bijective function g,4: V15 — {1,3,5, ... ,2l -1}
satisfied the condition of odd prime graph. Consider the union of ¢ copies of ladder graph L, U L, U ... U Ly, a =2 with vertex
set Vig(LqU L U...ULy)={ x{,yf:1<t<a}andedgeset Ejg(Lq UL U...ULy)={xfxf 1, vfyfr1:1<t<a-—-1}U
{xfyf:1 <t < a}. Let us construct a new graph G* =G U (L, U L, U ... U Lg) with vertex set V(G*) = V5 (G) U Vyg(L, U
LoU ... UL, and edge set E(G*) = E;5 (G) U E;q(LoU L, U ... U L,). Note that, [V(G*)| =1 + 2c a. Define odd prime
labeling hyg: V(G*) - {1,3,5, ... , 21—1, 2l+1,. .., 2l—1+44ca} by g5 (V) = hyg(v) for all v € V(G), for each 1 <
t<a, higlx,) =20+ (c—1)4a+4t- 3, hyg (y;) = 21+ (c — 1)4a + 4t- 1. In order to show that G* is odd prime graph.
Clearly, G is odd prime graph, it is sufficient to prove that for any two adjacent vertices uv € E*, which is not in G, numbers
hyg(u) and hqg(V) are relatively prime. Hence G* =G U (L, U L, U ... U L), a = 2 is odd prime graph.

Theorem 3.12. If G(I, m) has odd prime graph, then there exists a disconnected graph from the class G U (T,U T, U ... UT,)
admits odd prime.

Proof. Let G(I, m) be odd prime graph with [ vertices and m edges and bijective function  gyo: V49 — {1,3,5, ... ,2l -1}
with satisfied the condition of odd prime graph. Consider the union of k copies of triangular snake H= T, UT, U ... UT,, a =3,
with vertex set Vio(H) = { ¢k, d¥:1<r <a,1<s <a-—1}and edge set E;o(H) = {ckck,,, ckadk, ck df:1<r<a-1}.
Let us construct a new graph G* =G U H with vertex set V(G*) = V,4(G) U V;4o(H) and edge set E(G*) = E1o (G) U E;9(H). Note
that, |V(G*)| = I + k(2a -1). Define odd prime labeling hyo: V(G*) - {1,3,5, ... ,2l—-1, 2l+1,...,2(+
k(2a — 1)) — 1} by g1 (V) = hyo(V) for all v € V(G), hyg (¢;) =21+ 2(k — 1)(2a— 1)+ 4r-3for 1 <r <a, hy(d,) =201+
2(k—1)(2a—1)+4r-1for 1 <r <a—1.Inorder to show that G* is odd prime graph. Clearly, G is odd prime graph, it is
sufficient to prove that for any two adjacent vertices uv € E*, which is not in G, the numbers h,q(u) and hqo(v) are relatively
prime. Hence G* =G U HwhereH= T, U T, U...UT, isodd prime graph.

Theorem 3.13. If G has odd prime graph, then there exists a graph from the class G O Ky, ¢, , ¢,, ¢;, ... , ¢, thatadmits odd
prime.

Proof. Let G(I, m) be odd prime graph with [ vertices and m edges. Define odd prime labeling g, Voo — {1,3,5, ..., 21—
1} with satisfied the property of odd prime graph. The generalized star graph K;, ., | ts, t3, ... . tp 1S ODtained by joining one of
the pendant vertices of each P, , P, , P, , ..., P, by an edge to a common vertex, which is nothing but one vertex union of m
copies of paths, with vertex set Voo ={v,:e =1,2,3, ..., t;+t,+t3 +... + t,, +1} and edge set E,y = {v,Vp41:2 <
e<t, t;+2<e < t;+ty,... ty+tatts+... +typg+t2<e<t;+t,+t;+...+ tn} u {vv} U
{(vivi42} U {0V a42}U - o 0 U {ViVeat, v+, .+ 6y 42} We superimpose one of the vertex say v, of
Ki t,, t5 ts, ..., t, ON selected vertex p; in G with g,0(p;) = 1. Now let us construct a new graph G* = G O
Ky, t;, ¢, ts, ..., tm With vertex set V(G*) = Vyo (G) U Voo (K4, ¢, , 15, t5, ... , t) @nd edge set E(G*) = Eo (G) U
Eyo(Ky, ty, ty, ts, ... , tn)- Note that, V(G| =1 +ty+t,+ 63 +... + ty. Define odd prime labeling hye: V(G*) —
{1,3,5, ... ,2l—1+2(t;+t,+ts +... 4+ tyn)}by g (V) = hyy (v) forall ve V(G*), hyg (v1) =1, hyy (Vo) =21 — 1+
2e-2 for2<e<t;+t,+t; +... + t,+1We have to prove that G* is odd prime graph. Earlier, G is odd prime graph, it is
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enough to prove that pg in G*, which is not in G, such that the numbers h,, (p) and h,(q) are relatively prime. It is easily verify
that for any edge pq € E(G*), gcd(hzo(P), hao(d)) = 1. Thus, G* =G OKy, ¢, , ¢,, ¢, ... , ¢, 1S 0dd prime graph.
Adding the edges v, v¢,, 1 < e < m from the above theorem, we get the following result.

Corollary 3.13(a). If G has odd prime graph, then there exists a graph from the class G O C;,, 1 < e < m that admits odd prime
graph.

Theorem 3.14. If G(1,m) has odd prime graph, then there exists graph from the class G © CLi, t = 3 that admits
odd prime.

Proof. Let G(I,m) be odd prime graph with [ vertices and m edges. Define a bijection function g,,: V5; - {1,3,5,... ,2l—1}
with satisfied the condition of odd prime graph. Consider CL, t = 3, the one vertex union of s copies of the circular ladder CL,
with  vertex set Vo1 (CLY) = {uq, vi,u;,vi:2<r <t} and edge set E;i(CLY) = {wuf, wul, 1<r<t-—
VUi v, viviy 1 <r <t — 13U{u vl uivt: 2 < r <t} We identify one of the vertex say u; of CL; on selected vertex p;
in G with g(p,) = 1. Let us construct a new graph G* = G © CL{ with vertex set V(G*) = V5, (G)U V,,(CL}) and edge set
E(G*) = E;1(G)UE,.(CLY). Also, [V(CLY)| =L + s(2t — 1). Define odd prime graph  h,,: V(G*) - {1,3,5,. .. ,21—1,2l+
1,...,2l-1+4+2sQt—1)} by g,;(v) =hy;(v), for all veV(G), g, 1) = hyy(u) =1, hpy(us) =21—-1+
2 —1DRt—1D)+4r—4 for2<r<t, hyy(v¥)=21-1+2(s—-1)Qt—1)+4r—-2 for 1 <r <t. We have to prove
that G* is odd prime graph. Already, G is odd prime graph, it is sufficient to show that for any adjacent vertices uv € G*, which
are not in G, gcd(hyy(w), hyy (v)) = 1. An easy to check that the numbers hy(u) and hy,(v) are relatively prime. Hence G ©
CL%, t = 3, admits odd prime graph.

Delete the edges vivi, vivy, ., 1 < r < t, from the above theorem, we get the following corollary

Corollary 3.14(a). If G(I,m) has odd prime graph, then there exists a graph from the class ¢ © SL$, t = 3 that admits odd
prime, where SL. is sunlet graph.
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