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1. Introduction and Preliminaries:

The foundation of fuzzy mathematics is laid by L. A. Zadeh [21] in 1965. Fixed point theory is considered to be the most interesting
and dynamic area of research and development of nonlinear analysis. Heilpern [9] first introduced the concept of fuzzy contractive
mappings and a fixed point theorem for these mappings in metric linear spaces. The concept of fuzzy set was used in topology and
analysis by many authors. George and Veeramani [5] modified the concept of fuzzy metric space introduced by Kramosil and
Michalek [14]. This can be regarded as a generalization of statistical metric space. Banach contraction principal [2] is an initiative
for researchers during last few decades. This principal plays an important role in investigating the existence and uniqueness of
solution to various problems in mathematics which leads to mathematical models design by system of nonlinear integral equations,
functional equations and differential equations. Banach contraction principal has been generalized in different directions by
changing the condition of contraction. In addition to fuzzy metric space, there are still many extensions of metric and metric space
terms. Bakhtin [1] and Czerwik [3] introduced a space where, instead of triangle inequality, a weaker condition was observed, with
the aim of generalization of Banach contraction principal [2]. They called these spaces b-metric spaces. Many authors [6, 15, 18,
20] have proved fixed point theorems in fuzzy metric spaces. One such generalization is generalized metric space and D-metric
space initiated by Dhage [4] in 1992. In 2006, Sedghi and Shobe [19] introduced D*-metric space as a probable modification of D-
metric space and studied some topological properties which are not valid in D-metric spaces [19]. Based on Dx- metric concepts,
they [19] define M-fuzzy metric space and proved a common fixed point theorem for two mappings under the conditions of weak
compatible and R-weakly commuting mappings in complete M-fuzzy metric spaces. In addition to fuzzy metric spaces, there are
still many extensions of metric and metric space terms.

Bakhtin[1] and Czerwik[3] introduced a space where, instead of triangle inequality, a weaker condition was observed, with the aim
of generalization of Banach contraction principal [2].They called these spaces b-metric spaces. Relation between b-metric and fuzzy
metric spaces is considering in [8]. On the other hand, in [16] the notion of a fuzzy b-metric space was introduced, where the triangle
inequality is replaced by a weaker one. Now, in this paper we introduced a new space that is M-fuzzy b-metric
space with the help of M-fuzzy metric space and b-Metric space and then we prove several fixed point theorems in M-fuzzy b-
metric space. These theorems generalize and improve some known fixed point theorems in literature.

T:[0,1]x[0,1] —[0.1] is a continuous t-norm if it satisfies the following conditions:

(1) T isassociative and commutative,

Definition 1.1:- A binary operation

(2) T is continuous,
@ T@l)=agyq ac01], (4)
T(a,b)<T(c,d) o a,b,C,d €[0,1] gcp that @ <Cang b<d.

T,(a,b)=ad, T, (a,b) =min{a,b} and 1L (@,b) =max{a+b—1,0}.

Typical example of a continuous t-norm are

Definition 1.2:- Let T be a t-norm, and let Tn:[O,l]—>[0,1],ne¥,
T(X)=T(x), T.,(x)=T(T,(x),x), ne¥, xe[0,1].

be defined in the following way:
We say that a t-norm of H-type if the

family {Tn (X)}n€¥ is equi-continuous at X = 1. Atrivial example of t-norm of H-type isTmin ;
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Each t-norm of H-type can be extended by associatively in
n
a unique way to an n-ary Operation taking for (X %,) €[0,1] the values
Tiilxi = Xl’ Tizlxi =T(Tizilxi ! Xn) =T (Xl’ X2 1y Xn)'

Toin (X ey X, ) = MIN(X ey X,
T (X eeeeeens %) =max(Q" X, —(n-1),0),
T

: . T (K e x)=IT", x.
Example 1.3:- n-ary extensions of the t-norm " min ,TL and TP are the followings: F’( 1 ’ ”) H':l !
A t-norm T can be extended to a countable infinite operation

ToX =limT . (%),

taking for any sequence (Xn)”e¥ from [0.1] the values n—>e ©7 ° The sequence i1 is non-increasing and

bounded from below, and hence the IimitTi=lXi exists.
In the fixed point theory, it is of interest to investigate the classes of t-norms T and sequences

limx, =1 and limT5x =limT5x . =1.
(%) from the interval [0,1] such that n>= " e (1.1)
N (x) limx =1
Proposition 1.4:- Let \"n/ne¥ e a sequences of numbers from [0, 1] such that n—< :

ImTox =limT.x . =1.
n—o0

And let T be a t-norm of H-type. Then n—-«
(X, M ,T)

n+i
Definition 1.5:- The 3-tuple is known as fuzzy metric space (shortly, FM-space) if X is an any set, T is a continuous

t-norm, and M is a fuzzy set in X x X x(0,0) satisfying the following conditions for all X,y,zeX and s,t>0;

(FM-D) M(xy,t)>0,
2y MOSYD)=1 i onyie X= Y, (FM-3)
M(x y,t)=M(y,xt), (EM-4)
T(M(xY,t),M(y,2,5))<M (X 2,t+s), M) M(xy.9:[0,0) >[01] ;5
continuous.
Dufinition L6. (XM, @ conce It X is an arbi -
efinition 1.6:- A 3-tuple is called a M-fuzzy metric space if X is an arbitrary (non-empty) set,  is a continuous t-

3 .
norm, and M is a fuzzy seton X % (0,0), satisfying the following conditions for each X1 ¥»Z:@ € X 404S,1>0;

(M1) M(x,y,z,t)>0,
M2y MOGY.Z) =1 i onyif X=Y=2. (M3)
M (X’ Y, Z’t) =M ({X’ Yy Z} ’t)’ (Symmetry) where p is a permutation function, (M4)

M(x y,at)*M(a,z25s)<M(XY,z,t+s),
M (X, y,2,9:(0,0) =>[0,1] i5 continuous.
X,M,T)

(M)

Definition 1.7:- The 3-tuple (

fuzzy set in X x X x(0,00) satisfying the following conditions for all X,y,zeX and Si1> 0, and a given real number
M (x,y,t)>0, M(x y,t)=1

is known as fuzzy b-metric space if X is any set, T is a continuous t-norm, and M is a

b>1, (BM-1) (BM-2) if and only if X= Y (BM-
5 M (X y,t)=M(y,xt), (BM-4)
T(M(X,y,5),M(Y,2,3)) <M (X, z,t+5), (BM-5)

M (X, y,9 :[0,0) >[0,1] i continuous.
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Definition 1.8:- The 3-tuple (X:M:T)

fuzzy setin X X X X X x (0,0) satisfying the following conditions for all X+ ¥sZ:8 € X anq s t > 0 and a given real number

is known as M-fuzzy b-metric space if X is any set, T is a continuous t-norm, and M is a

b>1, Me-y) M(xy.21)>0,

r2) MY 2 =15y oy i X=y =2 (MF-3)

M (X’ y; Z’t) =M ({X’ y; Z} ’t)’ (Symmetry) where p is a permutation  function, (MF-4)
T(M(x,y,a,3),M(@,2,2,3))<M(X,y,z2,t+5), MF5) M(xY,2,0:(0,00) —>[0,1]

is continuous.

Definition 1.9:- A function T *1 —>1 is called b-non-decreasing if X >bY implies f(X)=f(y) forall x,ye; .

(X.M.)

Lemma 1.10:- Let be M-fuzzy b-metric space. Then M(x,y,z,t) is b-non-decreasing with respect to t for all

X,y,Ze X.

Definition 1.11:- Let (X’ M ’T) be M-fuzzy b-metric space. For t>0, the open ball B(X’ Y r’t) with center X € X and
radius 0<T <1 is defined as BOG Y, D) ={z € X :M(X,y,Z,t) >1-r}. A sequence 1.}

M(x,,X,y,t) >1 as n—o foreacht>0. lim, ., X =X

(@) Converges to x if In this case, we write

(b) Is called a Cauchy sequences if for all 9<&<land t>0, ihere exist No€¥  gch  that

M(X,, X, Y,t) >1—¢ forall n,m>n,.

Definition 1.12:- The M-fuzzy b-metric space (X’ M ’T) is said to be complete if every Cauchy sequence is convergent.

X,M,T)

Lemma 1.13:- In M-fuzzy b-metric space( we have:

(M If a Sequence {Xn} In X converges to x, then x is unique,
(i) If a Sequence {Xn} In X converges to x, then it is a Cauchy sequence.
Proposition 1.14:- Let (X M 'T) M-fuzzy b-metric space and suppose that {Xn}

converges to X. Then we have
M(xy,z,5) <lim  supM(x,,y,z,t) =M (X, y,zbt),
M(x,y,z,3)<lim_,_inf M(x,,y,z,t)=M(X,,Y,zDbt).

2. Main Result:

1

Lemma 2.1:- Let {Xn} be a sequence in M-fuzzy b-metric space (X,M,T) . Suppose that there exists A< (0, 5) such that

t
M (X, X115 X,0, 1) 2 M [xnl, X, XM,—j, ne¥,t>0,

A @.1)
And there exists 0’ v X2 € X and ve(0) such that

. t
!Lrg'l'ian (XO, Xy, xz,—ij =1, t>0,
v (2.2)

Then {Xn} is a Cauchy sequence.
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Yo
Proof: Let@ € (AD,8) Then the sum =

n>Mm>n,. Since M is a b-nondecreasing, by (MF4), for every

O

b

i
is convergent, and there exists

t>0, e have

M (X, X

n?! *n+m? n+m+1't)>M Xp1 X X

n? *n+m? “n+m+1?

to
M [Xn 1 Xn+11 Xn+2’ bz

"

X X

n+1? “*n+m? n+m+1?

to
M [Xn 1 Xn+17 Xn+2’ bz

to_n+m—l

M [Xm—m—l’ Xnsmo Xnime1 b—m

t
M(Xn’ n+1? n+2’t) M(XO,Xi,XZ,F),

And since N>M and P>1 e have

M(Xn’ n+m? n+m+l’t)>T( ( O'Xl XZ’

By (2.1) if follows that

to"

to_n+1
Y j T(M (xo,xl,xz,w
to
bi—n+2/1i
to" J

ZTIE:I—mM( O’Xl Xz’bﬂ

>T>M (xo,xl,xz, ti j
v

>T "M [xo,xl,xz,

bA

V=—:.
o since v €(0.1), by (2.2) it follows that .} is Cauchy sequence.
By Proposition 1.3 the next corollary immediately follows.

where

n, €¥

n n+l
]’T {M Lxml’ Xns2s Xn+3’?

to
] M(Xolxl’XZ’W

iai<l

such that =1 forevery "~ Mo+ et

n+m i
t E o
i=n+1

b2

to

|

ne¥,t>0,

n+m

H

Corollary 2.2:- Let {Xn} be a sequence in a M-fuzzy b-metric space(x’ M ’T), and let T be of H-type. If there exists

Ae (O, l)
b such that

M(Xn’ n+1? n+2’t) M[

Cauchy sequence.

X

n-10 Xn1 X1

tj, ne¥,t>0,
A

Lemma 2.3:- If for some 4 € (0.1) gng X, Y € X,

M(x,y,z,t)>M [x, y,z,%}, t>0,
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M(X,y,z,t)zl\/l[x,y,z,inj, t>0, ne¥,t>0.
Proof: Condition (2.4) implies that A

. t
M(x,y,z,t)>limM (x, Y, z,—nj =1 t>0,
Now, e A And by (MF1) it follows that X =Y = Z-Theorem 2.4:- Let
. 1
(X,M,T) be a complete M-fuzzy b-metric space, and let fiX—>X. Suppose that there exists ﬂ,e(O, b) such that

M (fx, fy, fz,t)zM[x,y,z,%), X,¥,Z2e X,t>0,

(2.5)
And hence there exists X0 € X and vV € (0:1) sych that
limT.> M (XO, X, fxo,lij =1, t>0.
e 4 (2.6)
Then f has a fixed point in X
proof: Let %0 €X ang Xan= X NE¥. p e e X=X Y =X ang 25 %2 i (2.5), then we have
M (X, X110 Xoy20 t) = M (xnl, X, an%} ne¥,t>0,

and by Lemma 2.1,it follows that {Xn} is a Cauchy sequence. Since (X,M,T) is a complete, there exists X € X' such that
limx, =X limM(x,x,x,,t)=1 t>0.

n—oo and n—o0

(2.7)  Conditions (25) and (MF4) are used to show that X is a fixed point forf:

M(fX, X, x,t)>T| M (fx,xn,x,Lj,M [xn,x,x,ij
2b 2b

>T| M x,xnfl,xnfz,L M Xn,X,X,L
2bA 2b

forall £>0. By (2.7),as M ™ % we get M(fxx,xt)=T(11)=1 f

(2.5) we have

* Suppose that X+ Y and Z are fixed points for I . By

M (g2 =M (b 0)2M{xyet) t0
A and Lemma 2.3 implies that X = ¥ = Z.

1
_ Ae (0, —J

Theorem 2.5:- Let (X,M,T) be a complete M-fuzzy b-metric space, and let f:X—>X . Suppose that there exists b
such that

M (fx, fy, fz,t) > min{M (x, y,z,%),M (fx,x,z,%),M (fy, y,z,%),M [y, fz,z,%),M (x, fz,z,%j},

28

limT* M (xo, fx,, fxo,lijzl,t >0,
\'

¥oeXandve (01 (. that"™"

For all % Y,Z2€X,t>0,
(2.9)

and there exists

Then f has a unique fixed point in X.
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Proof: Let %0 € X ang Ynu = X, Ne¥. X=Xy ¥Y=Xi1gpg £=X t>0,

. t t t
M (X110 Xy Xy, ) = mln{M (xn,xnl,xnz,z), M (xm,xn,xnl,z) M (xn,xn,xn,zj}

> min{M (xn,xnl,xnz,lj, M [xm, xn,xnl,lj}
we have A A

M (Xyq0 Xy X t)zM(xM,xn,xn_l,%J,ne¥,t>0,

By (2.8) with n-21 for every N €¥ and every

n+1! Sn1 Mno1s =X =X ne¥.

If Then by Lemma 2.3 it follows that Xo1 = X0 = Xo

n+1? “*n? “n-11

M (X1 X, X t)ZM(xn,xnl,xnz,lj, ne¥,t>0,
So, A

And by Lemma 2.1 we have {Xn} is a Cauchy sequence. Hence there exists X € X' such that

limx, =x  limM(x,x,,x,t)=1 t>0.

1 M
n—oo and n—«

(2.10)

o, € (4b,1)

Let us prove that X is a fixed point for f. Let and 92 =1-o,. By (2.8) we get

. t t t
M (fx, fy, fz,t)> mln{M (x, Y, fz,zj, M (x, fX’Z’Zj’ M (y, W'Z’Zj}

. t t t
> mln{M (x, y,z,z}l,l}: M (x, y,z,z): M (fx, fy, fz,zj

For >0, and by Lemma 2.3 it follows that X =Y = 2. 4natijs X=y =12

1
_ Ae (0,—)
min) be a complete M-fuzzy b-metric space, and let f:X—>X . If for some b such

Theorem 2.6:- Let (X M, T
that
M (fx, fy, fz,t) > min< M (x, y,z,l),M (fx,x,z,lj,M (fy, y,z,lj,M (fx, y,z,lj,M [x, fz,z,lj ,
A A A A A
X, y,2e X, t>0,
(2.11)

Then f has a unique fixed point in X.
X, € X =X ,ne¥.

that T=Tuin, we have

t t t
M (Xn’xn—l’xn—Z’ZJ’ M (Xnﬂ’ Xn’Xn—l’Zj’ M (Xn’xn’ n’Z]’
: t t t
min{M| X .., X, X, ;,— |\ M xn,xn_l,xn_z,—j MY XXX —
bA bA A

> min{M (xn,xn_l,xn_z,éj, M (XM,XH, X"-l’éj}’ ne¥,t>0.

As in the proof of Theorem 2.5, by Lemma 2.3 and Corollary 2.2 it follows that
: j
n-217_
ba , and {Xn} is a Cauchy sequence. So there exists X € X' such that

X=X Y= Xy 10 2= X

Proof: Let and %o+ By (2.11) with n-2' ysing (MF4) and the assumption

M (X110 Xy Xy, t) = in

n+1? “*n? n-11

n+1? *n? “n-1?

M (X110 Xy X t)zM(xH,Xn_l,x
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limx, =x limM(x,x,,x,t)=1 t>0.

1 M
n—oo and n—w

(2.12)
2 _ a—
Let 91 € (AD°D) 44 02 =1=01 By 511y and (b4) for | = Tmin’ we have

M (fx,xx,t) > min{M (fx, X, fX,%j, M (fxn,x,x.%j}

M (X’ Xn’X’ﬂ)’ M (X’ va X’tﬂJa M (Xn’xnﬂ!xmz’ﬁj,
bA bA b
> min<{min<{ M fx,x,x,tzﬂ ‘M x,xn,x,tzﬂ M X’Xn+1’xn+2’t;i ,
b°A b%A b?A

M (Xm—l’ Xn ! Xn—l %j

Forall N€¥ ang >0, taking N — 2 and using (2.12), we get

M (X, x,x,t) = min<min 1,M(x, fx, fx,tﬂj,l,min M(fxn,x,x,t;ij,l 141
bA b4

:M(fx,x,x,%j, t>0,

And by Lemma 2.3 with
b’
v=—-—=¢c (O,l)

O,

it follows that X =Xand by condition (2.11), for three fixed point X = X Y=1 and 2= 2, e have

NN
M (fx, Ty, fz,t) > min min{M (fx,x,z,éj, M (x, yzéj}
o plennt

_ min{M (x, y, z,%j,l,min{l, M (x, y, zéj}}
=M(x,y,z,éj:M(fx, fy, fz,éj, t>0,

And by Lemma 2.3 it follows that X = ¥ = Z-

> .
Theorem 2.7:- Let (X,M,T) : T= P’ be a complete M-fuzzy b-metric space, and let fiX—>X . Suppose that there exists

Ae (0,%)
b
such that

t t t
M (Xy Y1Z)zj1M (fX’X’Z'Zj’M (fy! yizizjy
M ( fx, fy, fz,t) > min

FloeTulonst) |

Forall %Y, Z€ X,t1>0, and there exists X € X and v e (0’1)

(2.13)

such that
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n—o

limT,” M[xo,fxO X, j 1t>0.
(2.14)

Then f has a unique fixed point in X.

Proof: Let X € X and Xnia = an, nex. Taking X=X Y =X and 2=X01 jn condition (2.13), by (b4) and  with

X=X,, ¥y =X Z=X

>
n-2" ysing (MF4) and T _TP’ we have

M (Xn’xn l’Xn 27 t j’M (Xn+l’xn’xn—1’£j1M (men’xn’ tj'
A A A
. t t t
min3 M (xml, xn,xnl,—].M (xn,xnl, xnz,—) M (xn, Xy X )
bA bA A

ne¥,t>0.

n-land

M (Xy,1 Xys Xoq, ) = MiN

Since

o > mi
M(x,y,z,1) is a b-non-decreasing in t and ag > min {a’ b}’ we obtain that

. t t
M (Xn+1’ X Xn—l’t) > mln{M (Xml’ Xns an’_)' M [anxnl’ XnZ’_]}
bA bAJ) Foran NE¥,1>0. by Lemma 2.3 and 2.1

t
M (X1 Xys Xy g, 1) = M( . ”“X"Z’b;tj’ ne¥,t>0,
it follows that

And {Xn} is a Cauchy sequence. Since (X,M,T) is a complete space, there exists X € X' such that

limx, =X limM (x,x,,xt)=1 t>0.

n—® and - (2.15)
2

Let 92 € (AD7D) 40y 02 =1=01 By (2.13) and (MFay for | = 1o We have

M(fx,x,x,t)zT(M(fx, fxn,fx,tgj fx X, X, tGZ j

M(x,xn,xt j (x x, x J M( X M,talj
) bA bA
min
ZT M (fxlxa X!t;ij (X,Xn,x j [ n?' n+1’ n+2 to_z]
b4 bA

to
M| X X, X, —=
( n+1 1 b j

M [X’ Xn’Xn-*-l’tGlj M (X! fX! fX,Ej, M (Xn’xn+l’xn+2!ﬂja
bA bi bA
>T | min{min M[fx,x,x,t%j_M (X,me to, ) ,M[Xnaxmlvxmzﬂj’
b°A b?4 bi

to
M (Xml’ Xnr Xna TZJ

Forall N€¥ ang >0, taking N — % and using (2.15), we get
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M (X, X, X,t) =T <min 1,M[x, fx, fx,tﬂ),l,min M(fxn,x,x,tzﬂj,l 161
bA b4

And by Lemma 2.3 with

:M(fx,x,x,tzﬂj, t>0,
b°A
b’2
v=—e(0,1)

o, fx=x.

it follows that

Suppose that X,¥ and Z are fixed point for f. By condition (2.13) we have

M ( fx

y, f2,t) =T

e
7 rma e WA MO
fu{ornJammfi o)

t t
M y Yo & T :M f1 lfl_l t 01
(xyzb/J (xfy Zbij >

And thus by Lemma 2.3 it follows that X = ¥ = Z-
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