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ABSTRACT:

In the present research, we take into account new subclass of holomorphic bi-univalent characteristic defined through
Haradam Polynomial. We achieve Co-efficient estimate for the defined elegance. Also, we debate Fekete-Szegé inequality for
feature belongs to those subclasses.

1. Introduction and Preliminaries

Let =A denote the class of analytic function f(z) in the open unit disk A with a montel normalization
f(0)=0 and f'(0)=1

A function f € <A has the Taylor series expansion of the form
flz)=z+Xi=za,2" (1.1)

In the Riemann mapping theorem, every simply connected domain {1 which is not the whole complex plane C, can be mapped
conformally onto the open unit disk.

A={z:z € Cand |z] < 1}

The Koebe one-quarter theorem [5] ensures that the range of every function f € & contains the

. 1
disk w: |w| <3

It is well known that every function f € & has an inverse f' defined by

FFHfE) =z (z€4)

and

FUE ) =w(iwl < () m() =2):

FHw)=w—a,w? +(2a —a.fiw? — (5a3 — Sa,a, + a, ) w*+.... (1.2)

Copyrights @Kalahari Journals Vol.7 No.4 (April, 2022)
International Journal of Mechanical Engineering
612



Let f{z) and g(z) be two analytic function in <A , then f{ 2] is said to be subordinate to g(z), denoted by f(z) < g(z), if
there exists a Schwarz function w(z)) which is analytic in A with w(0) = 0 and |w(z)| < Lsuchthat f(z) = g(w(z)).

A function f € <A is said to be bi-univalent in A if both the function f and its £ ~* are univalent in A.
Let 2. denote the class of bi-univalent function in A given by(1.1)

The object of the present paper is to introduce two new subclasses of the function class X, employing the techniques used earlier by
Srivastava et al.[10]. In order to derive our main results, the coefficient estimate problem involving the bound of

la,|[(n €N —{1,2},
N ={1,2,3,..}) is still an open problem.

The Horadam polynomial h,, () are defined by

h(r)=prh, _,(r) + qh,_,(r), (1.3)

with h, (r)=e, h,(r)=br,hy(r) = pbr® + eq where e,b,p,and q are some real constants.

The generating function of the Horadam polynomials h, (1) is given by Horadam [6]

g+ (b—ep)rs

Y(r,2) = Ty by (r)z* 7 =

1-prz—gz°

Definition1:Let§ = -1, EC/{0}0 =n =10<p=<1 and 0= v < 1 Afunctionk € X isin the class
Ef (0,1, p, v; ), if itis satisfying the following subordination conditions:

1[ FagmgR(EN+nta (@ @I 1 ] B
1 # [.;1—p}§+p.;1—u}3gk.;§;.+u§aq.;ﬂgk.:g;. [1+v(1-p)] <P((r.z)+1-e (1.4)
and
1] @i (Ryx(w)+nw’d,(3g(Rgx(w))) 1 ] B
1+ ] |:|:1—,EI}u+p|:1—1:}ﬂgxl:u'}+1:uﬂq33xl:u'}} [1+vil=a]] = I,I[J'(T'_. Wj +1 € (15)

2. Main Results
Theorem 1: Letk (§) € é‘f (1,17, p, v; 1) be of the form in equation(1.1).Then

V2[2]l8librlEri(pv—v-1)®

la,| < - (2.1)
u||§[6+1]q bz;l‘zI:py—z;'—l:l;f.lI:;l;l_,p_,y_,ﬁ_,q:l—:[:]q le::';l_.p_.lp‘_.ﬂq_.f]:Il:i'.:lbi"z'l'ﬂq:ll
and
2 br|#|(pr—v—13° [2]
|ﬂ-3| = bl‘"lﬂl (pv - v 1] ( & (movdag) |Y|:;l;,p,1.‘lf§,q}|) (22)
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and for some ¥ € R,

|br|[2]gv(pr—v—1)*

a; —vai| <

2¥ (novdag )

if jw—1| < I;fﬁ[é+1]q'ipv-v-lllab"i:';upav;fhr}'ib:'?:-f[f]qﬁznliu:pavaﬁarr}'ipb:"=+9rrll|

2¥ (o d.q)2e” (pr—e—1)b"r"
|57 ¥ (v—1)20 [ pr—r—1)"

|§ﬂ[5 +1]qI:pl?—l;'—l:lt,f.'l::';l_.p_.lp‘_.ﬂq_.q:Il:b:":lz—:[:]qE:I:I::';I_.,'J_.L‘_.ﬂ'"_.f]:ll:i'.:lb:"=+ﬂq:Il

if w—1|> I;fﬂ[ﬁ+1]q'ipv—v—lllabf'i:';upar;fhr}'ib:‘fl:—f[f]qﬁznli:'a:pavaﬁarr}'ipb:":+Errll|
2¥ (novd.g)2e” (pr—e—1)b"r"

where
@(m.p.v.6,q) =[6+ 1], ([2], — gev + [2] ;nv — [2],emv — o + [2] 1) (2.3)

Y(1.p,v,6,q) = [+ 11,16 + 2], (3], — a[2],pv + [21, 131, — [2], 31.envp[2],[31,1) 24)
and

Ww(n.p,v.6,9) = —2[3].[6+2], +(4[3],[6 + 2], — 4[212[6 + 1] )ov
+(2[213[6 + 1], — 4[21,[31,[6 + 2] )nv + (2q[2],[6 + 11, — 2q[2],[6 + 2], )pv?
+2[2[71[6 + 1] om — 2[2],[6 + 1],p° — (2[2]4(a — D[S+ 1], +2[6 + 2] )p v
+(2[213[6 + 1], — 2[2],[3],[6 + 2] Jnv* + (2[2]5[6 + 1], — 2[2],[3],[6 + 2] ) nv?
+(4[21,[31,[6 + 2], — 2[2],(1 + [21)[6 + 1])pv? +4[2],[3],[6 + 2], 0mv
+(2[215[6 + 1], — 2[3],[6 + 2] )v— 2[2]5[6 + 1], p*nv — 2[2],[3],[6 + 2],
+(2[23[6 + 1], + 2[6 + 2] )p + (2q[2]2[6 + 1], — 2q[2],[6 + 2], )pv?

ENR IR

(2.5)
Proof: Let f € é‘:f (¥, 1, p,v; Yr) and then there are two holomorphic functions &, y: A — A given by

|k(2)| = kyz + koz” + kaz3+...(z € A) (2.6)

and
lv(w)] = yyw + v, w® +y,wi+.. (w E A) 2.7)

with k(0) = v(0)=0,|k(z)| < 1, |v(w)| < 1 and z, w € A such that

1[ FagRIR(EN4nita (B REE) 1 ] B
1+ﬁ[.:1—,:}$+p.:1—u}ﬂgk.:$}+u$aq(ﬂgk{E} [1+v(1-p)] <Y(rk()+1-e

and

1 [ wdg (R x (W) +nw?dy (8,(R x (w))) 1

D] [TovS vy porow venr se= porov; S rEwe e s

L | <we vy +1-e

Or,equivalently,
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14 3[ Fag(Rok(E)4nE 8 (8,(Rgk(E)) 1 ]
8 L(1-p)E+a(1—v) ROk (D) +0EB (RO K(E)  [1+w(1-p)] 28)
=1+hy(r)—e+hy (k(2) + hy () [k(2)]*+... '
11 5[ wdg (REx(w))+nw’dy (g(REx(w))) 1 ]
8 L(1-plwtp(1-v)Rx(w)+vwdgRax(w))  [1+v(1-p)] 29)
=1+hy(r)—e+h, (F)v(w) + hy(r)[y(w)]*+... '
Combining (2.6),(2.7),(2.8) and (2.9) yields
14 3[ Fag(Rok(E)4nE 8 (8,(Rgk(E)) 1 ]
8 L(1-p)E+a(1—v) ROk (D) +0EB (RO K(E)  [1+w(1-p)] 210
=1+ hy(r)kyz + [ha(r)ky + hy(r)ki]z"+... (2.10)
) £[ wdg (REx (W) 4nwd (A (Rax(w)) 1 ]
8 L(1-p)at p(1-v)Rx (W) +vwdgRox (w))  [14+v(1-p)] )11
=1+ hy(r)yyw + [ho(r)yv, + ha(r)yi]w +... (@11)
It is clear that if [k(z)| < 1and |[y(w)| < 1,z,w € A, then
|k, | =1 and |y| =1 (ieN) (2.12)
From (2.10) and (2.11), it follows that
[E+1],([2]y—gev+[2]gnr—[2]ganv—p+[2] 0} _
FTP—E a, = h,(r)k, (2.13)
['5+1]q[5+:]q':[3]q_fT[:]q F'17+[:]q[3]q’FF_[:]Q[E]QP’F?J_F‘+[:]q[3]q’i':' a
#[2]y(pr—v—1)* 3
_[ﬂ'+1]_q.'~p1"_[:]q1"_P:“-.[:;%_qpy"'-[:]aq?FF_[:]QP??U_P+[:]Q??} At =h. (1), + hy (r‘]kf (2.14)
(pr—v—1) S
Moreover, we have
[E+1],([2]y—qpav+[2]gnr—[2]ganv—p+[2] 0] _
f?l:pz,‘—z.‘—l}z ﬂ’f - h’: [:T')}Tl (215)
and
[5+1]q[6+:]q':[EJQ_E.'I'[:]ql':'y+[:]q[a]qJFF_[:]Q[E]QF'”F_P+[:]q[3]q”} [Eﬂ.: —a )
ﬂ[f]q[pv—v—i}z 2 3
[6+1]; (pv—[2]gv—p)i[2] g~ qpvt [2gnv—[2]genv—p+[2]gn) o _ 2 (2.16)
- 1 : ﬁ'?_:py—y—l:lf : —as = hy(r)y, + ha(r)yi
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From(2.13) and (2.15), we get

k, =—y, (2.17)

By adding Equation (2.14) and (2.16) and then using Equation (2.17), we obtain

[6+ 1]

8[2] (v — v — 1)°
+2[2136 + 1], — 4[2],[3]_[6+ 2] v + (2q[2] [6+ 1]_— 2q[2]_[6 + 2] oo’
+2[217106 + 1]_pn — 2[2]_[6 + 1] _p” — (2[2] (g — 1)[6 + 1]_ + 2[5 + 2] )o'v
+2[2136 + 11, — 2[2]_[3]_[6+ 2] )mv" + (2[21°[6 + 1], — 2[2]_[3]_[6 + 2] o’ mv’
+(4[2]_[3] 6+ 2], —2[2]_(1 + [2] )[6 + 1] Dpnv” + 4[2] [3]_[6+ 2] pnv
2206 + 1], — 2[3]_[6+ 2] v — 2[22[6+ 1]_pnv — 2[2]_[3] [6+ 2] n

I +1], + 2[6 + 2] Jp + (292116 + 1] — 2q[2]_[6 + 2] Jpv'}a; = hy (r)(ky + ¥,) + hy(r)(k] + 7))
(2.18)

For the purpose of brevity, we will utilize the notations given in Equations (2.3)-(2.5). Now, making use of the notations defined
above and combining equations (2.15) and (2.18), we get

{(—2[3] [6+ 2]_+ (4[3] [6+ 2]_— 4[212[6 + 1] )ov

. hzl:;-']l[hz]zfl-‘z:[:]q':ﬂl’_”_l:'4
s : I 2.19
= [BHigripr—v-1)(nand.q)lh, (1] -4[2],0% (no.v.d.q9)heir) e
, br[br]?|v*2[2] (pr—v—1)* (2.20)
2 7 B+lllvl(pr—v-1)din.0.v.8.0) %% —4[2],0° (n.p.0.5.9) (pbr® +eq) .
So that
la,| = VZ[2]gl 81l b7l Tbri(pr—r—1) (2.21)

\JI [#[8+1], el pr—v—1)d(noed.q)—2 [E]QE:I:{:;up,v,é,q}{pbr:+aq}|

Where (1, p, v, d,q) and @(n, p, v, 8, q) are given by Equation (2.5) and (2.3)respectively. Similarly, upon subtracting
Equation (2.16) from Equation (2.14) and then using equation (2.18), we get

4¥ (n.p.0.8.q) (a; —a2) = hy(r)(ky +v,) — hy(r) (k2 + v]) (2.22)

21w (pr—v-1)°
Where ¥ (71,2, v, &, q) is defined by Equation (2.4). It follows from Equation (2.15) and (2.22)

_ ()3 (pv—v=1)* | Ry(r)[2gv(ov—v-1)°
ﬂ’ﬂ N 49:'::';'-' ar.d.g) + 4¥ (n.p0b.q) (223)

(br)t vt pr—v—1)* b?‘[f]qvl:pv—v—l}z
48* (n.p.v.8.q) &Y (m. pov.b.q)

a, = (2.24)
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2 (Br|d|(pr—v-1)° [z1
< brid|(pv —v — 1)* (2 i) 2.25
| ﬂ'a | r | | (p v v ) a= '::'i'-'p-' 1"-'5-"?:' | Y'::'FJPJFJE-‘TH ( )
Finally, for some ¥ € R, we obtain
2 _ RaMRlgelere-1® o
3 va; = 4Y (npw.b.q) (k: Y2 )
h:(:l‘]l[h:(:"}]zivz[i]q(pv—v—l}"fl—r} (2.26)

(kz + )

[E+1]gvipr—r—1)b(np.rd.q) [h(r)]*~4[2 kg 0% (n.p.2.8.q)

_ ha(m)[2lgr(pv—v-1)°

2 (0w + sz ke + (0w — i)

¥ (n.pnd.q) 2¥(n.p.8.9)

where
Qv.r) = [ (I1"207 (pv—v-1)*(1-v)
' 2[8+11v(pv—v= 1 (0.0.0.8,8) [Ro(P)I*=2[2] g hg (1) O (n0.0.8,0)
2, _ leriRlgriev—r-1)* _r
_ 2| = q ( < = )
lag —vaz| < 2¥ (m.p.v.b.q) if 0<le(vnl= ¥ in.p.vd.q)
lor|[2v(pr—v—1)° ( 1 )
:‘_—;_ —_—
l@(wr)l if \le(wr)l= ¥(npwda)
We get,

|br|[2]gv(pr—v—1)*

—vad| =
lag —va3| < 2¥ (now.bq)

|§ﬁ'[l§+1]ql:p1,‘—1;‘—l:|ﬁf.'I::';I_.,El_.F,ﬁ,q}l:bi‘}:—:[:]qﬁzI:J},p,v,ﬁ,q}l:pbi‘z+EI|!_'|‘:I|

. N - i b
If |i'.J ll - 2¥ (o d.q)2e” (pr—e—1)b"r"

|57 ¥ (v—1)20 [ pr—r—1)"

|8[8 +1]g (pv—v—Vp(n.pv.é.q)(br)*-2[2] ;0% (n.0.0.6.0) (pbri +eq)|

|28[8+1]4(pv—v— 1) (n.p.n.8.0)(br)*~2[2],0° (np.v.5.0) (pbr° +eq)|

' —1| =
If |i'.J ll - 2¥ (pprbg) 2ot (pr—v— 13550

Remark 1: Settingg = v =4 =0 and g — 1 inTheorem 1, we get the following corollary

Corollary 1: Let k(&) € X (18, 7; 1) be of the form in equation(1). Then

V2[2]| 8| br| /| B

las| = === —
= W @B " 31+ 2n) -2 [2](1+n) " (pbr-teql|
and
br|d| [2]
|E?I',3| = b]"'lﬂl Z(1+m)* 3(1+2n)
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where

@(m.p,v)=2—pv+2nv —2npv — p + 21,
Y(n,p,v) =3 —2pv + 6nv — 6npv —p + 61,
and

Y(n e v)=

-3+ 2pv—8nv —p*vi +2pn — p2— pPv—2m? + 6pnv’ — 4p2nv + 12pmv + v —
2p°nv + 3p — 61,

3. CONCLUSION:

In this paper, Fekete-Szegd disparity for a specific subclasses of bi-univalent capacity connected with altered Horadam

polynomial were introduced. The consequence of this paper assists different specialists with finding Fourth Hankel determinant.
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