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Abstract:

In this paper, we obtain the fekete szegé function from the subclasses a, ,a; of Logarithmic coefficients of analytic function.
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1 Introduction and Preliminaries

Let D denote the class of functions f(z). A function f € T has the taylor series expansion of the form

f(2) =z +X5=; a,2", (1.1)

which is analytic in the unit disk B: z € C: |z| < 1. Let S be the class of all function f € T that are univalent (i.e.,one-to-one)in
D). For a general theory of univalent functions, For refer the classical books [3],[7] also

let P be the class of all analytic function p in IE, with the form

p(z)=1+4+cz+ c:z: + cgzg—l-... (1.2)

such that Re{p (z)} = 0. for all z € B. A member of P is called a caratheodory function. it is known that [[c,|| <2, n =1
for a function p € ¥ (see [3]).

The Logarithmic coefficients of a function f € T are defined in [E by the following series expansion
(=) oo
jﬂ'ngz = 22:121 Fn z”’

where ¥, are known as the Logarithmic coefficients. The coefficient ¥;, have a great importance to play a central role in a theory
of univalent function. For exact upper bounds for |}*n | have been established. Millin conjecture [10] that for f € & and n = 2

9 1
m=1 Zie=1 (kl}’kl_ _;) =0

where the equality holds if, and only if, rotation of the koebe function . For the Koebe function k(z) = z/(1 — z)*(z € B),
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the coefficients ¥,,, since the koebe function k(z) plays a role of extremal function in the class S. It is expected that |}";-z | = —=
n

and the Logarithmic coefficients is that finding the sharp bound of |};” | for the class S [1],[2],[6] such that |}’1 | and by differentiating
(1.3) and equating coefficents, we obtain

ly,| < 2(14+ 2¢72) = 0.635... (1.3)
the sharp bounds of y;, , for n = 3 for the class S.
we have to taking the subclasses from the classess of function Sg (@), G(¥), F(4) for obtaining Fekete szegd function

A function f € D is called starlike if f(IE) is a starlike domain with respect to origin. Function satisfying Spacek condition [15]
have been called spiral-like, and f is regular in B and The family Sg (er) of f — spirallike function of order ¢ is defined by

Spla) = {f € D:Re (ei’g%) > cxc:ﬂs,[?}

(=)

where 0 < a < land_ﬂ—ncciﬁ:i

e

. such that Sg (&) is univalent in I (see [9])

A function f € D is said to be locally univalent function at a point z € B. A family G(¥), ++ = 0 of function is defined by

6 ={feure(1+ “sz}j <1+

=)

the class G (¥) : G(©0) was first introduced by Ozaki [11]

Let f € D be a locally univalent then by the Kalplan characterization it follows that f is close-to-convex in IE and f is univalent in
[E. The class F(A) has also been considered for the restriction % denote by F(A) [12],[13],[14].

The Fekete szegt inequalities introduced in 1933, preoccupied researchers regarding different classes of univalent functions [4],[8].
The Fekete szego problem is the problem of maximizing the absolute value of the functional in subclasses of hormalized functions
is called Fekete szego problem.

las — pa3|
for various subclasses of univalent function. To know much more of history, we refer the readers to [8],[16]. The classical Fekete
szeg0 functional is defined by

A, =a; —ppai(0<p<1)

1]
The mathematicians who introduced the functional, M.Fekete and G.Szego [5], were able to bound the classical function in the

classSby 1 + 2exp (%i)

The main purpose of this paper is to obtain Fekete Szegd function and its inequalities from the subclasses of logarithmic coefficient
of certain analytical function.
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2 Preliminaries

Lemmal. Ifp(z) =1+ ¢,z +c,z° + ;2% +..., (z € B) is a function with positive

real part, then for any complex number 17,

le, —ncil < 2max{1, [2n — 11}, (2.1)

and the result is sharp for the functions given by
1+=z"
p(z) ==, p(z) =

1+=
1-=

3 Main Results

Theorem 1 let—[1/2 < f < I1/2 and 0 = a < 1. Forevery f € Sg(a) of the
form (1.1) then, we consider the subclasses a, and a5 we have,
2.155['5_“'5'—{1—:?}:9:[5

ei':'g_“mcasﬁc: — ( - )cos:ﬁcf

e 1
jag — a3 <3

where

lzi—n‘}:a:['gcos: ,Ecr.':+|:1—:r}s['g cosf o,

-

a, = (1— a)efcosfc,, a; =

Proof. Let f € S5 (@) and we have their subclasses @, and a, we consider

fekete szego functional, and
substitution of &, and 5 in fekete szegd functional, we get

(1—:?}:55[5 cos” Bels(1- ﬁ’:lﬂl:l'g_u'g 'cosfc,

la; — Aa3| = - - Aei':g_“'g}cosﬁcl (3.1)
therefore to simplify the above equation, we get
. . . 0Bl (F—aB)_ ry_ o3 3if . -
la; — Aas| Eé elF~f)cosfec, — (JE - ) e )corﬁci (3.2
This completes the proof
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Theorem 2. If f € &(v) given by (1.1) then, we have the subclasses

i, and ag

12uv” —80" -8
B

) 9

la; —pasz| < —émax{u,

Proof. let f € (), then there exist a caratheodory function p of the form

v(p(z) —1)f'(2) = —22f"(2)

by using Taylor series for function f and p and equating the coefficient of z and = 2

in above equation, we obtain

(3.4)

by substituting e, and ay in the fekete szegd functional we get

a5 —uad| = [CETe (=Y @)
then, Further Simplification gives

la; — paz| = —li ve, + {%} ci| (3.6)
by using lemma , we get

la; —paz] < —émax{u, | W}l (3.7)

This completes the proof.

Theorem 3 Let f € Fj(4), for% = A =1, given by (1.1). Then

__Id+1 __ i+l
(1~ —Tcl, g =

(2c, + (2A+ 1)e1)(3.8)

= 24

and for any complex number &

Fred+3) —(a1+2)% -2

la; — &as| ﬂiémax{zl + 2,

}

-

Copyrights @Kalahari Journals
International Journal of Mechanical Engineering
610

(3.9)

Vol.7 No.4 (April, 2022)



Proof. Let f € Fy(A) be of the form(1.1), then

> (4A+2)e,+(24 +1)%63 2i+1y2 5
la; —&az| = e '—{[ : ) €] (3.10)
rearranging and simple calculation we get
- 1 Fred R A+2 o,
la; — &as| =1iﬂ [EA—I-ch:—g‘ +3?4‘4 2 o (3.11)
and by using (1.5)and after some computations, we obtain
2 : Fiied Tofadsz)?-2
la; — &as| Eémax{ﬁl—l—ﬁ, slefrd) f ) } (3.12)

Hence, completes the proof
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