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1  Introduction 

  

Consider the graphs are simple, finite and undirected. We refer [1] for standard terminology and notations. 𝑉(𝐺) and 𝐸(𝐺) denote 

the vertex and edge set of 𝐺. Let 𝑝 and 𝑞 be the cardinality of vertex and edge set is called the order and size of a graph 𝐺. We 

refer [2] the latest update of dynamic survey of graph labeling by Gallian. The following definitions are taken from [4] “prime 

graph, neighborhood prime graph, total neighborhood prime graph. Motivated by neighborhood prime graph and total neighborhood 

prime graph, Pandya and Shrimali [3] defined the concept of vertex edge neighborhood prime labeling.  

 Vertex edge neighborhood prime labeling is a function 𝑓: 𝑉(𝐺) ∪ 𝐸(𝐺) → {1,2,3, . . . , 𝑝 + 𝑞} with the property that if degree of 

vertex is exactly one, then that neighborhood vertex and its incident edges are relatively prime and if the degree of vertex is at least 

two then their neighborhood vertices are relatively prime and its incident edges are also relatively prime. A graph which admits 

vertex edge neighborhood prime labeling is called vertex edge neighborhood prime graph.,,  

 The following definitions are taken from [3], [4], [5], [6]. “The sunlet 𝑆𝑟, wheel 𝑊𝑘, Petersen graph 𝑃(𝑛, 2), quadrilateral snake 

𝑄𝑛, double triangular snake 𝐷𝑇𝑛, prism graph 𝐶𝑙 × 𝐾2, 𝑘 −polygonal book 𝐵𝑘,𝑛, convex polytope 𝑅𝑛, Shell graph 𝑆𝑛, butterfly 

graph 𝐵𝐹(𝑚, 𝑛), octopus graph 𝑂𝑠, planter graph 𝑅𝑧, lotus inside a circle 𝐿𝐶𝑛, helm 𝐻𝑛, closed helm 𝐶𝐻𝑛, udukkai graph 𝐴𝑧, 

barycentric cycle 𝐵𝐶𝑧. 𝐺∗ = 𝐺 ∗ 𝐾1 is obtained by joining a single pendant edge to each outer node of 𝐺. The Mycielskian graph 

𝜇(𝐺) of 𝐺 is defined as follows: The vertex set 𝑉(𝜇(𝐺)) of 𝜇(𝐺) is the disjoint union 𝑉 ∪ 𝑉′ ∪ 𝑢, where 𝑉′ = {𝑥′: 𝑥 ∈ 𝑉} and 

the edge set of 𝜇(𝐺) is 𝐸(𝜇(𝐺)) = 𝐸 ∪ {𝑥′𝑦: 𝑥𝑦 ∈ 𝐸} ∪ {𝑥′𝑢: 𝑥′ ∈ 𝑉′}. If 𝐺1  and 𝐺2  are two connected graphs, then the graph 

acquired by superimposing any selected vertex of 𝐺2  on any selected vertex of 𝐺1  is denoted by 𝐺1 ⊙ 𝐺2 . Duplication of a vertex 

𝑣𝑘 of a graph 𝐺 produces a new graph 𝐺1  by adding a vertex 𝑣′𝑘 with 𝑁(𝑣′𝑘) = 𝑁(𝑣𝑘). ,,• 

In section 2,3, we prove that union of graphs and duplicating of graphs are vertex edge neighborhood prime. 

 

2  Graph superimposing of union of graphs 

  

The union 𝐺 = 𝐺1 ∪ 𝐺2  of graphs 𝐺1  and 𝐺2  with disjoint point sets 𝑉1 and 𝑉2 , edge sets 𝐸1 and 𝐸2 is the graph with 𝑉 =
𝑉1 ∪ 𝑉2 and 𝐸 = 𝐸1 ∪ 𝐸2. Here, we discuss about graph superimposing of union of graphs. 

Theorem 2.1. If 𝐺1(𝑝1, 𝑞1) has vertex edge neighborhood prime graph, then there exists a graph from the class 𝐺1 ⊙ [𝐾𝑛1
⊙ 𝐾2 ∪

𝐾𝑛2
⊙ 𝐾2 ∪. . .∪ 𝐾𝑛𝑚

⊙ 𝐾2] that admits vertex edge neighborhood prime graph 

Proof. Let 𝐺1(𝑝1, 𝑞1) be vertex edge neighborhood prime graph with bijection 𝑔1: 𝑉(𝐺1) ∪ 𝐸(𝐺1) → {1,2, . . . , |𝑉(𝐺1) ∪ 𝐸(𝐺1)|} 

satisfying the condition of vertex edge neighborhood prime graph. 

Consider the graph 𝐻1 = 𝐾𝑛1
⊙ 𝐾2 ∪ 𝐾𝑛2

⊙ 𝐾2 ∪. . .∪ 𝐾𝑛𝑚
⊙ 𝐾2 with 

𝑉(𝐻1) = {𝑢𝑖𝑗 : 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛𝑖} ∪ {𝑣𝑖𝑗 : 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 2𝑛𝑖} and 

𝐸(𝐻1) = {𝑢𝑖𝑗𝑣𝑖(2𝑗−1), 𝑢𝑖𝑗𝑣𝑖(2𝑗): 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛𝑖} ∪ {𝑢𝑖𝑗𝑢𝑖(𝑛𝑖+1−𝑘): 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛𝑖 − 1,1 ≤ 𝑘 ≤ 𝑛𝑖 − 𝑗}. 

We identify one of the vertex say 𝑢11 of 𝐻1 on selected vertex of 𝑠1 in 𝐺1  with 𝑔1(𝑠1) = 1. 

Let us construct a new graph 𝐺1
∗ = 𝐺1 ⊙ 𝐻1 with 𝑉(𝐺1

∗) = 𝑉(𝐺1) ∪ 𝑉(𝐻1) and 𝐸(𝐺1
∗) = 𝐸(𝐺1) ∪ 𝐸(𝐻1). 

|𝑉(𝐺1
∗)| = 𝑝1 + 3(𝑛1 + 𝑛2+. . . +𝑛𝑚) − 1 and |𝐸(𝐺1

∗)| = 𝑞1 + 2(𝑛1 + 𝑛2+. . . +𝑛𝑚) + ∑𝑚
𝑖=1

𝑛𝑖(𝑛𝑖−1)

2
. 
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Define ℎ1: 𝑉(𝐺1
∗) ∪ 𝐸(𝐺1

∗) → {1,2, . . . , 𝑝1 + 𝑞1 + 5(𝑛1 + 𝑛2+. . . +𝑛𝑚) + ∑𝑚
𝑖=1

𝑛𝑖(𝑛𝑖−1)

2
− 1} by 

𝑔1(𝑧1) = ℎ1(𝑧1) for all 𝑧1 ∈ 𝑉(𝐺1) and 𝑔1(𝑒1) = ℎ1(𝑒1) for all 𝑒1 ∈ 𝐸(𝐺1). 

ℎ1(𝑢11) = ℎ1(𝑠1) = 1, ℎ1(𝑢11𝑣11) = 𝑝1 + 𝑞1 + 1. 

ℎ1(𝑢𝑖𝑗𝑣𝑖(2𝑗)) = 𝑝1 + 𝑞1 + 5 ∑𝑖−1
𝑚=1 𝑛𝑚 + ∑𝑖

𝑚=1
𝑛𝑚−1(𝑛𝑚−1−1)

2
+ 3𝑗 − 1 for 1 ≤ 𝑖 ≤ 𝑚 and 1 ≤ 𝑗 ≤ 𝑛𝑖.  

For each 2 ≤ 𝑗 ≤ 𝑛1, ℎ1(𝑢1𝑗𝑣1(2𝑗−1)) = 𝑝1 + 𝑞1 + 3𝑗 − 3, ℎ1(𝑢1𝑗) = 𝑝1 + 𝑞1 + 3𝑗 − 2. 

For each 2 ≤ 𝑖 ≤ 𝑚 and 1 ≤ 𝑗 ≤ 𝑛𝑖 ,  ℎ1(𝑢𝑖𝑗𝑣𝑖(2𝑗−1)) = 𝑝1 + 𝑞1 + 5 ∑𝑖−1
𝑚=1 𝑛𝑚 + ∑𝑖

𝑚=1
𝑛𝑚−1(𝑛𝑚−1−1)

2
+ 3𝑗 − 3, ℎ1(𝑢𝑖𝑗) =

𝑝1 + 𝑞1 + 5 ∑𝑖−1
𝑚=1 𝑛𝑚 + ∑𝑖

𝑚=1
𝑛𝑚−1(𝑛𝑚−1−1)

2
+ 3𝑗 − 2. 

ℎ1(𝑢𝑖1𝑢𝑖(𝑛𝑖+1−𝑘)) = 𝑝1 + 𝑞1 + 5 ∑𝑖−1
𝑚=1 𝑛𝑚 + [∑𝑛1−1

𝑚=1 𝑚 + ∑𝑛2−1
𝑚=1 𝑚+. . . + ∑𝑛𝑖−1−1

𝑚=1 𝑚] + 3𝑛𝑖 + 𝑘 − 1  for 1 ≤ 𝑖 ≤ 𝑚  and 1 ≤

𝑘 ≤ 𝑛𝑖 − 1. 

ℎ1(𝑣𝑖𝑗) = 𝑝1 + 𝑞1 + 5 ∑𝑖−1
𝑚=1 𝑛𝑚 + [∑𝑛1−1

𝑚=1 𝑚 + ∑𝑛2−1
𝑚=1 𝑚+. . . + ∑𝑛𝑖−1

𝑚=1 𝑚] + 3𝑛𝑖 + 𝑗 − 1 for 1 ≤ 𝑖 ≤ 𝑚 and 1 ≤ 𝑗 ≤ 2𝑛𝑖. 

ℎ1(𝑢𝑖𝑗𝑢𝑖(𝑛𝑖+1−𝑘)) = 𝑝1 + 𝑞1 + 5 ∑𝑖−1
𝑚=1 𝑛𝑚 + [∑𝑛1−1

𝑚=1 𝑚 + ∑𝑛2−1
𝑚=1 𝑚+. . . + ∑𝑛𝑖−1−1

𝑚=1 𝑚] + 3𝑛𝑖 + ∑𝑗−1
𝑚=1 (𝑛𝑖 − 𝑚) + 𝑘 − 1  for 1 ≤

𝑖 ≤ 𝑚 and 2 ≤ 𝑗 ≤ 𝑛𝑖 − 1 and 1 ≤ 𝑘 ≤ 𝑛𝑖 − 𝑗. 

We claim that 𝐺1
∗ is vertex edge neighborhood prime graph. Clearly, 𝐺1 is vertex edge neighborhood prime graph. We have to 

prove 𝐻1 is vertex edge neighborhood prime graph. Let 𝑥1 be any vertex of 𝐻1. Consider the following two cases. 

Case 1. If 𝑥1 = 𝑣𝑖𝑗, where 1 ≤ 𝑖 ≤ 𝑚 and 1 ≤ 𝑗 ≤ 2𝑛𝑖 with 𝑑𝑒𝑔(𝑥1) = 1, then ℎ1(𝑢𝑖𝑗),  ℎ1(𝑥1𝑢𝑖𝑗) are consecutive integers. 

Case 2. If 𝑥1 = 𝑢𝑖𝑗 , where 1 ≤ 𝑖 ≤ 𝑚  and 1 ≤ 𝑗 ≤ 𝑛𝑖  with 𝑑𝑒𝑔(𝑥1) ≥ 2 , then {ℎ1(𝑤1): 𝑤1 ∈ 𝑁𝑉(𝑥1)}  and {ℎ1(𝑒1): 𝑒1 ∈

𝑁𝐸(𝑥1)} are consecutive integers. 

Hence 𝐺1
∗ = 𝐺1 ⊙ 𝐻1 is vertex edge neighborhood prime graph.                 ∎ 

Theorem 2.2. If 𝐺2(𝑝2, 𝑞2) has vertex edge neighborhood prime graph, then there exists a graph from the class 𝐺2 ⊙ [𝐶𝑟1
⊙ 𝑃2 ⊙

𝐶𝑠1
∪ 𝐶𝑟2

⊙ 𝑃2 ⊙ 𝐶𝑠2
∪. . .∪ 𝐶𝑟𝑢

⊙ 𝑃2 ⊙ 𝐶𝑠𝑣
], where 𝑠𝑎(1 ≤ 𝑎 ≤ 𝑣) is odd, that admits vertex edge neighborhood prime graph. 

Proof. Let 𝐺2(𝑝2, 𝑞2) be vertex edge neighborhood prime graph with bijection 𝑔2: 𝑉(𝐺2) ∪ 𝐸(𝐺2) → {1,2, . . . , |𝑉(𝐺2) ∪ 𝐸(𝐺2)|} 

satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻2 = 𝐶𝑟1
⊙ 𝑃2 ⊙ 𝐶𝑠1

∪ 𝐶𝑟2
⊙ 𝑃2 ⊙ 𝐶𝑠2

∪. . .∪ 𝐶𝑟𝑢
⊙ 𝑃2 ⊙ 𝐶𝑠𝑣

, where 𝑠𝑎(1 ≤ 𝑎 ≤ 𝑣) is odd, with 

𝑉(𝐻2) = {𝑘𝑦𝑧 , 𝑙𝑦𝑧: 1 ≤ 𝑦 ≤ 𝑖, 1 ≤ 𝑧 ≤ 𝑟𝑦} ∪ {𝑚𝑥𝑦𝑧 : 1 ≤ 𝑥 ≤ 𝑖, 1 ≤ 𝑦 ≤ 𝑟𝑥 , 1 ≤ 𝑧 ≤ 𝑠𝑥} and 

𝐸(𝐻2) = {𝑘𝑦𝑧𝑘𝑦(𝑧+1): 1 ≤ 𝑦 ≤ 𝑖, 1 ≤ 𝑧 ≤ 𝑟𝑦 − 1} ∪ {𝑘𝑦1𝑘𝑦𝑟𝑦
: 1 ≤ 𝑦 ≤ 𝑖} ∪ {𝑘𝑦𝑧𝑙𝑦𝑧: 1 ≤ 𝑦 ≤ 𝑖, 1 ≤ 𝑧 ≤ 𝑟𝑦} ∪

{𝑚𝑥𝑦𝑧𝑚𝑥𝑦(𝑧+1): 1 ≤ 𝑥 ≤ 𝑖, 1 ≤ 𝑦 ≤ 𝑟𝑥 , 1 ≤ 𝑧 ≤ 𝑠𝑥 − 1} ∪ {𝑚𝑥𝑦1𝑚𝑥𝑦𝑠𝑥
: 1 ≤ 𝑥 ≤ 𝑖, 1 ≤ 𝑦 ≤ 𝑟𝑥} ∪ {𝑙𝑥𝑦𝑚𝑥𝑦𝑧 : 1 ≤ 𝑥 ≤ 𝑖, 1 ≤ 𝑦 ≤

𝑟𝑥 , 1 ≤ 𝑧 ≤ 𝑠𝑥}. 

We superimposing one of the vertex say 𝑘11 of 𝐻2 on selected vertex of 𝑠1 in 𝐺2  with 𝑔2(𝑠1) = 1. 

Let us construct a new graph 𝐺2
∗ = 𝐺2 ⊙ 𝐻2 with 𝑉(𝐺2

∗) = 𝑉(𝐺2) ∪ 𝑉(𝐻2) and 𝐸(𝐺2
∗) = 𝐸(𝐺2) ∪ 𝐸(𝐻2). 

|𝑉(𝐺2
∗)| = 𝑝2 + 2 ∑𝑖

𝑐=1 𝑟𝑐 + ∑𝑖
𝑐=1 𝑟𝑐𝑠𝑐 − 1 and |𝐸(𝐺2

∗)| = 𝑞2 + 2 ∑𝑖
𝑐=1 (𝑟𝑐 + 𝑟𝑐𝑠𝑐). 

Define ℎ2: 𝑉(𝐺2
∗) ∪ 𝐸(𝐺2

∗) → {1,2, . . . , 𝑝2 + 𝑞2 + 4 ∑𝑖
𝑐=1 𝑟𝑐 + 3 ∑𝑖

𝑐=1 𝑟𝑐𝑠𝑐 − 1} by 

𝑔2(𝑧2) = ℎ2(𝑧2) for all 𝑧2 ∈ 𝑉(𝐺2) and 𝑔2(𝑒2) = ℎ2(𝑒2) for all 𝑒2 ∈ 𝐸(𝐺2). 

ℎ2(𝑘11) = ℎ2(𝑠1) = 1. 

ℎ2(𝑘𝑦1) = 𝑝2 + 𝑞2 + ∑𝑦
𝑐=1 𝑟𝑐𝑠𝑐 + 2 ∑𝑦

𝑐=1 𝑟𝑐 − 1 for 2 ≤ 𝑦 ≤ 𝑖. 

ℎ2(𝑘𝑦1𝑘𝑦(𝑟𝑦)) = 𝑝2 + 𝑞2 + ∑𝑖
𝑐=1 𝑟𝑐𝑠𝑐 + 2 ∑𝑖

𝑐=1 𝑟𝑐 + 2 ∑𝑦−1
𝑐=1 𝑟𝑐 + 𝑟𝑦 − 1 for 1 ≤ 𝑦 ≤ 𝑖. 

ℎ2(𝑘1𝑧) = 𝑝2 + 𝑞2 + (𝑧 − 1)(𝑠1 + 2) for 2 ≤ 𝑧 ≤ 𝑟1 . 

ℎ2(𝑘𝑦𝑧) = 𝑝2 + 𝑞2 + ∑𝑦−1
𝑐=1 𝑟𝑐𝑠𝑐 + 2 ∑𝑦−1

𝑐=1 𝑟𝑐 + (𝑧 − 1)(𝑠𝑦 + 2) − 1 for 2 ≤ 𝑦 ≤ 𝑖 and 2 ≤ 𝑧 ≤ 𝑟𝑦. 

ℎ2(𝑙1𝑧) = 𝑝2 + 𝑞2 + 𝑧𝑠1 + 2𝑧 − 1 for 1 ≤ 𝑧 ≤ 𝑟1 . 

ℎ2(𝑙𝑦𝑧) = 𝑝2 + 𝑞2 + ∑𝑦−1
𝑐=1 𝑟𝑐𝑠𝑐 + 2 ∑𝑦−1

𝑐=1 𝑟𝑐 + 𝑧𝑠𝑦 + 2𝑧 − 2 for 2 ≤ 𝑦 ≤ 𝑖 and 1 ≤ 𝑧 ≤ 𝑟𝑦 . 

ℎ2(𝑘𝑦𝑧𝑙𝑦𝑧) = 𝑝2 + 𝑞2 + ∑𝑖
𝑐=1 𝑟𝑐𝑠𝑐 + 2 ∑𝑖

𝑐=1 𝑟𝑐 + 2 ∑𝑦−1
𝑐=1 𝑟𝑐 + 𝑟𝑦 + 𝑧 − 1 for 1 ≤ 𝑦 ≤ 𝑖 and 1 ≤ 𝑧 ≤ 𝑟𝑦 . 

ℎ2(𝑚1𝑦(2𝑧−1)) = 𝑝2 + 𝑞2 + (𝑦 − 1)(𝑠1 + 2) + 𝑧 for 1 ≤ 𝑦 ≤ 𝑟1  and 1 ≤ 𝑧 ≤ ⌈
𝑠1

2
⌉. 

ℎ2(𝑚𝑥𝑦(2𝑧−1)) = 𝑝2 + 𝑞2 + ∑𝑥−1
𝑐=1 𝑟𝑐𝑠𝑐 + 2 ∑𝑥−1

𝑐=1 𝑟𝑐 + (𝑦 − 1)(𝑠𝑥 + 2) + 𝑧 − 1 for 2 ≤ 𝑥 ≤ 𝑖, 1 ≤ 𝑦 ≤ 𝑟𝑥 and 1 ≤ 𝑧 ≤ ⌈
𝑠𝑥

2
⌉. 
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ℎ2(𝑚1𝑦(2𝑧)) = 𝑝2 + 𝑞2 + (𝑦 − 1)(𝑠1 + 2) + ⌈
𝑠1

2
⌉ + 𝑧 for 1 ≤ 𝑦 ≤ 𝑟1  and 1 ≤ 𝑧 ≤ ⌊

𝑠1

2
⌋. 

ℎ2(𝑚𝑥𝑦(2𝑧)) = 𝑝2 + 𝑞2 + ∑𝑥−1
𝑐=1 𝑟𝑐𝑠𝑐 + 2 ∑𝑥−1

𝑐=1 𝑟𝑐 + (𝑦 − 1)(𝑠𝑥 + 2) + ⌈
𝑠𝑥

2
⌉ + 𝑧 − 1 for 2 ≤ 𝑥 ≤ 𝑖, 1 ≤ 𝑦 ≤ 𝑟𝑥 and 1 ≤ 𝑧 ≤ ⌊

𝑠𝑥

2
⌋. 

ℎ2(𝑘𝑦𝑧𝑘𝑦(𝑧+1)) = 𝑝2 + 𝑞2 + ∑𝑖
𝑐=1 𝑟𝑐𝑠𝑐 + 2 ∑𝑖

𝑐=1 𝑟𝑐 + 2 ∑𝑦−1
𝑐=1 𝑟𝑦 + 𝑧 − 1 for 1 ≤ 𝑦 ≤ 𝑖 and 1 ≤ 𝑧 ≤ 𝑟𝑦 − 1. 

ℎ2(𝑚𝑥𝑦𝑧𝑚𝑥𝑦(𝑧+1)) = 𝑝2 + 𝑞2 + 2 ∑𝑖
𝑐=1 𝑟𝑐𝑠𝑐 + 4 ∑𝑖

𝑐=1 𝑟𝑐 + 2 ∑𝑥−1
𝑐=1 𝑟𝑐𝑠𝑐 + 2(𝑦 − 1)𝑠𝑥 + 𝑧 − 1  for 1 ≤ 𝑥 ≤ 𝑖, 1 ≤ 𝑦 ≤ 𝑟𝑥  and 

1 ≤ 𝑧 ≤ 𝑠𝑥 − 1. 

ℎ2(𝑚𝑥𝑦1𝑚𝑥𝑦𝑠𝑥
) = 𝑝2 + 𝑞2 + ∑𝑖

𝑐=1 𝑟𝑐𝑠𝑐 + 4 ∑𝑖
𝑐=1 𝑟𝑐 + 2 ∑𝑥−1

𝑐=1 𝑟𝑐𝑠𝑐 + (2𝑦 − 1)𝑠𝑥 − 1 for 1 ≤ 𝑥 ≤ 𝑖 and 1 ≤ 𝑦 ≤ 𝑟𝑥. 

ℎ2(𝑙𝑥𝑦𝑚𝑥𝑦𝑧) = 𝑝2 + 𝑞2 + ∑𝑖
𝑐=1 𝑟𝑐𝑠𝑐 + 4 ∑𝑖

𝑐=1 𝑟𝑐 + 2 ∑𝑥−1
𝑐=1 𝑟𝑐𝑠𝑐 + (2𝑦 − 1)𝑠𝑥 + 𝑧 − 1  for 1 ≤ 𝑥 ≤ 𝑖, 1 ≤ 𝑦 ≤ 𝑟𝑥  and 1 ≤ 𝑧 ≤

𝑠𝑥. 

Hence 𝐺2
∗ = 𝐺2 ⊙ 𝐻2 admits vertex edge neighborhood prime graph.            ∎ 

Theorem 2.3. If 𝐺3(𝑝3, 𝑞3) has vertex edge neighborhood prime graph, then 𝐺3 ⊙ [𝐿𝐶𝑗1
∗ 𝐾1 ∪ 𝐿𝐶𝑗2

∗ 𝐾1 ∪. . .∪ 𝐿𝐶𝑗𝑖
∗ 𝐾1] that 

admits vertex edge neighborhood prime graph. 

Proof. Let 𝐺3(𝑝3, 𝑞3) be vertex edge neighborhood prime graph with bijection 

𝑔3: 𝑉(𝐺3) ∪ 𝐸(𝐺3) → {1,2, . . . , |𝑉(𝐺3) ∪ 𝐸(𝐺3)|} satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻3 = 𝐿𝐶𝑗1
∗ 𝐾1 ∪ 𝐿𝐶𝑗2

∗ 𝐾1 ∪. . .∪ 𝐿𝐶𝑗𝑖
∗ 𝐾1 with 

𝑉(𝐻3) = {𝑥𝑟: 1 ≤ 𝑟 ≤ 𝑖} ∪ {𝑦𝑟𝑠 , 𝑧𝑟𝑠 , 𝑧′𝑟𝑠: 1 ≤ 𝑟 ≤ 𝑖, 1 ≤ 𝑠 ≤ 𝑗𝑟} and 

𝐸(𝐻3) = {𝑥𝑟𝑦𝑟𝑠 , 𝑦𝑟𝑠𝑧𝑟𝑠 , 𝑧𝑟𝑠𝑧′𝑟𝑠: 1 ≤ 𝑟 ≤ 𝑖, 1 ≤ 𝑠 ≤ 𝑗𝑟} ∪ {𝑦𝑟1𝑧𝑟𝑗𝑟
, 𝑧𝑟𝑗𝑟

𝑧𝑟1: 1 ≤ 𝑟 ≤ 𝑖} ∪ {𝑦𝑟(𝑠+1)𝑧𝑟𝑠 , 𝑧𝑟𝑠𝑧𝑟(𝑠+1): 1 ≤ 𝑟 ≤ 𝑖, 1 ≤

𝑠 ≤ 𝑗𝑟 − 1}. 

We superimposing one of the vertex say 𝑥1 of 𝐻3 on selected vertex of 𝑎1 in 𝐺3  with 𝑔3(𝑎1) = 1. 

Let us construct a new graph 𝐺3
∗ = 𝐺3 ⊙ 𝐻3 with 𝑉(𝐺3

∗) = 𝑉(𝐺3) ∪ 𝑉(𝐻3) and 𝐸(𝐺3
∗) = 𝐸(𝐺3) ∪ 𝐸(𝐻3) 

|𝑉(𝐺3
∗)| = 𝑝3 + 3(𝑗1 + 𝑗2+. . . +𝑗𝑖) + 𝑖 − 1 and |𝐸(𝐺3

∗)| = 𝑞3 + 5(𝑗1 + 𝑗2+. . . +𝑗𝑖). 

Define ℎ3: 𝑉(𝐺3
∗) ∪ 𝐸(𝐺3

∗) → {1,2, . . . , 𝑝3 + 𝑞3 + 𝑖 + 8(𝑗1 + 𝑗2+. . . +𝑗𝑖) − 1} by 

𝑔3(𝑧3) = ℎ3(𝑧3) for all 𝑧3 ∈ 𝑉(𝐺3) and 𝑔3(𝑒3) = ℎ3(𝑒3) for all 𝑒3 ∈ 𝐸(𝐺3). 

ℎ3(𝑥1) = ℎ3(𝑎1) = 1. 

For each 1 ≤ 𝑟 ≤ 𝑖  and 1 ≤ 𝑠 ≤ 𝑗𝑟 , ℎ3(𝑦𝑟𝑠) = 𝑝3 + 𝑞3 + 2(𝑗1 + 𝑗2+. . . +𝑗𝑖) + 2 ∑𝑟−1
𝑡=1 𝑗𝑡 + 𝑗𝑟 + 𝑠, ℎ3(𝑧′𝑟𝑠) = 𝑝3 + 𝑞3 + 2(𝑗1 +

𝑗2+. . . +𝑗𝑖) + 2 ∑𝑟−1
𝑡=1 𝑗𝑡 + 𝑠, ℎ3(𝑦𝑟𝑠𝑧𝑟𝑠) = 𝑝3 + 𝑞3 + 4(𝑗1 + 𝑗2+. . . +𝑗𝑖) + 𝑖 + 4 ∑𝑟−1

𝑡=1 𝑗𝑡 + 𝑗𝑟 + 2𝑠 − 2, ℎ3(𝑥𝑟𝑦𝑟𝑠) = 𝑝3 + 𝑞3 +
4(𝑗1 + 𝑗2+. . . +𝑗𝑖) + 𝑖 + 4 ∑𝑟−1

𝑡=1 𝑗𝑡 + 3𝑗𝑟 + 𝑠 − 1. 

For each 1 ≤ 𝑟 ≤ 𝑖  and 1 ≤ 𝑠 ≤ 𝑗𝑟 − 1, ℎ3(𝑧𝑟𝑠𝑧𝑟(𝑠+1)) = 𝑝3 + 𝑞3 + 4(𝑗1 + 𝑗2+. . . +𝑗𝑖) + 𝑖 + 4 ∑𝑟−1
𝑡=1 𝑗𝑡 + 𝑠 −

1, ℎ3(𝑦𝑟(𝑠+1)𝑧𝑟𝑠) = 𝑝3 + 𝑞3 + 4(𝑗1 + 𝑗2+. . . +𝑗𝑖) + 𝑖 + 4 ∑𝑟−1
𝑡=1 𝑗𝑡 + 𝑗𝑟 + 2𝑠 − 1. 

ℎ3(𝑥𝑟) = 𝑝3 + 𝑞3 + 4(𝑗1 + 𝑗2+. . . +𝑗𝑖) + 𝑟 − 1 for 2 ≤ 𝑟 ≤ 𝑖. 

For each 1 ≤ 𝑟 ≤ 𝑖, , ℎ3(𝑧𝑟1𝑧𝑟𝑗𝑟
) = 𝑝3 + 𝑞3 + 4(𝑗1 + 𝑗2+. . . +𝑗𝑖) + 𝑖 + 4 ∑𝑟−1

𝑡=1 𝑗𝑡 + 𝑗𝑟 − 1, ℎ3(𝑥𝑟1𝑧𝑟𝑗𝑟
) = 𝑝3 + 𝑞3 + 4(𝑗1 +

𝑗2+. . . +𝑗𝑖) + 𝑖 + 4 ∑𝑟−1
𝑡=1 𝑗𝑡 + 3𝑗𝑟 − 1. 

Let us consider the following cases. 

Case 1. 𝑝3 + 𝑞3 is odd. 

For each 1 ≤ 𝑟 ≤ 𝑖 and 1 ≤ 𝑠 ≤ 𝑗𝑟 , ℎ3(𝑧𝑟𝑠) = 𝑝3 + 𝑞3 + 2 ∑𝑟−1
𝑡=1 𝑗𝑡 + 2𝑠, ℎ3(𝑧𝑟𝑠𝑧′𝑟𝑠) = 𝑝3 + 𝑞3 + 2 ∑𝑟−1

𝑡=1 𝑗𝑡 + 2𝑠 − 1. 

Case 2. 𝑝3 + 𝑞3 is even. 

For each 1 ≤ 𝑟 ≤ 𝑖 and 1 ≤ 𝑠 ≤ 𝑗𝑟 , ℎ3(𝑧𝑟𝑠) = 𝑝3 + 𝑞3 + 2 ∑𝑟−1
𝑡=1 𝑗𝑡 + 2𝑠 − 1, ℎ3(𝑧𝑟𝑠𝑧′𝑟𝑠) = 𝑝3 + 𝑞3 + 2 ∑𝑟−1

𝑡=1 𝑗𝑡 + 2𝑠. 

Hence 𝐺3
∗ is vertex edge neighborhood prime graph.                          ∎ 

Theorem 2.4. If 𝐺4(𝑝4, 𝑞4) has vertex edge neighborhood prime graph, then 𝐺4 ⊙ [𝑅𝑡1
∗ 𝐾1 ∪ 𝑅𝑡2

∗ 𝐾1 ∪. . .∪ 𝑅𝑡𝑠
∗ 𝐾1]  that 

admits vertex edge neighborhood prime graph. 

Proof. Let 𝐺4(𝑝4, 𝑞4) be vertex edge neighborhood prime graph with bijection 𝑔4: 𝑉(𝐺4) ∪ 𝐸(𝐺4) → {1,2, . . . , |𝑉(𝐺4) ∪ 𝐸(𝐺4)|} 
satisfying the property of vertex edge neighborhood prime graph. 

Consider 𝐻4 = 𝑅𝑡1
∗ 𝐾1 ∪ 𝑅𝑡2

∗ 𝐾1 ∪. . .∪ 𝑅𝑡𝑠
∗ 𝐾1 with 

𝑉(𝐻4) = {𝑢′𝑎𝑏 , 𝑣′𝑎𝑏 , 𝑤′𝑎𝑏 , 𝑥′𝑎𝑏: 1 ≤ 𝑎 ≤ 𝑠, 1 ≤ 𝑏 ≤ 𝑡𝑎} and 

𝐸(𝐻4) = {𝑢′𝑎𝑏𝑢′𝑎(𝑏+1), 𝑢′𝑎𝑏𝑣′𝑎(𝑏+1), 𝑣′𝑎𝑏𝑣′𝑎(𝑏+1), 𝑤′𝑎𝑏𝑤′𝑎(𝑏+1): 1 ≤ 𝑎 ≤ 𝑠, 1 ≤ 𝑏 ≤ 𝑡𝑎 − 1} ∪
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{𝑢′𝑎𝑏𝑣′𝑎𝑏 , 𝑣′𝑎𝑏𝑤′𝑎𝑏 , 𝑤′𝑎𝑏𝑥′𝑎𝑏: 1 ≤ 𝑎 ≤ 𝑠, 1 ≤ 𝑏 ≤ 𝑡𝑎} ∪ {𝑢′𝑎1𝑢′𝑎𝑡𝑎
, 𝑢′𝑎𝑡𝑎

𝑣′𝑎1, 𝑣′𝑎1𝑣′𝑎𝑡𝑎
, 𝑤′𝑎1𝑤′𝑎𝑡𝑎

: 1 ≤ 𝑎 ≤ 𝑠}. 

We overlay one of the vertex say 𝑥11 of 𝐻4 on selected vertex of 𝑡1 in 𝐺4 with 𝑔4(𝑡1) = 1. 

Let us construct a new graph 𝐺4
∗ = 𝐺4 ⊙ 𝐻4 with 𝑉(𝐺4

∗) = 𝑉(𝐺4) ∪ 𝑉(𝐻4) and 𝐸(𝐺4
∗) = 𝐸(𝐺4) ∪ 𝐸(𝐻4). 

|𝑉(𝐺4
∗)| = 𝑝4 + 4(𝑡1 + 𝑡2+. . . +𝑡𝑠) − 1 and |𝐸(𝐺4

∗)| = 𝑞4 + 7(𝑡1 + 𝑡2+. . . +𝑡𝑠). 

Define ℎ4: 𝑉(𝐺4
∗) ∪ 𝐸(𝐺4

∗) → {1,2, . . . , 𝑝4 + 𝑞4 + 11(𝑡1 + 𝑡2+. . . +𝑡𝑠) − 1} by 

𝑔4(𝑧4) = ℎ4(𝑧4) for all 𝑧4 ∈ 𝑉(𝐺4) and 𝑔4(𝑒4) = ℎ4(𝑒4) for all 𝑒4 ∈ 𝐸(𝐺4).  

ℎ4(𝑥11) = ℎ4(𝑡1) = 1. 

ℎ4(𝑥′1𝑏) = 𝑝4 + 𝑞4 + 4(𝑡1 + 𝑡2+. . . +𝑡𝑠) + 𝑏 − 1 for 2 ≤ 𝑏 ≤ 𝑡𝑎 . 

For each 1 ≤ 𝑎 ≤ 𝑠  and 1 ≤ 𝑏 ≤ 𝑡𝑎 , ℎ4(𝑥′𝑎𝑏) = 𝑝4 + 𝑞4 + 4(𝑡1 + 𝑡2+. . . +𝑡𝑠) + ∑𝑎−1
𝑒=1 𝑡𝑒 + 𝑏 − 1, ℎ4(𝑢′𝑎𝑏𝑣′𝑎𝑏) = 𝑝4 + 𝑞4 +

5(𝑡1 + 𝑡2+. . . +𝑡𝑠) + 6 ∑𝑎−1
𝑒=1 𝑡𝑒 + 3𝑡𝑎 + 2𝑏 − 1, ℎ4(𝑣′𝑎𝑏𝑤′𝑎𝑏) = 𝑝4 + 𝑞4 + 5(𝑡1 + 𝑡2+. . . +𝑡𝑠) + 6 ∑𝑎−1

𝑒=1 𝑡𝑒 + 𝑡𝑎 + 𝑏 − 1. 

For each 1 ≤ 𝑎 ≤ 𝑠  and 1 ≤ 𝑏 ≤ 𝑡𝑎 − 1, ℎ4(𝑢′𝑎𝑏𝑣′𝑎(𝑏+1)) = 𝑝4 + 𝑞4 + 5(𝑡1 + 𝑡2+. . . +𝑡𝑠) + 6 ∑𝑎−1
𝑒=1 𝑡𝑒 + 3𝑡𝑎 +

2𝑏, ℎ4(𝑣′𝑎𝑏𝑣′𝑎(𝑏+1)) = 𝑝4 + 𝑞4 + 5(𝑡1 + 𝑡2+. . . +𝑡𝑠) + 6 ∑𝑎−1
𝑒=1 𝑡𝑒 + 2𝑡𝑎 + 𝑏 − 1, ℎ4(𝑤′𝑎𝑏𝑤′𝑎(𝑏+1)) = 𝑝4 + 𝑞4 + 5(𝑡1 +

𝑡2+. . . +𝑡𝑠) + 6 ∑𝑎−1
𝑒=1 𝑡𝑒 + 𝑏 − 1, ℎ4(𝑢′𝑎𝑏𝑢′𝑎(𝑏+1)) = 𝑝4 + 𝑞4 + 5(𝑡1 + 𝑡2+. . . +𝑡𝑠) + 6 ∑𝑎−1

𝑒=1 𝑡𝑒 + 5𝑡𝑎 + 𝑏. 

For each 1 ≤ 𝑎 ≤ 𝑠, ℎ4(𝑢′𝑎𝑡𝑎
𝑣′𝑎1) = 𝑝4 + 𝑞4 + 5(𝑡1 + 𝑡2+. . . +𝑡𝑠) + 6 ∑𝑎−1

𝑒=1 𝑡𝑒 + 3𝑡𝑎 , ℎ4(𝑢′𝑎1𝑢′𝑎𝑡𝑎
) = 𝑝4 + 𝑞4 + 5(𝑡1 +

𝑡2+. . . +𝑡𝑠) + 6 ∑𝑎−1
𝑒=1 𝑡𝑒 + 5𝑡𝑎 , ℎ4(𝑣′𝑎1𝑣′𝑎𝑡𝑎

) = 𝑝4 + 𝑞4 + 5(𝑡1 + 𝑡2+. . . +𝑡𝑠) + 6 ∑𝑎−1
𝑒=1 𝑡𝑒 + 3𝑡𝑎 − 1, ℎ4(𝑤′𝑎1𝑤′𝑎𝑡𝑎

) = 𝑝4 +

𝑞4 + 5(𝑡1 + 𝑡2+. . . +𝑡𝑠) + 6 ∑𝑎−1
𝑒=1 𝑡𝑒 + 𝑡𝑎 − 1. 

Consider the following cases. 

Case 1. 𝑝4 + 𝑞4 is odd. 

For each 1 ≤ 𝑎 ≤ 𝑠  and 1 ≤ 𝑏 ≤ 𝑡𝑎 , ℎ4(𝑢′𝑎𝑏) = 𝑝4 + 𝑞4 + 4 ∑𝑎−1
𝑒=1 𝑡𝑒 + 2𝑏 − 1, ℎ4(𝑣′𝑎𝑏) = 𝑝4 + 𝑞4 + 4 ∑𝑎−1

𝑒=1 𝑡𝑒 +
2𝑏, ℎ4(𝑤′𝑎𝑏) = 𝑝4 + 𝑞4 + 4 ∑𝑎−1

𝑒=1 𝑡𝑒 + 2𝑡𝑎 + 2𝑏, ℎ4(𝑤′𝑎𝑏𝑥′𝑎𝑏) = 𝑝4 + 𝑞4 + 4 ∑𝑎−1
𝑒=1 𝑡𝑒 + 2𝑡𝑎 + 2𝑏 − 1. 

Case 2. 𝑝4 + 𝑞4 is even. 

For each 1 ≤ 𝑎 ≤ 𝑠  and 1 ≤ 𝑏 ≤ 𝑡𝑎 , ℎ4(𝑢′𝑎𝑏) = 𝑝4 + 𝑞4 + 4 ∑𝑎−1
𝑒=1 𝑡𝑒 + 2𝑏, ℎ4(𝑣′𝑎𝑏) = 𝑝4 + 𝑞4 + 4 ∑𝑎−1

𝑒=1 𝑡𝑒 + 2𝑏 −
1, ℎ4(𝑤′𝑎𝑏) = 𝑝4 + 𝑞4 + 4 ∑𝑎−1

𝑒=1 𝑡𝑒 + 2𝑡𝑎 + 2𝑏 − 1, ℎ4(𝑤′𝑎𝑏𝑥′𝑎𝑏) = 𝑝4 + 𝑞4 + 4 ∑𝑎−1
𝑒=1 𝑡𝑒 + 2𝑡𝑎 + 2𝑏. 

Hence 𝐺4
∗ = 𝐺4 ⊙ 𝐻4 admits vertex edge neighborhood prime graph.                    ∎ 

Theorem 2.5. If 𝐺5  has vertex edge neighborhood prime graph, then 𝐺5 ⊙ [𝑆𝑟1
∪ 𝑆𝑟2

∪. . .∪ 𝑆𝑟𝑖
]  that admits vertex edge 

neighborhood prime graph. 

Proof. Let 𝐺5(𝑝5, 𝑞5) be vertex edge neighborhood prime graph with bijection 𝑔5: 𝑉(𝐺5) ∪ 𝐸(𝐺5) → {1,2, . . . , |𝑉(𝐺5) ∪ 𝐸(𝐺5)|} 

satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻5 = 𝑆𝑟1
∪ 𝑆𝑟2

∪. . .∪ 𝑆𝑟𝑖
 with 

𝑉(𝐻5) = {𝑤𝑘𝑙 , 𝑥𝑘𝑙: 1 ≤ 𝑘 ≤ 𝑖, 1 ≤ 𝑙 ≤ 𝑟𝑖} and 

𝐸(𝐻5) = {𝑤𝑘𝑙𝑥𝑘𝑙: 1 ≤ 𝑘 ≤ 𝑖, 1 ≤ 𝑙 ≤ 𝑟𝑘} ∪ {𝑤𝑘1𝑤𝑘𝑟𝑘
: 1 ≤ 𝑘 ≤ 𝑖} ∪ {𝑤𝑘𝑙𝑤𝑘(𝑙+1): 1 ≤ 𝑘 ≤ 𝑖, 1 ≤ 𝑙 ≤ 𝑟𝑘 − 1}. 

We identify one of the vertex say 𝑤11 of 𝐻5 on selected vertex of 𝑢1 in 𝐺5 with 𝑔5(𝑢1) = 1. 

Let us construct a new graph 𝐺5
∗ = 𝐺5 ⊙ 𝐻5 with 𝑉(𝐺5

∗) = 𝑉(𝐺5) ∪ 𝑉(𝐻5) and 𝐸(𝐺5
∗) = 𝐸(𝐺5) ∪ 𝐸(𝐻5). 

|𝑉(𝐺5
∗)| = 𝑝5 + 2(𝑟1 + 𝑟2+. . . +𝑟𝑖) − 1 and |𝐸(𝐺5

∗)| = 𝑞5 + 2(𝑟1 + 𝑟2+. . . +𝑟𝑖). 

Define ℎ5: 𝑉(𝐺5
∗) ∪ 𝐸(𝐺5

∗) → {1,2, . . . , 𝑝5 + 𝑞5 + 4(𝑟1 + 𝑟2+. . . +𝑟𝑖) − 1} by 

𝑔5(𝑧5) = ℎ5(𝑧5) for all 𝑧5 ∈ 𝑉(𝐺5) and 𝑔5(𝑑5) = ℎ5(𝑑5) for all 𝑑5 ∈ 𝐸(𝐺5). 

ℎ5(𝑤11) = ℎ5(𝑢1) = 1. 

ℎ5(𝑤1𝑙) = 𝑝5 + 𝑞5 + 3𝑙 − 3 for 2 ≤ 𝑙 ≤ 𝑟1. 

ℎ5(𝑤𝑘𝑙) = 𝑝5 + 𝑞5 + 3 ∑𝑘−1
𝑡=1 𝑟𝑡 + 3𝑙 − 3 for 2 ≤ 𝑘 ≤ 𝑖 and 1 ≤ 𝑙 ≤ 𝑟𝑖 . 

For each 1 ≤ 𝑘 ≤ 𝑖 and 1 ≤ 𝑙 ≤ 𝑟𝑖 , ℎ5(𝑥𝑘𝑙) = 𝑝5 + 𝑞5 + 3 ∑𝑘−1
𝑡=1 𝑟𝑡 + 3𝑙 − 1, ℎ5(𝑤𝑘𝑙𝑥𝑘𝑙) = 𝑝5 + 𝑞5 + 3 ∑𝑘−1

𝑡=1 𝑟𝑡 + 3𝑙 − 2. 

Consider the following cases. 

Case 1. 𝑝5 + 𝑞5 is odd. 

ℎ5(𝑤𝑘𝑙𝑤𝑘(𝑙+1)) = 𝑝5 + 𝑞5 + 3(𝑟1 + 𝑟2+. . . +𝑟𝑖) + ∑𝑘−1
𝑡=1 𝑟𝑡 + 𝑙 − 1 for 1 ≤ 𝑘 ≤ 𝑖 and 1 ≤ 𝑙 ≤ 𝑟𝑘 − 1. 

ℎ5(𝑤𝑘1𝑤𝑘𝑟𝑘
) = 𝑝5 + 𝑞5 + 3(𝑟1 + 𝑟2+. . . +𝑟𝑖) + ∑𝑘

𝑡=1 𝑟𝑡 − 1 for 1 ≤ 𝑘 ≤ 𝑖. 

Case 2. 𝑝5 + 𝑞5 is even. 
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For each 1 ≤ 𝑘 ≤ 𝑖, ℎ5(𝑤𝑘1𝑤𝑘2) = 𝑝5 + 𝑞5 + 3(𝑟1 + 𝑟2+. . . +𝑟𝑖) + ∑𝑘
𝑡=1 𝑟𝑡 − 1,ℎ5(𝑤𝑘1𝑤𝑘𝑟𝑘

) = 𝑝5 + 𝑞5 + 3(𝑟1 + 𝑟2+. . . +𝑟𝑖) +

∑𝑘
𝑡=1 𝑟𝑡 − 2. 

ℎ5(𝑤𝑘𝑙𝑤𝑘(𝑙+1)) = 𝑝5 + 𝑞5 + 3(𝑟1 + 𝑟2+. . . +𝑟𝑖) + ∑𝑘−1
𝑡=1 𝑟𝑡 + 𝑙 − 2 for 1 ≤ 𝑘 ≤ 𝑖 and 2 ≤ 𝑙 ≤ 𝑟𝑘 − 1. 

Hence 𝐺5
∗ is vertex edge neighborhood prime graph.                   ∎ 

Theorem 2.6. If 𝐺6  has vertex edge neighborhood prime graph, then 𝐺6 ⊙ [𝑊𝑘1
∪ 𝑊𝑘2

∪. . .∪ 𝑊𝑘𝑙
] that admits vertex edge 

neighborhood prime graph. 

Proof. Let 𝐺6(𝑝6, 𝑞6) be vertex edge neighborhood prime graph with bijection 𝑔6: 𝑉(𝐺6) ∪ 𝐸(𝐺6) → {1,2, . . . , |𝑉(𝐺6) ∪ 𝐸(𝐺6)|} 

satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻6 = 𝑊𝑘1
∪ 𝑊𝑘2

∪. . .∪ 𝑊𝑘𝑙
 with 

𝑉(𝐻6) = {𝑦𝑤1: 1 ≤ 𝑤 ≤ 𝑙} ∪ {𝑧𝑤𝑥: 1 ≤ 𝑤 ≤ 𝑙, 1 ≤ 𝑥 ≤ 𝑘𝑤} and 

𝐸(𝐻6) = {𝑦𝑤1𝑧𝑤𝑥: 1 ≤ 𝑤 ≤ 𝑙, 1 ≤ 𝑥 ≤ 𝑘𝑤} ∪ {𝑧𝑤1𝑧𝑤𝑘𝑤
: 1 ≤ 𝑤 ≤ 𝑙} ∪ {𝑧𝑤𝑥𝑧𝑤(𝑥+1): 1 ≤ 𝑤 ≤ 𝑙, 1 ≤ 𝑥 ≤ 𝑘𝑤 − 1}. 

We superimposing one of the vertex say 𝑧11 of 𝐻6 on selected vertex of 𝑟1 in 𝐺6  with 𝑔6(𝑟1) = 1. 

Let us construct a new graph 𝐺6
∗ = 𝐺6 ⊙ 𝐻6 with 𝑉(𝐺6

∗) = 𝑉(𝐺6) ∪ 𝑉(𝐻6) and 𝐸(𝐺6
∗) = 𝐸(𝐺6) ∪ 𝐸(𝐻6) 

|𝑉(𝐺6
∗)| = 𝑝6 + 𝑙 + (𝑘1 + 𝑘2+. . . +𝑘𝑙) − 1 and |𝐸(𝐺6

∗)| = 𝑞6 + 2(𝑘1 + 𝑘2+. . . +𝑘𝑙). 

Define ℎ6: 𝑉(𝐺6
∗) ∪ 𝐸(𝐺6

∗) → {1,2, . . . , 𝑝6 + 𝑞6 + 𝑙 + 3(𝑘1 + 𝑘2+. . . +𝑘𝑙) − 1} by 

𝑔6(𝑧6) = ℎ6(𝑧6) for all 𝑧6 ∈ 𝑉(𝐺6) and 𝑔6(𝑑6) = ℎ6(𝑑6) for all 𝑑6 ∈ 𝐸(𝐺6). 

ℎ6(𝑧11) = ℎ6(𝑟1) = 1. 

ℎ6(𝑧1(2𝑥−1)) = 𝑝6 + 𝑞6 + 𝑥 − 1 for 2 ≤ 𝑥 ≤ ⌈
𝑘1

2
⌉. 

ℎ6(𝑧𝑤(2𝑥−1)) = 𝑝6 + 𝑞6 + ∑𝑤−1
𝑢=1 𝑘𝑢 + (𝑤 − 1) + 𝑥 − 1 for 2 ≤ 𝑤 ≤ 𝑙 and 1 ≤ 𝑥 ≤ ⌈

𝑘𝑤

2
⌉. 

ℎ6(𝑧𝑤(2𝑥)) = 𝑝6 + 𝑞6 + ∑𝑤−1
𝑢=1 𝑘𝑢 + ⌈

𝑘𝑤

2
⌉ + 𝑤 + 𝑥 − 1 for 1 ≤ 𝑤 ≤ 𝑙 and 1 ≤ 𝑥 ≤ ⌊

𝑘𝑤

2
⌋. 

ℎ6(𝑦𝑤1𝑧𝑤𝑥) = 𝑝6 + 𝑞6 + 𝑙 + (𝑘1 + 𝑘2+. . . +𝑘𝑙) + 2 ∑𝑤−1
𝑢=1 𝑘𝑢 + 𝑘𝑤 + 𝑥 − 1 for 1 ≤ 𝑤 ≤ 𝑙 and 1 ≤ 𝑥 ≤ 𝑘𝑤 . 

ℎ6(𝑧𝑤𝑥𝑧𝑤(𝑥+1)) = 𝑝6 + 𝑞6 + 𝑙 + (𝑘1 + 𝑘2+. . . +𝑘𝑙) + 2 ∑𝑤−1
𝑢=1 𝑘𝑢 + 𝑥 − 1 for 1 ≤ 𝑤 ≤ 𝑙 and 1 ≤ 𝑥 ≤ 𝑘𝑤 − 1. 

For each 1 ≤ 𝑤 ≤ 𝑙, ℎ6(𝑦𝑤1) = 𝑝6 + 𝑞6 + ∑𝑤−1
𝑢=1 𝑘𝑢 + ⌈

𝑘𝑤

2
⌉ + 𝑤 − 1, ℎ6(𝑧𝑤1𝑧𝑤𝑘𝑤

) = 𝑝6 + 𝑞6 + 𝑙 + (𝑘1 + 𝑘2+. . . +𝑘𝑙) +

2 ∑𝑤−1
𝑢=1 𝑘𝑢 + 𝑘𝑤 − 1. 

Hence 𝐺6
∗ is vertex edge neighborhood prime graph.                     ∎ 

Theorem 2.7. If 𝐺7(𝑝7, 𝑞7) has vertex edge neighborhood prime graph, then 𝐺7 ⊙ [𝐻𝑡1
∪ 𝐻𝑡2

∪. . .∪ 𝐻𝑡𝑠
] that admits vertex edge 

neighborhood prime graph. 

Proof. Let 𝐺7(𝑝7, 𝑞7) be vertex edge neighborhood prime graph with bijection 𝑔7: 𝑉(𝐺7) ∪ 𝐸(𝐺7) → {1,2, . . . , |𝑉(𝐺7) ∪ 𝐸(𝐺7)|} 

satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻7 = 𝐻𝑡1
∪ 𝐻𝑡2

∪. . .∪ 𝐻𝑡𝑠
 with 

𝑉(𝐻7) = {𝑎𝑥1: 1 ≤ 𝑥 ≤ 𝑠} ∪ {𝑏𝑥𝑦 , 𝑐𝑥𝑦: 1 ≤ 𝑥 ≤ 𝑠, 1 ≤ 𝑦 ≤ 𝑡𝑥} and              

     𝐸(𝐻7) = {𝑎𝑥1𝑏𝑥𝑦 , 𝑏𝑥𝑦𝑐𝑥𝑦: 1 ≤ 𝑥 ≤ 𝑠, 1 ≤ 𝑦 ≤ 𝑡𝑥} ∪ {𝑏𝑥1𝑏𝑥𝑡𝑥
: 1 ≤ 𝑥 ≤ 𝑠} ∪                 {𝑏𝑥𝑦𝑏𝑥(𝑦+1): 1 ≤

𝑥 ≤ 𝑠, 1 ≤ 𝑦 ≤ 𝑡𝑥 − 1}. 

We overlay one of the vertex say 𝑎11 of 𝐻7 on selected vertex of 𝑠1 in 𝐺7  with 𝑔7(𝑠1) = 1. 

Let us construct a new graph 𝐺7
∗ = 𝐺7 ⊙ 𝐻7 with 𝑉(𝐺7

∗) = 𝑉(𝐺7) ∪ 𝑉(𝐻7) and 𝐸(𝐺7
∗) = 𝐸(𝐺7) ∪ 𝐸(𝐻7) 

|𝑉(𝐺7
∗)| = 𝑝7 + 𝑠 + 2(𝑡1 + 𝑡2+. . . +𝑡𝑠) − 1 and |𝐸(𝐺7

∗)| = 𝑞7 + 3(𝑡1 + 𝑡2+. . . +𝑡𝑠). 

Define ℎ7: 𝑉(𝐺7
∗) ∪ 𝐸(𝐺7

∗) → {1,2, . . . , 𝑝7 + 𝑞7 + 𝑠 + 5(𝑡1 + 𝑡2+. . . +𝑡𝑠) − 1} by 

𝑔7(𝑧7) = ℎ7(𝑧7) for all 𝑧7 ∈ 𝑉(𝐺7) and 𝑔7(𝑑7) = ℎ7(𝑑7) for all 𝑑7 ∈ 𝐸(𝐺7). 

ℎ7(𝑎11) = ℎ7(𝑠1) = 1. 

ℎ7(𝑐1𝑦) = 𝑝7 + 𝑞7 + 2(𝑡1 + 𝑡2+. . . +𝑡𝑠) + 𝑦 for 1 ≤ 𝑦 ≤ 𝑡1. 

ℎ7(𝑐𝑥𝑦) = 𝑝7 + 𝑞7 + 2(𝑡1 + 𝑡2+. . . +𝑡𝑠) + ∑𝑥−1
𝑟=1 𝑡𝑟 + (𝑥 − 1) + 𝑦 − 1 for 2 ≤ 𝑥 ≤ 𝑠 and 1 ≤ 𝑦 ≤ 𝑡𝑥 . 

ℎ7(𝑎𝑥1𝑏𝑥𝑦) = 𝑝7 + 𝑞7 + 3(𝑡1 + 𝑡2+. . . +𝑡𝑠) + 𝑠 + 2 ∑𝑥−1
𝑟=1 𝑡𝑟 + 𝑡𝑥 + 𝑦 − 1 for 1 ≤ 𝑥 ≤ 𝑠 and 1 ≤ 𝑦 ≤ 𝑡𝑥 . 

ℎ7(𝑎𝑥1) = 𝑝7 + 𝑞7 + 2(𝑡1 + 𝑡2+. . . +𝑡𝑠) + ∑𝑥
𝑟=1 𝑡𝑟 + 𝑥 − 1 for 2 ≤ 𝑥 ≤ 𝑠. 
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ℎ7(𝑏𝑥1𝑏𝑥𝑡𝑥
) = 𝑝7 + 𝑞7 + 3(𝑡1 + 𝑡2+. . . +𝑡𝑠) + 𝑠 + 2 ∑𝑥−1

𝑟=1 𝑡𝑟 + 𝑡𝑥 − 1 for 1 ≤ 𝑥 ≤ 𝑠. 

ℎ7(𝑏𝑥𝑦𝑏𝑥(𝑦+1)) = 𝑝7 + 𝑞7 + 3(𝑡1 + 𝑡2+. . . +𝑡𝑠) + 𝑠 + 2 ∑𝑥−1
𝑟=1 𝑡𝑟 + 𝑦 − 1 for 1 ≤ 𝑥 ≤ 𝑠 and 1 ≤ 𝑦 ≤ 𝑡𝑥 − 1. 

We consider the following two cases. 

Case 1. 𝑝7 + 𝑞7 is odd. 

For each 1 ≤ 𝑥 ≤ 𝑠 and 1 ≤ 𝑦 ≤ 𝑡𝑥 , ℎ7(𝑏𝑥𝑦) = 𝑝7 + 𝑞7 + 2 ∑𝑥−1
𝑟=1 𝑡𝑟 + 2𝑦, ℎ7(𝑏𝑥𝑦𝑐𝑥𝑦) = 𝑝7 + 𝑞7 + 2 ∑𝑥−1

𝑟=1 𝑡𝑟 + 2𝑦 − 1. 

Case 2. 𝑝7 + 𝑞7 is even. 

For each 1 ≤ 𝑥 ≤ 𝑠 and 1 ≤ 𝑦 ≤ 𝑡𝑥 , ℎ7(𝑏𝑥𝑦) = 𝑝7 + 𝑞7 + 2 ∑𝑥−1
𝑟=1 𝑡𝑟 + 2𝑦 − 1, ℎ7(𝑏𝑥𝑦𝑐𝑥𝑦) = 𝑝7 + 𝑞7 + 2 ∑𝑥−1

𝑟=1 𝑡𝑟 + 2𝑦. 

Hence 𝐺7
∗ = 𝐺7 ⊙ 𝐻7 is vertex edge neighborhood prime graph.                   ∎  

Theorem 2.8. If 𝐺8(𝑝8, 𝑞8) has vertex edge neighborhood prime graph, then 𝐺8 ⊙ [𝐶𝐻𝑏1
∪ 𝐶𝐻𝑏2

∪. . .∪ 𝐶𝐻𝑏𝑎
], where 𝑏𝑟(1 ≤

𝑟 ≤ 𝑎) is odd, admits vertex edge neighborhood prime graph. 

Proof. Let 𝐺8(𝑝8, 𝑞8) be vertex edge neighborhood prime graph with bijection 𝑔8: 𝑉(𝐺8) ∪ 𝐸(𝐺8) → {1,2, . . . , |𝑉(𝐺8) ∪ 𝐸(𝐺8)|} 

satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻8 = 𝐶𝐻𝑏1
∪ 𝐶𝐻𝑏2

∪. . .∪ 𝐶𝐻𝑏𝑎
, where 𝑏𝑟(1 ≤ 𝑟 ≤ 𝑎) is odd with 

𝑉(𝐻8) = {𝑥𝑟1: 1 ≤ 𝑟 ≤ 𝑎} ∪ {𝑦𝑟𝑠 , 𝑧𝑟𝑠: 1 ≤ 𝑟 ≤ 𝑎, 1 ≤ 𝑠 ≤ 𝑏𝑟} and 

𝐸(𝐻8) = {𝑥𝑟1𝑦𝑟𝑠 , 𝑦𝑟𝑠𝑧𝑟𝑠: 1 ≤ 𝑟 ≤ 𝑎, 1 ≤ 𝑠 ≤ 𝑏𝑟} ∪ {𝑦𝑟1𝑦𝑟𝑏𝑟
, 𝑧𝑟1𝑧𝑟𝑏𝑟

: 1 ≤ 𝑟 ≤ 𝑎} ∪ {𝑦𝑟𝑠𝑦𝑟(𝑠+1), 𝑧𝑟𝑠𝑧𝑟(𝑠+1): 1 ≤ 𝑟 ≤ 𝑎, 1 ≤ 𝑠 ≤

𝑏𝑟 − 1}. 

We identify one of the vertex say 𝑧11 of 𝐻8 on selected vertex of 𝑠1 in 𝐺8  with 𝑔8(𝑠1) = 1. 

Let us construct a new graph 𝐺8
∗ = 𝐺8 ⊙ 𝐻8 with 𝑉(𝐺8

∗) = 𝑉(𝐺8) ∪ 𝑉(𝐻8) and 𝐸(𝐺8
∗) = 𝐸(𝐺8) ∪ 𝐸(𝐻8). 

|𝑉(𝐺8
∗)| = 𝑝8 + 𝑎 + 2(𝑏1 + 𝑏2+. . . +𝑏𝑎) − 1 and |𝐸(𝐺8

∗)| = 𝑞8 + 4(𝑏1 + 𝑏2+. . . +𝑏𝑎). 

Define ℎ8: 𝑉(𝐺8
∗) ∪ 𝐸(𝐺8

∗) → {1,2, . . . , 𝑝8 + 𝑞8 + 𝑎 + 6(𝑏1 + 𝑏2+. . . +𝑏𝑎) − 1} by 

𝑔8(𝑧8) = ℎ8(𝑧8) for all 𝑧8 ∈ 𝑉(𝐺8) and 𝑔8(𝑒8) = ℎ8(𝑒8) for all 𝑒8 ∈ 𝐸(𝐺8). 

ℎ8(𝑧11) = ℎ8(𝑠1) = 1. 

ℎ8(𝑧1(2𝑠−1)) = 𝑝8 + 𝑞8 + 𝑠 − 1 for 1 ≤ 𝑠 ≤ ⌈
𝑏1

2
⌉. 

ℎ8(𝑧𝑟(2𝑠−1)) = 𝑝8 + 𝑞8 + 2 ∑𝑟−1
𝑡=1 𝑏𝑡 + (𝑟 − 1) + 𝑠 − 1 for 2 ≤ 𝑟 ≤ 𝑎 and 1 ≤ 𝑠 ≤ ⌈

𝑏𝑟

2
⌉. 

For each 1 ≤ 𝑟 ≤ 𝑎  and 1 ≤ 𝑠 ≤ ⌊
𝑏𝑟

2
⌋ , ℎ8(𝑧𝑟(2𝑠)) = 𝑝8 + 𝑞8 + 2 ∑𝑟−1

𝑡=1 𝑏𝑡 + (𝑟 − 1) +
𝑏𝑟

2
+ 𝑠 − 1, ℎ8(𝑦𝑟(2𝑠−1)) = 𝑝8 + 𝑞8 +

2 ∑𝑟−1
𝑡=1 𝑏𝑡 + (𝑟 − 1) + 𝑏𝑟 + ⌈

𝑏𝑟

2
⌉ + 𝑠 − 1, ℎ8(𝑦𝑟(2𝑠)) = 𝑝8 + 𝑞8 + 2 ∑𝑟−1

𝑡=1 𝑏𝑡 + 𝑟 + 𝑏𝑟 + 𝑠 − 1. 

For each 1 ≤ 𝑟 ≤ 𝑎, ℎ8(𝑥𝑟1) = 𝑝8 + 𝑞8 + 2 ∑𝑟
𝑡=1 𝑏𝑡 + 𝑟 − 1, ℎ8(𝑦𝑟𝑏𝑟

) = 𝑝8 + 𝑞8 + 2 ∑𝑟−1
𝑡=1 𝑏𝑡 + 𝑟 + 𝑏𝑟 − 1, ℎ8(𝑦𝑟1𝑦𝑟𝑏𝑟

) = 𝑝8 +

𝑞8 + 𝑎 + 2(𝑏1 + 𝑏2+. . . +𝑏𝑎) + 4 ∑𝑟−1
𝑡=1 𝑏𝑡 + 3𝑏𝑟 − 1, ℎ8(𝑧𝑟1𝑧𝑟𝑏𝑟

) = 𝑝8 + 𝑞8 + 𝑎 + 2(𝑏1 + 𝑏2+. . . +𝑏𝑎) + 4 ∑𝑟−1
𝑡=1 𝑏𝑡 + 𝑏𝑟 − 1. 

For each 1 ≤ 𝑟 ≤ 𝑎  and 1 ≤ 𝑠 ≤ 𝑏𝑟 − 1, ℎ8(𝑦𝑟𝑠𝑦𝑟(𝑠+1)) = 𝑝8 + 𝑞8 + 𝑎 + 2(𝑏1 + 𝑏2+. . . +𝑏𝑎) + 4 ∑𝑟−1
𝑡=1 𝑏𝑡 + 2𝑏𝑟 + 𝑠 −

1, ℎ8(𝑧𝑟𝑠𝑧𝑟(𝑠+1)) = 𝑝8 + 𝑞8 + 2(𝑏1 + 𝑏2+. . . +𝑏𝑎) + 4 ∑𝑟−1
𝑡=1 𝑏𝑡 + 𝑠 − 1. 

For each 1 ≤ 𝑟 ≤ 𝑎  and 1 ≤ 𝑠 ≤ 𝑏𝑟 , ℎ8(𝑦𝑟𝑠𝑧𝑟𝑠) = 𝑝8 + 𝑞8 + 𝑎 + 2(𝑏1 + 𝑏2+. . . +𝑏𝑎) + 4 ∑𝑟−1
𝑡=1 𝑏𝑡 + 𝑏𝑟 + 𝑠 − 1, ℎ8(𝑥𝑟1𝑦𝑟𝑠) =

𝑝8 + 𝑞8 + 𝑎 + 2(𝑏1 + 𝑏2+. . . +𝑏𝑎) + 4 ∑𝑟−1
𝑡=1 𝑏𝑡 + 3𝑏𝑟 + 𝑠 − 1. 

Hence 𝐺8
∗ = 𝐺8 ⊙ 𝐻8 admits vertex edge neighborhood prime graph.                   ∎  

Theorem 2.9. If 𝐺9(𝑝9, 𝑞9) has vertex edge neighborhood prime graph, then 𝐺9 ⊙ [𝐶𝐻𝑏1
∪ 𝐶𝐻𝑏2

∪. . .∪ 𝐶𝐻𝑏𝑎
], where 𝑏𝑟(1 ≤

𝑟 ≤ 𝑎) is even, that admits vertex edge neighborhood prime graph. 

Proof. Let 𝐺9(𝑝9, 𝑞9) be vertex edge neighborhood prime graph with bijection 𝑔9: 𝑉(𝐺9) ∪ 𝐸(𝐺9) → {1,2, . . . , |𝑉(𝐺9) ∪ 𝐸(𝐺9)|} 
satisfying the property of vertex edge neighborhood prime graph. 

Consider 𝐻9 = 𝐶𝐻𝑏1
∪ 𝐶𝐻𝑏2

∪. . .∪ 𝐶𝐻𝑏𝑎
, where 𝑏𝑟(1 ≤ 𝑟 ≤ 𝑎) is even with 

𝑉(𝐻9) = {𝑐𝑟1: 1 ≤ 𝑟 ≤ 𝑎} ∪ {𝑑𝑟𝑠 , 𝑒𝑟𝑠: 1 ≤ 𝑟 ≤ 𝑎, 1 ≤ 𝑠 ≤ 𝑏𝑟} and 

𝐸(𝐻9) = {𝑐𝑟1𝑑𝑟𝑠 , 𝑑𝑟𝑠𝑒𝑟𝑠: 1 ≤ 𝑟 ≤ 𝑎, 1 ≤ 𝑠 ≤ 𝑏𝑟} ∪ {𝑑𝑟1𝑑𝑟𝑏𝑟
, 𝑒𝑟1𝑒𝑟𝑏𝑟

: 1 ≤ 𝑟 ≤ 𝑎} ∪ {𝑑𝑟𝑠𝑑𝑟(𝑠+1), 𝑒𝑟𝑠𝑒𝑟(𝑠+1): 1 ≤ 𝑟 ≤ 𝑎, 1 ≤ 𝑠 ≤

𝑏𝑟 − 1}. 

We overlay one of the vertex say 𝑒11 of 𝐻9 on selected vertex of 𝑧1 in 𝐺9 with 𝑔9(𝑧1) = 1. 

Let us construct a new graph 𝐺9
∗ = 𝐺9 ⊙ 𝐻9 with 𝑉(𝐺9

∗) = 𝑉(𝐺9) ∪ 𝑉(𝐻9) and 𝐸(𝐺9
∗) = 𝐸(𝐺9) ∪ 𝐸(𝐻9). 

|𝑉(𝐺9
∗)| = 𝑝9 + 𝑎 + 2(𝑏1 + 𝑏2+. . . +𝑏𝑎) − 1 and |𝐸(𝐺9

∗)| = 𝑞9 + 4(𝑏1 + 𝑏2+. . . +𝑏𝑎). 
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Define ℎ9: 𝑉(𝐺9
∗) ∪ 𝐸(𝐺9

∗) → {1,2, . . . , 𝑝9 + 𝑞9 + 𝑎 + 6(𝑏1 + 𝑏2+. . . +𝑏𝑎) − 1} by 

𝑔9(𝑧9) = ℎ9(𝑧9) for all 𝑧9 ∈ 𝑉(𝐺9) and 𝑔9(𝑒9) = ℎ9(𝑒9) for all 𝑒9 ∈ 𝐸(𝐺9). 

ℎ9(𝑒11) = ℎ9(𝑧1) = 1. 

ℎ9(𝑒1(2𝑠−1)) = 𝑝9 + 𝑞9 + 𝑠 − 1 for 1 ≤ 𝑠 ≤
𝑏1

2
. 

ℎ9(𝑒𝑟(2𝑠−1)) = 𝑝9 + 𝑞9 + 2 ∑𝑟−1
ℎ=1 𝑏ℎ + (𝑟 − 1) + 𝑠 − 1 for 2 ≤ 𝑟 ≤ 𝑎 and 1 ≤ 𝑠 ≤

𝑏𝑟

2
. 

For each 1 ≤ 𝑟 ≤ 𝑎  and 1 ≤ 𝑠 ≤
𝑏𝑟

2
, ℎ9(𝑒𝑟(2𝑠)) = 𝑝9 + 𝑞9 + 2 ∑𝑟−1

ℎ=1 𝑏ℎ + (𝑟 − 1) +
𝑏𝑟

2
+ 𝑠 − 1, ℎ9(𝑑𝑟(2𝑠−1)) = 𝑝9 + 𝑞9 +

2 ∑𝑟−1
ℎ=1 𝑏ℎ + (𝑟 − 1) + 𝑏𝑟 + 𝑠 − 1, ℎ9(𝑑𝑟(2𝑠)) = 𝑝9 + 𝑞9 + 2 ∑𝑟−1

ℎ=1 𝑏ℎ + (𝑟 − 1) +
3𝑏𝑟

2
+ 𝑠 − 1. 

For each 1 ≤ 𝑟 ≤ 𝑎, ℎ9(𝑐𝑟1) = 𝑝9 + 𝑞9 + 2 ∑𝑟
ℎ=1 𝑏ℎ + 𝑟 − 1, ℎ9(𝑒𝑟1𝑒𝑟𝑏𝑟

) = 𝑝9 + 𝑞9 + 𝑎 + 2(𝑏1 + 𝑏2+. . . +𝑏𝑎) + 4 ∑𝑟−1
ℎ=1 𝑏ℎ +

𝑏𝑟 − 1, ℎ9(𝑑𝑟1𝑑𝑟𝑏𝑟
) = 𝑝9 + 𝑞9 + 𝑎 + 2(𝑏1 + 𝑏2+. . . +𝑏𝑎) + 4 ∑𝑟−1

ℎ=1 𝑏ℎ + 3𝑏𝑟 − 1. 

For each 1 ≤ 𝑟 ≤ 𝑎 and 1 ≤ 𝑠 ≤ 𝑏𝑟 − 1, ℎ9(𝑒𝑟𝑠𝑒𝑟(𝑠+1)) = 𝑝9 + 𝑞9 + 𝑎 + 2(𝑏1 + 𝑏2+. . . +𝑏𝑎) + 4 ∑𝑟−1
ℎ=1 𝑏ℎ + 𝑠 −

1, ℎ9(𝑑𝑟𝑠𝑑𝑟(𝑠+1)) = 𝑝9 + 𝑞9 + 𝑎 + 2(𝑏1 + 𝑏2+. . . +𝑏𝑎) + 4 ∑𝑟−1
ℎ=1 𝑏ℎ + 2𝑏𝑟 + 𝑠 − 1. 

For each 1 ≤ 𝑟 ≤ 𝑎  and 1 ≤ 𝑠 ≤ 𝑏𝑟 , ℎ9(𝑑𝑟𝑠𝑒𝑟𝑠) = 𝑝9 + 𝑞9 + 𝑎 + 2(𝑏1 + 𝑏2+. . . +𝑏𝑎) + 4 ∑𝑟−1
ℎ=1 𝑏ℎ + 𝑏𝑟 + 𝑠 − 1, ℎ9(𝑐𝑟1𝑑𝑟𝑠) =

𝑝9 + 𝑞9 + 𝑎 + 2(𝑏1 + 𝑏2+. . . +𝑏𝑎) + 4 ∑𝑟−1
ℎ=1 𝑏ℎ + 3𝑏𝑟 + 𝑠 − 1. 

Hence 𝐺9
∗ = 𝐺9 ⊙ 𝐻9 admits vertex edge neighborhood prime graph.                   ∎ 

Theorem 2.10. If 𝐺10(𝑝10, 𝑞10) has vertex edge neighborhood prime graph, then 𝐺10 ⊙ [𝑅𝑒1
∪ 𝑅𝑒2

∪. . .∪ 𝑅𝑒𝑑
] that admits vertex 

edge neighborhood prime graph. 

Proof. Let 𝐺10(𝑝10, 𝑞10) be vertex edge neighborhood prime graph with labeling  

𝑔10: 𝑉(𝐺10) ∪ 𝐸(𝐺10) → {1,2, . . . , |𝑉(𝐺10) ∪ 𝐸(𝐺10)|} satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻10 = 𝑅𝑒1
∪ 𝑅𝑒2

∪. . .∪ 𝑅𝑒𝑑
 with 

𝑉(𝐻10) = {𝑎𝑟𝑠 , 𝑏𝑟𝑠 , 𝑐𝑟𝑠: 1 ≤ 𝑟 ≤ 𝑑, 1 ≤ 𝑠 ≤ 𝑒𝑟} and 

𝐸(𝐻10) = {𝑎𝑟𝑠𝑏𝑟𝑠 , 𝑏𝑟𝑠𝑐𝑟𝑠: 1 ≤ 𝑟 ≤ 𝑑, 1 ≤ 𝑠 ≤ 𝑒𝑟} ∪ {𝑎𝑟1𝑎𝑟𝑒𝑟
, 𝑎𝑟1𝑏𝑟𝑒𝑟

, 𝑏𝑟1𝑏𝑟𝑒𝑟
, 𝑐𝑟1𝑐𝑟𝑒𝑟

: 1 ≤ 𝑟 ≤ 𝑑} ∪

{𝑎𝑟𝑠𝑎𝑟(𝑠+1), 𝑎𝑟(𝑠+1)𝑏𝑟𝑠, 𝑏𝑟𝑠𝑏𝑟(𝑠+1), 𝑐𝑟𝑠𝑐𝑟(𝑠+1): 1 ≤ 𝑟 ≤ 𝑑, 1 ≤ 𝑠 ≤ 𝑒𝑟 − 1}. 

We identify one of the vertex say 𝑐11 of 𝐻10 on selected vertex of 𝑧1 in 𝐺10  with 𝑔10(𝑧1) = 1. 

Let us construct a new graph 𝐺10
∗ = 𝐺10 ⊙ 𝐻10 with 𝑉(𝐺10

∗ ) = 𝑉(𝐺10) ∪ 𝑉(𝐻10) and 𝐸(𝐺10
∗ ) = 𝐸(𝐺10) ∪ 𝐸(𝐻10). 

|𝑉(𝐺10
∗ )| = 𝑝10 + 3(𝑒1 + 𝑒2+. . . +𝑒𝑑) − 1 and |𝐸(𝐺10

∗ )| = 𝑞10 + 6(𝑒1 + 𝑒2+. . . +𝑒𝑑). 

Define ℎ10: 𝑉(𝐺10
∗ ) ∪ 𝐸(𝐺10

∗ ) → {1,2, . . . , 𝑝10 + 𝑞10 + 9(𝑒1 + 𝑒2+. . . +𝑒𝑑) − 1} by 

𝑔10(𝑧10) = ℎ10(𝑧10) for all 𝑧10 ∈ 𝑉(𝐺10) and 𝑔10(𝑒10) = ℎ10(𝑒10) for all 𝑒10 ∈ 𝐸(𝐺10). 

ℎ10(𝑐11) = ℎ10(𝑧1) = 1. 

For each 1 ≤ 𝑟 ≤ 𝑑  and 1 ≤ 𝑠 ≤ 𝑒𝑟 − 1, ℎ10(𝑐𝑟𝑠𝑐𝑟(𝑠+1)) = 𝑝10 + 𝑞10 + 4(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 5 ∑𝑟−1
𝑡=1 𝑒𝑡 + 𝑠 −

1, ℎ10(𝑎𝑟(𝑠+1)𝑏𝑟𝑠) = 𝑝10 + 𝑞10 + 4(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 5 ∑𝑟−1
𝑡=1 𝑒𝑡 + 2𝑒𝑟 + 2𝑠 − 1, ℎ10(𝑎𝑟𝑠𝑎𝑟(𝑠+1)) = 𝑝10 + 𝑞10 + 4(𝑒1 +

𝑒2+. . . +𝑒𝑑) + 5 ∑𝑟−1
𝑡=1 𝑒𝑡 + 4𝑒𝑟 + 𝑠 − 1. 

For each 1 ≤ 𝑟 ≤ 𝑑, ℎ10(𝑎𝑟1𝑎𝑟𝑒𝑟
) = 𝑝10 + 𝑞10 + 4(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 5 ∑𝑟−1

𝑡=1 𝑒𝑡 + 5𝑒𝑟 − 1, ℎ10(𝑎𝑟1𝑏𝑟𝑒𝑟
) = 𝑝10 + 𝑞10 +

4(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 5 ∑𝑟−1
𝑡=1 𝑒𝑡 + 4𝑒𝑟 − 1, ℎ10(𝑐𝑟1𝑐𝑟𝑒𝑟

) = 𝑝10 + 𝑞10 + 4(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 5 ∑𝑟−1
𝑡=1 𝑒𝑡 + 𝑒𝑟 − 1. 

For each 1 ≤ 𝑟 ≤ 𝑑  and 1 ≤ 𝑠 ≤ 𝑒𝑟 , ℎ10(𝑏𝑟𝑠𝑐𝑟𝑠) = 𝑝10 + 𝑞10 + 4(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 5 ∑𝑟−1
𝑡=1 𝑒𝑡 + 𝑒𝑟 + 𝑠 − 1, ℎ10(𝑎𝑟𝑠𝑏𝑟𝑠) =

𝑝10 + 𝑞10 + 4(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 5 ∑𝑟−1
𝑡=1 𝑒𝑡 + 2𝑒𝑟 + 2𝑠 − 2. 

Let us consider the following two cases. 

Case 1. 𝑝10 + 𝑞10 is odd. 

ℎ10(𝑐1𝑠) = 𝑝10 + 𝑞10 + 2(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 2𝑠 − 2 for 2 ≤ 𝑠 ≤ 𝑒1. 

ℎ10(𝑐𝑟𝑠) = 𝑝10 + 𝑞10 + 2(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 2 ∑𝑟−1
𝑡=1 𝑒𝑡 + 2𝑠 − 2 for 2 ≤ 𝑟 ≤ 𝑑 and 1 ≤ 𝑠 ≤ 𝑒𝑟 . 

For each 1 ≤ 𝑟 ≤ 𝑑 and 1 ≤ 𝑠 ≤ 𝑒𝑟 , ℎ10(𝑏𝑟𝑠) = 𝑝10 + 𝑞10 + 2 ∑𝑟−1
𝑡=1 𝑒𝑡 + 2𝑠, ℎ10(𝑎𝑟𝑠) = 𝑝10 + 𝑞10 + 2 ∑𝑟−1

𝑡=1 𝑒𝑡 + 2𝑠 − 1. 

ℎ10(𝑏𝑟𝑠𝑏𝑟(𝑠+1)) = 𝑝10 + 𝑞10 + 2(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 2 ∑𝑟−1
𝑡=1 𝑒𝑡 + 2𝑠 − 1 for 1 ≤ 𝑟 ≤ 𝑑 and 1 ≤ 𝑠 ≤ 𝑒𝑟 − 1. 

ℎ10(𝑏𝑟1𝑏𝑟𝑒𝑟
) = 𝑝10 + 𝑞10 + 2(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 2 ∑𝑟−1

𝑡=1 𝑒𝑡 + 2𝑒𝑟 − 1 for 1 ≤ 𝑟 ≤ 𝑑. 

Case 2. 𝑝10 + 𝑞10 is even. 

ℎ10(𝑐1𝑠) = 𝑝10 + 𝑞10 + 2(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 2𝑠 − 3 for 2 ≤ 𝑠 ≤ 𝑒1. 
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ℎ10(𝑐𝑟𝑠) = 𝑝10 + 𝑞10 + 2(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 2 ∑𝑟−1
𝑡=1 𝑒𝑡 + 2𝑠 − 1 for 2 ≤ 𝑟 ≤ 𝑑 and 1 ≤ 𝑠 ≤ 𝑒𝑟 . 

For each 1 ≤ 𝑟 ≤ 𝑑 and 1 ≤ 𝑠 ≤ 𝑒𝑟 , ℎ10(𝑏𝑟𝑠) = 𝑝10 + 𝑞10 + 2 ∑𝑟−1
𝑡=1 𝑒𝑡 + 2𝑠 − 1, ℎ10(𝑎𝑟𝑠) = 𝑝10 + 𝑞10 + 2 ∑𝑟−1

𝑡=1 𝑒𝑡 + 2𝑠. 

ℎ10(𝑏1𝑠𝑏1(𝑠+1)) = 𝑝10 + 𝑞10 + 2(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 2𝑠 for 1 ≤ 𝑠 ≤ 𝑒1 − 1. 

ℎ10(𝑏𝑟𝑠𝑏𝑟(𝑠+1)) = 𝑝10 + 𝑞10 + 2(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 2 ∑𝑟−1
𝑡=1 𝑒𝑡 + 2𝑠 − 2 for 2 ≤ 𝑟 ≤ 𝑑 and 1 ≤ 𝑠 ≤ 𝑒𝑟 − 1. 

ℎ10(𝑏11𝑏1𝑒1
) = 𝑝10 + 𝑞10 + 2(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 2𝑒1 − 1. 

ℎ10(𝑏𝑟1𝑏𝑟𝑒𝑟
) = 𝑝10 + 𝑞10 + 2(𝑒1 + 𝑒2+. . . +𝑒𝑑) + 2 ∑𝑟−1

𝑡=1 𝑒𝑡 + 2𝑒𝑟 − 2 for 2 ≤ 𝑟 ≤ 𝑑. 

Hence 𝐺10
∗ = 𝐺10 ⊙ 𝐻10 is vertex edge neighborhood prime graph.                   ∎ 

Theorem 2.11. If 𝐺11(𝑝11, 𝑞11) has vertex edge neighborhood prime graph, then 𝐺11 ⊙ [𝐵3,𝑘 ∪ 𝐶𝑙 × 𝐾2 ∪ 𝑆𝑚 ∪ 𝑊𝑛 ∪ 𝑄𝑝] that 

admits vertex edge neighborhood prime graph. 

Proof. Let 𝐺11(𝑝11, 𝑞11) is vertex edge neighborhood prime graph with bijection 𝑔11: 𝑉(𝐺11) ∪ 𝐸(𝐺11) → {1,2, . . . , |𝑉(𝐺11) ∪
𝐸(𝐺11)|} satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻11 = 𝐵3,𝑘 ∪ 𝐶𝑙 × 𝐾2 ∪ 𝑆𝑚 ∪ 𝑊𝑛 ∪ 𝑄𝑝 with 

𝑉(𝐻11) = {𝑢𝑖: 1 ≤ 𝑖 ≤ 𝑘 + 2} ∪ {𝑢′𝑖 , 𝑢′′𝑖: 1 ≤ 𝑖 ≤ 𝑙} ∪ {𝑣𝑖 , 𝑣′𝑖: 1 ≤ 𝑖 ≤ 𝑚} ∪ {𝑣0} ∪ {𝑣′′𝑖: 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑤𝑖: 1 ≤ 𝑖 ≤ 𝑝} ∪
{𝑤′𝑖 , 𝑤′′𝑖: 1 ≤ 𝑖 ≤ 𝑝 − 1} and 

𝐸(𝐻11) = {𝑢1𝑢2} ∪ {𝑢1𝑢𝑖+2, 𝑢2𝑢𝑖+2: 1 ≤ 𝑖 ≤ 𝑘} ∪ {𝑢′𝑖𝑢′𝑖+1, 𝑢′′𝑖𝑢′′𝑖+1: 1 ≤ 𝑖 ≤ 𝑙 − 1} ∪ {𝑢′1𝑢′𝑙} ∪ {𝑢′′1𝑢′′𝑙} ∪ {𝑢′𝑖𝑢′′𝑖: 1 ≤ 𝑖 ≤
𝑙} ∪ {𝑣𝑖𝑣𝑖+1: 1 ≤ 𝑖 ≤ 𝑚 − 1} ∪ {𝑣1𝑣𝑚} ∪ {𝑣𝑖𝑣′𝑖: 1 ≤ 𝑖 ≤ 𝑚} ∪ {𝑣′′𝑖𝑣′′𝑖+1: 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑣′′1𝑣′′𝑛} ∪ {𝑣0𝑣′𝑖: 1 ≤ 𝑖 ≤ 𝑛} ∪
{𝑤𝑖𝑤𝑖+1, 𝑤′𝑖𝑤′′𝑖 , 𝑤𝑖𝑤′𝑖 , 𝑤𝑖+1𝑤′′𝑖: 1 ≤ 𝑖 ≤ 𝑝 − 1}. 

We superimposing one of the vertex say 𝑢1 of 𝐻11 on selected vertex of 𝑟1 in 𝐺11  with 𝑔11(𝑟1) = 1. 

Let us construct a new graph 𝐺11
∗ = 𝐺11 ⊙ 𝐻11 with 𝑉(𝐺11

∗ ) = 𝑉(𝐺11) ∪ 𝑉(𝐻11) and 𝐸(𝐺11
∗ ) = 𝐸(𝐺11) ∪ 𝐸(𝐻11). 

|𝑉(𝐺11
∗ )| = 𝑝11 + 𝑘 + 2𝑙 + 2𝑚 + 𝑛 + 3(𝑝 − 1) + 3 and |𝐸(𝐺11

∗ )| = 𝑞11 + 2𝑘 + 3𝑙 + 2𝑚 + 2𝑛 + 4(𝑝 − 1) + 1. 

Define ℎ11: 𝑉(𝐺11
∗ ) ∪ 𝐸(𝐺11

∗ ) → {1,2, . . . , 𝑝11 + 𝑞11 + 3𝑘 + 5𝑙 + 4𝑚 + 3𝑛 + 7(𝑝 − 1) + 4} by 

𝑔11(𝑢11) = ℎ11(𝑢11) for all 𝑢11 ∈ 𝑉(𝐺11) and 𝑔11(𝑒11) = ℎ11(𝑒11) for all 𝑒11 ∈ 𝐸(𝐺11). 

ℎ11(𝑢1) = ℎ11(𝑟1) = 1. 

ℎ11(𝑢𝑖) = 𝑝11 + 𝑞11 + 𝑖 − 1 for 2 ≤ 𝑖 ≤ 𝑘 + 2. 

ℎ11(𝑢′′𝑖) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑖 for 1 ≤ 𝑖 ≤ 𝑙. 

ℎ11(𝑢′𝑖) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑖 − 1 for 2 ≤ 𝑖 ≤ 𝑙. 

ℎ11(𝑢′1) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑙 + 1.  

For each 1 ≤ 𝑖 ≤ 𝑚, ℎ11(𝑣𝑖) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑙 + 3𝑖 − 1, ℎ11(𝑣𝑖𝑣′𝑖) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑙 + 3𝑖, ℎ11(𝑣′𝑖) = 𝑝11 + 𝑞11 + 𝑘 +
2𝑙 + 3𝑖 + 1.  

ℎ11(𝑣0) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑙 + 3𝑚 + ⌈
𝑛

2
⌉ + 2.  

ℎ11(𝑣′′2𝑖) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑙 + 3𝑚 + ⌈
𝑛

2
⌉ + 2 + 𝑖 for 1 ≤ 𝑖 ≤ ⌊

𝑛

2
⌋. 

ℎ11(𝑣′′2𝑖−1) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑙 + 3𝑚 + 1 + 𝑖 for 1 ≤ 𝑖 ≤ ⌈
𝑛

2
⌉. 

ℎ11(𝑤𝑖) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑙 + 3𝑚 + 𝑛 + 3𝑖 for 1 ≤ 𝑖 ≤ 𝑝. 

For each 1 ≤ 𝑖 ≤ 𝑝 − 1, ℎ11(𝑤′𝑖) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑙 + 3𝑚 + 𝑛 + 3𝑖 + 2, ℎ11(𝑤′′𝑖) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑙 + 3𝑚 + 𝑛 + 3𝑖 +
1. 

ℎ11(𝑢1𝑢2) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑙 + 3𝑚 + 𝑛 + 3𝑝 + 1. 

For each 1 ≤ 𝑖 ≤ ⌈
𝑘

2
⌉ , ℎ11(𝑢1𝑢2𝑖+1) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑙 + 3𝑚 + 𝑛 + 3𝑝 + 4𝑖 − 2, ℎ11(𝑢2𝑢2𝑖+1) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑙 +

3𝑚 + 𝑛 + 3𝑝 + 4𝑖 − 1. 

For each 1 ≤ 𝑖 ≤ ⌊
𝑘

2
⌋ , ℎ11(𝑢1𝑢2𝑖+2) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑙 + 3𝑚 + 𝑛 + 3𝑝 + 4𝑖 + 1, ℎ11(𝑢2𝑢2𝑖+2) = 𝑝11 + 𝑞11 + 𝑘 + 2𝑙 +

3𝑚 + 𝑛 + 3𝑝 + 4𝑖. 

For each 1 ≤ 𝑖 ≤ 𝑙 − 1, ℎ11(𝑢′𝑖𝑢′𝑖+1) = 𝑝11 + 𝑞11 + 3𝑘 + 4𝑙 + 3𝑚 + 𝑛 + 3𝑝 + 𝑖 + 2, ℎ11(𝑢′′𝑖𝑢′′𝑖+1) = 𝑝11 + 𝑞11 + 3𝑘 + 2𝑙 +
3𝑚 + 𝑛 + 3𝑝 + 𝑖 + 1. 

ℎ11(𝑢′𝑖𝑢′′𝑖) = 𝑝11 + 𝑞11 + 3𝑘 + 3𝑙 + 3𝑚 + 𝑛 + 3𝑝 + 𝑖 + 1 for 1 ≤ 𝑖 ≤ 𝑙. 

ℎ11(𝑢′′1𝑢′′𝑛) = 𝑝11 + 𝑞11 + 3𝑘 + 3𝑙 + 3𝑚 + 𝑛 + 3𝑝 + 1, ℎ11(𝑢′1𝑢′𝑛) = 𝑝11 + 𝑞11 + 3𝑘 + 4𝑙 + 3𝑚 + 𝑛 + 3𝑝 + 2.  
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ℎ11(𝑣𝑖𝑣𝑖+1) = 𝑝11 + 𝑞11 + 3𝑘 + 5𝑙 + 3𝑚 + 𝑛 + 3𝑝 + 𝑖 + 1 for 1 ≤ 𝑖 ≤ 𝑚 − 1.       ℎ11(𝑣1𝑣𝑚) = 𝑝11 + 𝑞11 + 3𝑘 + 5𝑙 +
4𝑚 + 𝑛 + 3𝑝 + 1.  

ℎ11(𝑣′′𝑖𝑣′′𝑖+1) = 𝑝11 + 𝑞11 + 3𝑘 + 5𝑙 + 4𝑚 + 𝑛 + 3𝑝 + 𝑖 + 1 for 1 ≤ 𝑖 ≤ 𝑛 − 1. ℎ11(𝑣′′1𝑣′′𝑛) = 𝑝11 + 𝑞11 + 3𝑘 + 5𝑙 +
4𝑚 + 2𝑛 + 3𝑝 + 1. 

ℎ11(𝑣0𝑣′′𝑖) = 𝑝11 + 𝑞11 + 3𝑘 + 5𝑙 + 4𝑚 + 2𝑛 + 3𝑝 + 𝑖 + 1 for 1 ≤ 𝑖 ≤ 𝑛. 

For each 1 ≤ 𝑖 ≤ 𝑝 − 1, ℎ11(𝑤𝑖𝑤𝑖+1) = 𝑝11 + 𝑞11 + 3𝑘 + 5𝑙 + 4𝑚 + 3𝑛 + 3𝑝 + 4𝑖 − 2, ℎ11(𝑤′𝑖𝑤′′𝑖) = 𝑝11 + 𝑞11 + 3𝑘 + 5𝑙 +
4𝑚 + 3𝑛 + 3𝑝 + 4𝑖. 

For each 1 ≤ 𝑖 ≤ 𝑝 − 2, ℎ11(𝑤𝑖𝑤′𝑖) = 𝑝11 + 𝑞11 + 3𝑘 + 5𝑙 + 4𝑚 + 3𝑛 + 3𝑝 + 4𝑖 − 1, ℎ11(𝑤𝑖+1𝑤′′𝑖) = 𝑝11 + 𝑞11 + 3𝑘 + 5𝑙 +
4𝑚 + 3𝑛 + 3𝑝 + 4𝑖 + 1.                  ℎ11(𝑤𝑝−1𝑤′𝑝−1) = 𝑝11 + 𝑞11 + 3𝑘 + 5𝑙 + 4𝑚 + 3𝑛 + 7𝑝 − 3, ℎ11(𝑤𝑝𝑤′′𝑝−1) =

𝑝11 + 𝑞11 + 3𝑘 + 5𝑙 + 4𝑚 + 3𝑛 + 7𝑝 − 5. 

Hence 𝐺11
∗ = 𝐺11 ⊙ 𝐻11 is vertex edge neighborhood prime graph.                   ∎  

Theorem 2.12. If 𝐺12(𝑝12, 𝑞12) has vertex edge neighborhood prime graph, then 𝐺12 ⊙ [𝐵𝐶𝑧1
∪ 𝐵𝐶𝑧2

∪. . .∪ 𝐵𝐶𝑧𝑦
] that admits 

vertex edge neighborhood prime graph. 

Proof. Let 𝐺12(𝑝12, 𝑞12) be vertex edge neighborhood prime graph with bijection 𝑔12: 𝑉(𝐺12) ∪ 𝐸(𝐺12) → {1,2, . . . , |𝑉(𝐺12) ∪
𝐸(𝐺12)|} satisfying the property of vertex edge neighborhood prime graph. 

Consider 𝐻12 = 𝐵𝐶𝑧1
∪ 𝐵𝐶𝑧2

∪. . .∪ 𝐵𝐶𝑧𝑦
 with 

𝑉(𝐻12) = {𝑐′𝑠𝑡 , 𝑑′𝑠𝑡 , 𝑒′𝑠𝑡: 1 ≤ 𝑠 ≤ 𝑦, 1 ≤ 𝑡 ≤ 𝑧𝑠} and 

𝐸(𝐻12) = {𝑐′𝑠𝑡𝑑′𝑠𝑡 , 𝑑′𝑠𝑡𝑒′𝑠𝑡: 1 ≤ 𝑠 ≤ 𝑦, 1 ≤ 𝑡 ≤ 𝑧𝑠} ∪ {𝑐′𝑠1𝑐′𝑠𝑧𝑠
, 𝑐′𝑠𝑧𝑠

𝑑′𝑠1: 1 ≤ 𝑠 ≤ 𝑦} ∪ {𝑐′𝑠𝑡𝑐′𝑠(𝑡+1), 𝑐′𝑠𝑡𝑑′𝑠(𝑡+1): 1 ≤ 𝑠 ≤ 𝑦, 1 ≤

𝑡 ≤ 𝑧𝑠 − 1}. 

We overlay one of the vertex say 𝑐′11 of 𝐻12 on selected vertex of 𝑧1 in 𝐺12  with 𝑔12(𝑧1) = 1. 

Let us construct a new graph 𝐺12
∗ = 𝐺12 ⊙ 𝐻12 with 𝑉(𝐺12

∗ ) = 𝑉(𝐺12) ∪ 𝑉(𝐻12) and 𝐸(𝐺12
∗ ) = 𝐸(𝐺12) ∪ 𝐸(𝐻12). 

|𝑉(𝐺12
∗ )| = 𝑝12 + 3(𝑧1 + 𝑧2+. . . +𝑧𝑦) − 1 and |𝐸(𝐺12

∗ )| = 𝑞12 + 4(𝑧1 + 𝑧2+. . . +𝑧𝑦). 

Define ℎ12: 𝑉(𝐺12
∗ ) ∪ 𝐸(𝐺12

∗ ) → {1,2, . . . , 𝑝12 + 𝑞12 + 7(𝑧1 + 𝑧2+. . . +𝑧𝑦) − 1} by 

𝑔12(𝑧12) = ℎ12(𝑧12) for all 𝑧12 ∈ 𝑉(𝐺12) and 𝑔12(𝑒12) = ℎ12(𝑒12) for all 𝑒12 ∈ 𝐸(𝐺12). 

ℎ12(𝑐′11) = ℎ12(𝑧1) = 1. 

For each 1 ≤ 𝑠 ≤ 𝑦, ℎ12(𝑐′𝑠𝑧𝑠
𝑑′𝑠1) = 𝑝12 + 𝑞12 + 4(𝑧1 + 𝑧2+. . . +𝑧𝑦) + 3 ∑𝑠−1

𝑏=1 𝑧𝑏 , ℎ12(𝑐′𝑠1𝑐′𝑠𝑧𝑠
) = 𝑝12 + 𝑞12 + 4(𝑧1 +

𝑧2+. . . +𝑧𝑦) + 3 ∑𝑠−1
𝑏=1 𝑧𝑏 + 2𝑧𝑠 . 

For each 1 ≤ 𝑠 ≤ 𝑦  and 1 ≤ 𝑡 ≤ 𝑧𝑠 − 1, ℎ12(𝑐′𝑠𝑡𝑑′𝑠(𝑡+1)) = 𝑝12 + 𝑞12 + 4(𝑧1 + 𝑧2+. . . +𝑧𝑦) + 3 ∑𝑠−1
𝑏=1 𝑧𝑏 +

2𝑡, ℎ12(𝑐′𝑠𝑡𝑐′𝑠(𝑡+1)) = 𝑝12 + 𝑞12 + 4(𝑧1 + 𝑧2+. . . +𝑧𝑦) + 3 ∑𝑠−1
𝑏=1 𝑧𝑏 + 2𝑧𝑠 + 𝑡. 

ℎ12(𝑐′𝑠𝑡𝑑′𝑠𝑡) = 𝑝12 + 𝑞12 + 4(𝑧1 + 𝑧2+. . . +𝑧𝑦) + 3 ∑𝑠−1
𝑏=1 𝑧𝑏 + 2𝑡 − 1 for 1 ≤ 𝑠 ≤ 𝑦 and 1 ≤ 𝑡 ≤ 𝑧𝑠 . 

Consider the following two cases. 

Case 1. 𝑝12 + 𝑞12 is odd. 

ℎ12(𝑐′1𝑡) = 𝑝12 + 𝑞12 + 2𝑡 − 2 for 2 ≤ 𝑡 ≤ 𝑧1. 

ℎ12(𝑐′𝑠𝑡) = 𝑝12 + 𝑞12 + 4 ∑𝑠−1
𝑏=1 𝑧𝑏 + 2𝑡 − 2 for 2 ≤ 𝑠 ≤ 𝑦 and 1 ≤ 𝑡 ≤ 𝑧𝑠. 

For each 1 ≤ 𝑠 ≤ 𝑦 and 1 ≤ 𝑡 ≤ 𝑧𝑠 , ℎ12(𝑑′𝑠𝑡) = 𝑝12 + 𝑞12 + 4 ∑𝑠−1
𝑏=1 𝑧𝑏 + 2𝑧𝑠 + 2𝑡 − 2, ℎ12(𝑒′𝑠𝑡) = 𝑝12 + 𝑞12 + 4 ∑𝑠−1

𝑏=1 𝑧𝑏 +
2𝑡 − 1, ℎ12(𝑑′𝑠𝑡𝑒′𝑠𝑡) = 𝑝12 + 𝑞12 + 4 ∑𝑠−1

𝑏=1 𝑧𝑏 + 2𝑧𝑠 + 2𝑡 − 1. 

Case 2. 𝑝12 + 𝑞12 is even. 

ℎ12(𝑐′1𝑡) = 𝑝12 + 𝑞12 + 2𝑡 − 3 for 2 ≤ 𝑡 ≤ 𝑧1. 

ℎ12(𝑐′𝑠𝑡) = 𝑝12 + 𝑞12 + 4 ∑𝑠−1
𝑏=1 𝑧𝑏 + 2𝑡 − 1 for 2 ≤ 𝑠 ≤ 𝑦 and 1 ≤ 𝑡 ≤ 𝑧𝑠. 

ℎ12(𝑒′1𝑡) = 𝑝12 + 𝑞12 + 2𝑡 for 1 ≤ 𝑡 ≤ 𝑧1 − 1. 

ℎ12(𝑒′𝑠𝑡) = 𝑝12 + 𝑞12 + 4 ∑𝑠−1
𝑏=1 𝑧𝑏 + 2𝑡 − 2 for 2 ≤ 𝑠 ≤ 𝑦 and 1 ≤ 𝑡 ≤ 𝑧𝑠 . 

For each 1 ≤ 𝑠 ≤ 𝑦 and 1 ≤ 𝑡 ≤ 𝑧𝑠 , ℎ12(𝑑′𝑠𝑡) = 𝑝12 + 𝑞12 + 4 ∑𝑠−1
𝑏=1 𝑧𝑏 + 2𝑧𝑠 + 2𝑡 − 1, ℎ12(𝑑′𝑠𝑡𝑒′𝑠𝑡) = 𝑝12 + 𝑞12 +

4 ∑𝑠−1
𝑏=1 𝑧𝑏 + 2𝑧𝑠 + 2𝑡 − 2. 

Hence 𝐺12
∗ = 𝐺12 ⊙ 𝐻12 is vertex edge neighborhood prime graph.                   ∎ 

 

3  Graph identification of duplicating of graphs 
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In this section, we discuss about duplication of graphs. 

Theorem 3.1. If 𝐺1(𝑝1, 𝑞1) has vertex edge neighborhood prime graph, then 𝐺1 ⊙ [duplicating all the vertices of 𝐾𝑠] that admits 

vertex edge neighborhood prime. 

Proof. Let 𝐺1(𝑝1, 𝑞1) be vertex edge neighborhood prime graph with bijection 𝑔1: 𝑉(𝐺1) ∪ 𝐸(𝐺1) → {1,2, . . . , |𝑉(𝐺1) ∪ 𝐸(𝐺1)|} 

satisfying the property of vertex edge neighborhood prime graph. 

Consider 𝐻1 the duplicating all the vertices of 𝐾𝑠 with 

𝑉(𝐻1) = {𝑧𝑏 , 𝑧′𝑏: 1 ≤ 𝑏 ≤ 𝑠} and 

𝐸(𝐻1) = {𝑧𝑏𝑧𝑐+1: 1 ≤ 𝑏 ≤ 𝑠 − 1, 𝑏 ≤ 𝑐 ≤ 𝑠 − 1} ∪ {𝑧′𝑏𝑧𝑐+1: 1 ≤ 𝑏 ≤ 𝑠 − 1, 𝑏 ≤ 𝑐 ≤ 𝑠 − 1} ∪ {𝑧′𝑏+1𝑧𝑐 : 1 ≤ 𝑏 ≤ 𝑠 − 1,1 ≤ 𝑐 ≤
𝑏}. 

We identify one of the vertex say 𝑧1 of 𝐻1 on selected vertex of 𝑥1 in 𝐺1  with 𝑔1(𝑥1) = 1. 

Let us construct a new graph 𝐺1
∗ = 𝐺1 ⊙ 𝐻1 with 𝑉(𝐺1

∗) = 𝑉(𝐺1) ∪ 𝑉(𝐻1) and 𝐸(𝐺1
∗) = 𝐸(𝐺1) ∪ 𝐸(𝐻1). 

|𝑉(𝐺1
∗)| = 𝑝1 + 2𝑠 − 1 and |𝐸(𝐺1

∗)| = 𝑞1 + 𝑠(𝑠 − 1) +
𝑠(𝑠−1)

2
. 

Define ℎ1: 𝑉(𝐺1
∗) ∪ 𝐸(𝐺1

∗) → {1,2, . . . , 𝑝1 + 𝑞1 + 2𝑠 + 𝑠(𝑠 − 1) +
𝑠(𝑠−1)

2
− 1} by 

𝑔1(𝑧1) = ℎ1(𝑧1) for all 𝑧1 ∈ 𝑉(𝐺1) and 𝑔1(𝑒1) = ℎ1(𝑒1) for all 𝑒1 ∈ 𝐸(𝐺1). 

ℎ1(𝑧1) = ℎ1(𝑥1) = 1. 

ℎ1(𝑧𝑏+1) = 𝑝1 + 𝑞1 + 𝑏 for 1 ≤ 𝑏 ≤ 𝑠 − 1. 

ℎ1(𝑧′𝑏) = 𝑝1 + 𝑞1 +
𝑠(𝑠−1)

2
+ 𝑠 − 1 + 𝑏 for 1 ≤ 𝑏 ≤ 𝑠. 

For each 1 ≤ 𝑏 ≤ 𝑠 − 1 and 𝑏 ≤ 𝑐 ≤ 𝑠 − 1, ℎ1(𝑧𝑏𝑧𝑐+1) = 𝑝1 + 𝑞1 + 𝑏𝑠 −
𝑏(𝑏+1)

2
+ 𝑐, ℎ1(𝑧′𝑏𝑧𝑐+1) = 𝑝1 + 𝑞1 +

𝑠(𝑠−1)

2
+ (𝑏 +

1)𝑠 −
𝑏(𝑏+1)

2
+ 𝑐. 

ℎ1(𝑧′𝑏+1𝑧𝑐) = 𝑝1 + 𝑞1 + 𝑠(𝑠 − 1) + 2𝑠 − [
𝑏(𝑏−1)

2
− 1] + 𝑐 for 1 ≤ 𝑏 ≤ 𝑠 − 1 and 1 ≤ 𝑐 ≤ 𝑏. 

Hence 𝐺1
∗ = 𝐺1 ⊙ 𝐻1 admits vertex edge neighborhood prime graph.                   ∎  

Theorem 3.2. If 𝐺2(𝑝2, 𝑞2) has vertex edge neighborhood prime graph, then 𝐺2 ⊙ [duplicating all the vertices of Petersen graph 

𝑃(𝑛, 2)] that admits vertex edge neighborhood prime for all 𝑛 ≥ 5. 

Proof. Let 𝐺2(𝑝2, 𝑞2) be vertex edge neighborhood prime graph with bijection 𝑔2: 𝑉(𝐺2) ∪ 𝐸(𝐺2) → {1,2, . . . , |𝑉(𝐺2) ∪ 𝐸(𝐺2)|} 

satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻2 the duplicating all the vertices of Petersen graph 𝑃(𝑛, 2) when 𝑛 ≥ 5 with 

𝑉(𝐻2) = {𝑢𝑠 , 𝑣𝑠, 𝑢′𝑠 , 𝑣′𝑠: 1 ≤ 𝑠 ≤ 𝑛} and 

𝐸(𝐻2) = {𝑢𝑠𝑣𝑠, 𝑢𝑠𝑣′𝑠 , 𝑢′𝑠𝑣𝑠: 1 ≤ 𝑠 ≤ 𝑛} ∪ {𝑣𝑠𝑣𝑠+1, 𝑣′𝑠𝑣𝑠+1, 𝑣𝑠𝑣′𝑠+1: 1 ≤ 𝑠 ≤ 𝑛 − 1} ∪ {𝑢𝑠𝑢𝑠+2, 𝑢′𝑠𝑢𝑠+2, 𝑢𝑠𝑢′𝑠+2: 1 ≤ 𝑠 ≤ 𝑛 −
2} ∪ {𝑣1𝑣𝑛} ∪ {𝑢1𝑢𝑛−1} ∪ {𝑢2𝑢𝑛} ∪ {𝑣1𝑣′𝑛} ∪ {𝑣′1𝑣𝑛} ∪ {𝑢1𝑢′𝑛−1} ∪ {𝑢2𝑢′𝑛} ∪ {𝑢′1𝑢𝑛−1} ∪ {𝑢′2𝑢𝑛}. 

We superimposing one of the vertex say 𝑣1 of 𝐻2 on selected vertex of 𝑠1 in 𝐺2  with 𝑔2(𝑠1) = 1. 

Let us construct a new graph 𝐺2
∗ = 𝐺2 ⊙ 𝐻2 with 𝑉(𝐺2

∗) = 𝑉(𝐺2) ∪ 𝑉(𝐻2) and 𝐸(𝐺2
∗) = 𝐸(𝐺2) ∪ 𝐸(𝐻2). 

|𝑉(𝐺2
∗)| = 𝑝2 + 4𝑛 − 1 and |𝐸(𝐺2

∗)| = 𝑞2 + 9𝑛. 

Define ℎ2: 𝑉(𝐺2
∗) ∪ 𝐸(𝐺2

∗) → {1,2, . . . , 𝑝2 + 𝑞2 + 13𝑛 − 1} by 

𝑔2(𝑧2) = ℎ2(𝑧2) for all 𝑧2 ∈ 𝑉(𝐺2) and 𝑔2(𝑒2) = ℎ2(𝑒2) for all 𝑒2 ∈ 𝐸(𝐺2). 

ℎ2(𝑣1) = ℎ2(𝑠1) = 1, ℎ2(𝑣1𝑣𝑛) = 𝑝2 + 𝑞2 + 5𝑛 − 1, ℎ2(𝑢′1𝑢𝑛−1) = 𝑝2 + 𝑞2 + 7𝑛 + 2, ℎ2(𝑢′2𝑢𝑛) = 𝑝2 + 𝑞2 + 7𝑛 +
5, ℎ2(𝑣1𝑣′𝑛) = 𝑝2 + 𝑞2 + 13𝑛 − 2, ℎ2(𝑣′1𝑣𝑛) = 𝑝2 + 𝑞2 + 10𝑛 + 2.  

For each 1 ≤ 𝑠 ≤ 𝑛, ℎ2(𝑢𝑠𝑣𝑠) = 𝑝2 + 𝑞2 + 3𝑛 + 𝑠 − 1, ℎ2(𝑣′𝑠) = 𝑝2 + 𝑞2 + 6𝑛 + 𝑠 − 1, ℎ2(𝑢′𝑠) = 𝑝2 + 𝑞2 + 5𝑛 + 𝑠 −
1, ℎ2(𝑢′𝑠𝑣𝑠) = 𝑝2 + 𝑞2 + 7𝑛 + 3𝑠 − 3, ℎ2(𝑢𝑠𝑣′𝑠) = 𝑝2 + 𝑞2 + 12𝑛 + 3𝑠 − 3. 

For each 1 ≤ 𝑠 ≤ 𝑛 − 1, ℎ2(𝑣𝑠𝑣𝑠+1) = 𝑝2 + 𝑞2 + 4𝑛 + 𝑠 − 1, ℎ2(𝑣′𝑠𝑣𝑠+1) = 𝑝2 + 𝑞2 + 10𝑛 + 3𝑠 − 2, ℎ2(𝑣𝑠𝑣′𝑠+1) = 𝑝2 + 𝑞2 +
10𝑛 + 3𝑠 + 2. 

For each 1 ≤ 𝑠 ≤ 𝑛 − 2, ℎ2(𝑢′𝑠𝑢𝑠+2) = 𝑝2 + 𝑞2 + 7𝑛 + 3𝑠 − 2, ℎ2(𝑢𝑠𝑢′𝑠+2) = 𝑝2 + 𝑞2 + 7𝑛 + 5 + 3𝑠. 

Let us consider the following four cases. 

Case 1. 𝑛 is odd 

ℎ2(𝑢𝑠𝑢𝑠+2) = 𝑝2 + 𝑞2 + 2𝑛 + 𝑠 − 1 for 1 ≤ 𝑠 ≤ 𝑛 − 2. 

ℎ2(𝑢1𝑢𝑛−1) = 𝑝2 + 𝑞2 + 3𝑛 − 2, ℎ2(𝑢2𝑢𝑛) = 𝑝2 + 𝑞2 + 3𝑛 − 1.  
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Case 2. 𝑛 is even 

ℎ2(𝑢𝑠𝑢𝑠+2) = 𝑝2 + 𝑞2 + 2𝑛 + 𝑠 − 2 for 2 ≤ 𝑠 ≤ 𝑛 − 2. 

ℎ2(𝑢1𝑢𝑛−1) = 𝑝2 + 𝑞2 + 3𝑛 − 3, ℎ2(𝑢2𝑢𝑛) = 𝑝2 + 𝑞2 + 3𝑛 − 2, ℎ2(𝑢1𝑢3) = 𝑝2 + 𝑞2 + 3𝑛 − 1.  

Case 3. 𝑝2 + 𝑞2 is odd 

ℎ2(𝑢𝑠) = 𝑝2 + 𝑞2 + 2𝑠 − 1 for 1 ≤ 𝑠 ≤ 𝑛. 

ℎ2(𝑣𝑠+1) = 𝑝2 + 𝑞2 + 2𝑠 for 1 ≤ 𝑠 ≤ 𝑛 − 1. 

Case 4. 𝑝2 + 𝑞2 is even 

For each 1 ≤ 𝑠 ≤ 𝑛 − 1, ℎ2(𝑢𝑠) = 𝑝2 + 𝑞2 + 2𝑠, ℎ2(𝑣𝑠+1) = 𝑝2 + 𝑞2 + 2𝑠 − 1. ℎ2(𝑢𝑛) = 𝑝2 + 𝑞2 + 2𝑛 − 1. 

Hence 𝐺2
∗ = 𝐺2 ⊙ 𝐻2 is vertex edge neighborhood prime graph.                   ∎  

Theorem 3.3. If 𝐺3(𝑝3, 𝑞3) has vertex edge neighborhood prime graph, then 𝐺3 ⊙ [ duplicating all the vertices of lotus inside 

circle 𝐿𝐶𝑟] that admits vertex edge neighborhood prime. 

Proof. Let 𝐺3(𝑝3, 𝑞3) be vertex edge neighborhood prime graph with bijection 

𝑔3: 𝑉(𝐺3) ∪ 𝐸(𝐺3) → {1,2, . . . , |𝑉(𝐺3) ∪ 𝐸(𝐺3)|} satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻3 the duplicating all the vertices of lotus inside circle 𝐿𝐶𝑟 with 

𝑉(𝐻3) = {𝑏0} ∪ {𝑏′0} ∪ {𝑏𝑥 , 𝑏′𝑥 , 𝑐𝑥 , 𝑐′𝑥: 1 ≤ 𝑥 ≤ 𝑟} and 

𝐸(𝐻3) = {𝑏0𝑏𝑥 , 𝑏′0𝑏𝑥 , 𝑏𝑥𝑐𝑥 , 𝑏0𝑏′𝑥, 𝑏′𝑥𝑐𝑥 , 𝑏𝑥𝑐′𝑥: 1 ≤ 𝑥 ≤ 𝑟} ∪ {𝑏1𝑐𝑟} ∪ {𝑐1𝑐𝑟} ∪ {𝑏′1𝑐𝑟} ∪ {𝑏1𝑐′𝑟} ∪ {𝑐1𝑐′𝑟} ∪ {𝑐′1𝑐𝑟} ∪
{𝑏𝑥+1𝑐𝑥 , 𝑐𝑥𝑐𝑥+1, 𝑏′𝑥+1𝑐𝑥 , 𝑏𝑥+1𝑐′𝑥 , 𝑐′𝑥𝑐𝑥+1, 𝑐𝑥𝑐′𝑥+1: 1 ≤ 𝑥 ≤ 𝑟 − 1}. 

We superimposing one of the vertex say 𝑏0 of 𝐻3 on selected vertex of 𝑦1 in 𝐺3  with 𝑔3(𝑦1) = 1. 

Let us construct a new graph 𝐺3
∗ = 𝐺3 ⊙ 𝐻3 with 𝑉(𝐺3

∗) = 𝑉(𝐺3) ∪ 𝑉(𝐻3) and 𝐸(𝐺3
∗) = 𝐸(𝐺3) ∪ 𝐸(𝐻3) 

|𝑉(𝐺3
∗)| = 𝑝3 + 4𝑟 + 1 and |𝐸(𝐺3

∗)| = 𝑞3 + 12𝑟. 

Define ℎ3: 𝑉(𝐺3
∗) ∪ 𝐸(𝐺3

∗) → {1,2, . . . , 𝑝3 + 𝑞3 + 16𝑟 + 1} by 

𝑔3(𝑧3) = ℎ3(𝑧3) for all 𝑧3 ∈ 𝑉(𝐺3) and 𝑔3(𝑒3) = ℎ3(𝑒3) for all 𝑒3 ∈ 𝐸(𝐺3). 

ℎ3(𝑏0) = ℎ3(𝑦1) = 1, ℎ3(𝑏′0) = 𝑝3 + 𝑞3 + 8𝑟 + 1, ℎ3(𝑐1𝑐𝑟) = 𝑝3 + 𝑞3 + 3𝑟, ℎ3(𝑏1𝑐𝑟) = 𝑝3 + 𝑞3 + 5𝑟, ℎ3(𝑏′1𝑐𝑟) = 𝑝3 + 𝑞3 +
9𝑟 + 2, ℎ3(𝑐′1𝑐𝑟) = 𝑝3 + 𝑞3 + 11𝑟 + 2, ℎ3(𝑏1𝑐′𝑟) = 𝑝3 + 𝑞3 + 15𝑟, ℎ3(𝑐1𝑐′𝑟) = 𝑝3 + 𝑞3 + 15𝑟 + 1.  

For each 1 ≤ 𝑥 ≤ 𝑟, ℎ3(𝑏𝑥) = 𝑝3 + 𝑞3 + 𝑥, ℎ3(𝑐𝑥) = 𝑝3 + 𝑞3 + 𝑟 + 𝑥, ℎ3(𝑏𝑥𝑐𝑥) = 𝑝3 + 𝑞3 + 3𝑟 + 2𝑥 − 1, ℎ3(𝑏0𝑏𝑥) = 𝑝3 +
𝑞3 + 5𝑟 + 𝑥, ℎ3(𝑏′𝑥) = 𝑝3 + 𝑞3 + 6𝑟 + 𝑥, ℎ3(𝑐′𝑥) = 𝑝3 + 𝑞3 + 7𝑟 + 𝑥, ℎ3(𝑏0𝑏′𝑥) = 𝑝3 + 𝑞3 + 8𝑟 + 1 + 𝑥, ℎ3(𝑏′𝑥𝑐𝑥) = 𝑝3 +
𝑞3 + 9𝑟 + 1 + 2𝑥, ℎ3(𝑏𝑥𝑐′𝑥) = 𝑝3 + 𝑞3 + 11𝑟 − 1 + 4𝑥, ℎ3(𝑏′0𝑏𝑥) = 𝑝3 + 𝑞3 + 15𝑟 + 1 + 𝑥. 

For each 1 ≤ 𝑥 ≤ 𝑟 − 1, ℎ3(𝑐𝑥𝑐𝑥+1) = 𝑝3 + 𝑞3 + 2𝑟 + 𝑥, ℎ3(𝑏𝑥+1𝑐𝑥) = 𝑝3 + 𝑞3 + 3𝑟 + 2𝑥, ℎ3(𝑏′𝑥+1𝑐𝑥) = 𝑝3 + 𝑞3 + 9𝑟 + 2 +
2𝑥, ℎ3(𝑏𝑥+1𝑐′𝑥) = 𝑝3 + 𝑞3 + 11𝑟 + 4𝑥, ℎ3(𝑐′𝑥𝑐𝑥+1) = 𝑝3 + 𝑞3 + 11𝑟 + 1 + 4𝑥, ℎ3(𝑐𝑥𝑐′𝑥+1) = 𝑝3 + 𝑞3 + 11𝑟 + 4𝑥 + 2. 

Hence 𝐺3
∗ = 𝐺3 ⊙ 𝐻3 admits vertex edge neighborhood prime graph.                   ∎ 

Theorem 3.4. If 𝐺4(𝑝4, 𝑞4) has vertex edge neighborhood prime graph, then 𝐺4 ⊙ [duplicating all the vertices of double triangular 

snake 𝐷𝑇𝑐] that admits vertex edge neighborhood prime for all 𝑐 > 1. 

Proof. Let 𝐺4(𝑝4, 𝑞4) be vertex edge neighborhood prime graph with bijection 𝑔4: 𝑉(𝐺4) ∪ 𝐸(𝐺4) → {1,2, . . . , |𝑉(𝐺4) ∪ 𝐸(𝐺4)|} 
satisfying the property of vertex edge neighborhood prime graph.  

Consider 𝐻4 the duplicating all the vertices of double triangular snake 𝐷𝑇𝑐  when 𝑐 > 1 with 

𝑉(𝐻4) = {𝑥𝑎 , 𝑥′𝑎: 1 ≤ 𝑎 ≤ 𝑐} ∪ {𝑦𝑎 , 𝑧𝑎 , 𝑦′𝑎 , 𝑧′𝑎: 1 ≤ 𝑎 ≤ 𝑐 − 1} and 

𝐸(𝐻4) = {𝑥𝑎𝑥𝑎+1, 𝑥𝑎𝑦𝑎 , 𝑥𝑎+1𝑦𝑎 , 𝑥𝑎𝑧𝑎 , 𝑥𝑎+1𝑧𝑎 , 𝑥𝑎𝑦′𝑎 , 𝑥𝑎+1𝑦′𝑎 , 𝑥𝑎𝑧′𝑎 , 𝑥𝑎+1𝑧′𝑎: 1 ≤ 𝑎 ≤ 𝑐 − 1} ∪
{𝑥′𝑎𝑥𝑎+1, 𝑥′𝑎𝑧𝑎 , 𝑥𝑎𝑥′𝑎+1, 𝑥′𝑎+1𝑧𝑎: 1 ≤ 𝑎 ≤ 𝑐 − 1} ∪ {𝑥′1𝑦1} ∪ {𝑥′𝑐𝑦𝑐−1}. 

We overlay one of the vertex say 𝑥1 of 𝐻4 on selected vertex of 𝑡1 in 𝐺4 with 𝑔4(𝑡1) = 1. 

Let us construct a new graph 𝐺4
∗ = 𝐺4 ⊙ 𝐻4 with 𝑉(𝐺4

∗) = 𝑉(𝐺4) ∪ 𝑉(𝐻4) and 𝐸(𝐺4
∗) = 𝐸(𝐺4) ∪ 𝐸(𝐻4). 

|𝑉(𝐺4
∗)| = 𝑝4 + 6𝑐 − 5 and |𝐸(𝐺4

∗)| = 𝑞4 + 13𝑐 − 11. 

Define ℎ4: 𝑉(𝐺4
∗) ∪ 𝐸(𝐺4

∗) → {1,2, . . . , 𝑝4 + 𝑞4 + 19𝑐 − 16} by 

𝑔4(𝑧4) = ℎ4(𝑧4) for all 𝑧4 ∈ 𝑉(𝐺4) and 𝑔4(𝑒4) = ℎ4(𝑒4) for all 𝑒4 ∈ 𝐸(𝐺4).           ℎ4(𝑥1) = ℎ4(𝑡1) = 1, ℎ4(𝑥′1𝑦1) = 𝑝4 +
𝑞4 + 15𝑐 − 13, ℎ4(𝑥′𝑐𝑦𝑐−1) = 𝑝4 + 𝑞4 + 15𝑐 − 12. 

ℎ4(𝑥′𝑎) = 𝑝4 + 𝑞4 + 8𝑐 − 8 + 𝑎 for 1 ≤ 𝑎 ≤ 𝑐.  

For each 1 ≤ 𝑎 ≤ 𝑐 − 1, ℎ4(𝑥𝑎𝑥𝑎+1) = 𝑝4 + 𝑞4 + 3𝑐 + 5𝑎 − 3, ℎ4(𝑥𝑎𝑦𝑎) = 𝑝4 + 𝑞4 + 3𝑐 + 5𝑎 − 7, ℎ4(𝑥𝑎+1𝑦𝑎) = 𝑝4 + 𝑞4 +
3𝑐 + 5𝑎 − 6, ℎ4(𝑥𝑎𝑧𝑎) = 𝑝4 + 𝑞4 + 3𝑐 + 5𝑎 − 4, ℎ4(𝑥𝑎+1𝑧𝑎) = 𝑝4 + 𝑞4 + 3𝑐 + 5𝑎 − 5, ℎ4(𝑦′𝑎) = 𝑝4 + 𝑞4 + 9𝑐 − 8 +
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𝑎, ℎ4(𝑧′𝑎) = 𝑝4 + 𝑞4 + 10𝑐 + 𝑎 − 9, ℎ4(𝑥𝑎𝑦′𝑎) = 𝑝4 + 𝑞4 + 11𝑐 + 2𝑎 − 11, ℎ4(𝑥𝑎+1𝑦′𝑎) = 𝑝4 + 𝑞4 + 11𝑐 + 2𝑎 −
10, ℎ4(𝑥𝑎𝑧′𝑎) = 𝑝4 + 𝑞4 + 13𝑐 + 2𝑎 − 13, ℎ4(𝑥𝑎+1𝑧′𝑎) = 𝑝4 + 𝑞4 + 13𝑐 + 2𝑎 − 12, ℎ4(𝑥′𝑎𝑥𝑎+1) = 𝑝4 + 𝑞4 + 15𝑐 + 2𝑎 −
13, ℎ4(𝑥′𝑎𝑧𝑎) = 𝑝4 + 𝑞4 + 15𝑐 + 2𝑎 − 12, ℎ4(𝑥′𝑎+1𝑧𝑎) = 𝑝4 + 𝑞4 + 17𝑐 + 2𝑎 − 15, ℎ4(𝑥𝑎𝑥′𝑎+1) = 𝑝4 + 𝑞4 + 17𝑐 + 2𝑎 − 14. 

Consider the following two cases. 

Case 1. 𝑝4 + 𝑞4 is odd 

For each 1 ≤ 𝑎 ≤ 𝑐 − 1, ℎ4(𝑦𝑎) = 𝑝4 + 𝑞4 + 2𝑎 − 1, ℎ4(𝑥𝑎+1) = 𝑝4 + 𝑞4 + 2𝑎, ℎ4(𝑧𝑎) = 𝑝4 + 𝑞4 + 2𝑐 − 2 + 𝑎. 

Case 2. 𝑝4 + 𝑞4 is even 

ℎ4(𝑧1) = 𝑝4 + 𝑞4 + 1.  

For each 1 ≤ 𝑎 ≤ 𝑐 − 1, ℎ4(𝑦𝑎) = 𝑝4 + 𝑞4 + 2𝑎, ℎ4(𝑥𝑎+1) = 𝑝4 + 𝑞4 + 2𝑎 + 1. 

ℎ4(𝑧𝑎+1) = 𝑝4 + 𝑞4 + 2𝑐 − 1 + 𝑎 for 1 ≤ 𝑎 ≤ 𝑐 − 2. 

Hence 𝐺4
∗ = 𝐺4 ⊙ 𝐻4 admits vertex edge neighborhood prime graph.                   ∎  

Theorem 3.5. If 𝐺5 has vertex edge neighborhood prime graph, then 𝐺5 ⊙ [ duplicating all the vertices of helm graph 𝐻𝑡] that 

admits vertex edge neighborhood prime. 

Proof. Let 𝐺5(𝑝5, 𝑞5) be vertex edge neighborhood prime graph with bijection 𝑔5: 𝑉(𝐺5) ∪ 𝐸(𝐺5) → {1,2, . . . , |𝑉(𝐺5) ∪ 𝐸(𝐺5)|} 
satisfying the condition of vertex edge neighborhood prime graph.  

Consider 𝐻5 the duplicating all the vertices of helm graph 𝐻𝑡 with 

𝑉(𝐻5) = {𝑐0} ∪ {𝑐′0} ∪ {𝑐𝑟 , 𝑐′𝑟 , 𝑑𝑟 , 𝑑′𝑟: 1 ≤ 𝑟 ≤ 𝑡} and 

𝐸(𝐻5) = {𝑐0𝑐𝑟 , 𝑐′0𝑐𝑟 , 𝑐0𝑐′𝑟 , 𝑐𝑟𝑑′𝑟 , 𝑐′𝑟𝑑𝑟 , 𝑐𝑟𝑑𝑟: 1 ≤ 𝑟 ≤ 𝑡} ∪ {𝑐1𝑐𝑡} ∪ {𝑐′1𝑐𝑡} ∪ {𝑐1𝑐′𝑡} ∪ {𝑐𝑟𝑐𝑟+1, 𝑐′𝑟𝑐𝑟+1, 𝑐𝑟𝑐′𝑟+1: 1 ≤ 𝑟 ≤ 𝑡 − 1}. 

We identify one of the vertex say 𝑐0 of 𝐻5 on selected vertex of 𝑢1 in 𝐺5 with 𝑔5(𝑢1) = 1. 

Let us construct a new graph 𝐺5
∗ = 𝐺5 ⊙ 𝐻5 with 𝑉(𝐺5

∗) = 𝑉(𝐺5) ∪ 𝑉(𝐻5) and 𝐸(𝐺5
∗) = 𝐸(𝐺5) ∪ 𝐸(𝐻5). 

|𝑉(𝐺5
∗)| = 𝑝5 + 4𝑡 + 1 and |𝐸(𝐺5

∗)| = 𝑞5 + 9𝑡. 

Define ℎ5: 𝑉(𝐺5
∗) ∪ 𝐸(𝐺5

∗) → {1,2, . . . , 𝑝5 + 𝑞5 + 13𝑡 + 1} by 

𝑔5(𝑧5) = ℎ5(𝑧5) for all 𝑧5 ∈ 𝑉(𝐺5) and 𝑔5(𝑑5) = ℎ5(𝑑5) for all 𝑑5 ∈ 𝐸(𝐺5). 

ℎ5(𝑐0) = ℎ5(𝑢1) = 1, ℎ5(𝑐1𝑐𝑡) = 𝑝5 + 𝑞5 + 6𝑡, ℎ5(𝑐′1𝑐𝑡) = 𝑝5 + 𝑞5 + 9𝑡 + 1, ℎ5(𝑐1𝑐′𝑡) = 𝑝5 + 𝑞5 + 11𝑡, ℎ5(𝑐′0) = 𝑝5 + 𝑞5 +
12𝑡 + 1.  

For each 1 ≤ 𝑟 ≤ 𝑡, ℎ5(𝑐′𝑟) = 𝑝5 + 𝑞5 + 3𝑟 − 2, ℎ5(𝑐𝑟) = 𝑝5 + 𝑞5 + 3𝑟 − 1, ℎ5(𝑑′𝑟) = 𝑝5 + 𝑞5 + 3𝑡 + 𝑟, ℎ5(𝑑𝑟) = 𝑝5 + 𝑞5 +
4𝑡 + 𝑟, ℎ5(𝑐𝑟𝑑′𝑟) = 𝑝5 + 𝑞5 + 3𝑟, ℎ5(𝑐0𝑐𝑟) = 𝑝5 + 𝑞5 + 6𝑡 + 𝑟, ℎ5(𝑐′𝑟𝑑𝑟) = 𝑝5 + 𝑞5 + 7𝑡 + 2𝑟 − 1, ℎ5(𝑐𝑟𝑑𝑟) = 𝑝5 + 𝑞5 +
7𝑡 + 2𝑟, ℎ5(𝑐0𝑐′𝑟) = 𝑝5 + 𝑞5 + 11𝑡 + 𝑟, ℎ5(𝑐′0𝑐𝑟) = 𝑝5 + 𝑞5 + 12𝑡 + 𝑟 + 1. 

For each 1 ≤ 𝑟 ≤ 𝑡 − 1, ℎ5(𝑐𝑟𝑐𝑟+1) = 𝑝5 + 𝑞5 + 5𝑡 + 𝑟, ℎ5(𝑐′𝑟𝑐𝑟+1) = 𝑝5 + 𝑞5 + 9𝑡 + 2𝑟, ℎ5(𝑐𝑟𝑐′𝑟+1) = 𝑝5 + 𝑞5 + 9𝑡 + 2𝑟 +
1.  

Hence 𝐺5 ⊙ 𝐻5 admits vertex edge neighborhood prime graph.                   ∎ 

Theorem 3.6. If 𝐺6  has vertex edge neighborhood prime graph, then 𝐺6 ⊙ [ duplicating all the vertices of closed helm graph 

𝐶𝐻𝑠] that admits vertex edge neighborhood prime. 

 Proof. Let 𝐺6(𝑝6, 𝑞6) be vertex edge neighborhood prime graph with bijection 𝑔6: 𝑉(𝐺6) ∪ 𝐸(𝐺6) → {1,2, . . . , |𝑉(𝐺6) ∪ 𝐸(𝐺6)|} 

satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻6 the duplicating all the vertices of closed helm graph 𝐶𝐻𝑠 with 

𝑉(𝐻6) = {𝑎0} ∪ {𝑎′0} ∪ {𝑎𝑢 , 𝑎′𝑢 , 𝑏𝑢, 𝑏′𝑢: 1 ≤ 𝑢 ≤ 𝑠} and 

𝐸(𝐻6) = {𝑎0𝑎𝑢 , 𝑎′0𝑎𝑢 , 𝑎𝑢𝑏𝑢, 𝑎𝑢𝑏′𝑢, 𝑎′𝑢𝑏𝑢, 𝑎0𝑎′𝑢: 1 ≤ 𝑢 ≤ 𝑠} ∪ {𝑎1𝑎𝑠} ∪ {𝑏1𝑏𝑠} ∪
{𝑎𝑢𝑎𝑢+1, 𝑏𝑢𝑏𝑢+1, 𝑏′𝑢𝑏𝑢+1, 𝑏𝑢𝑏′𝑢+1, 𝑎′𝑢𝑎𝑢+1, 𝑎𝑢𝑎′𝑢+1: 1 ≤ 𝑢 ≤ 𝑠 − 1} ∪ {𝑎′1𝑎𝑠} ∪ {𝑏′1𝑏𝑠} ∪ {𝑎1𝑎′𝑠} ∪ {𝑏1𝑏′𝑠}. We superimposing 

one of the vertex say 𝑏1 of 𝐻6 on selected vertex of 𝑘1 in 𝐺6  with 𝑔6(𝑘1) = 1. 

Let us construct a new graph 𝐺6
∗ = 𝐺6 ⊙ 𝐻6 with 𝑉(𝐺6

∗) = 𝑉(𝐺6) ∪ 𝑉(𝐻6) and 𝐸(𝐺6
∗) = 𝐸(𝐺6) ∪ 𝐸(𝐻6) 

|𝑉(𝐺6
∗)| = 𝑝6 + 4𝑠 + 1 and |𝐸(𝐺6

∗)| = 𝑞6 + 12𝑠. 

Define ℎ6: 𝑉(𝐺6
∗) ∪ 𝐸(𝐺6

∗) → {1,2, . . . , 𝑝6 + 𝑞6 + 16𝑠 + 1} by 

𝑔6(𝑧6) = ℎ6(𝑧6) for all 𝑧6 ∈ 𝑉(𝐺6) and 𝑔6(𝑑6) = ℎ6(𝑑6) for all 𝑑6 ∈ 𝐸(𝐺6). 

ℎ6(𝑏1) = ℎ6(𝑘1) = 1, ℎ6(𝑎𝑠) = 𝑝6 + 𝑞6 + 2𝑠 − 1, ℎ6(𝑎0) = 𝑝6 + 𝑞6 + 2𝑠, ℎ6(𝑏1𝑏𝑠) = 𝑝6 + 𝑞6 + 3𝑠, ℎ6(𝑎1𝑎𝑠) = 𝑝6 + 𝑞6 +
5𝑠, ℎ6(𝑎′1𝑎𝑠) = 𝑝6 + 𝑞6 + 11𝑠 + 1, ℎ6(𝑎1𝑎′𝑠) = 𝑝6 + 𝑞6 + 13𝑠, ℎ6(𝑏′1𝑏𝑠) = 𝑝6 + 𝑞6 + 13𝑠 + 1, ℎ6(𝑏1𝑏′𝑠) = 𝑝6 + 𝑞6 +
15𝑠, ℎ6(𝑎′0) = 𝑝6 + 𝑞6 + 15𝑠 + 1.  

For each 1 ≤ 𝑢 ≤ 𝑠, ℎ6(𝑎𝑢𝑏𝑢) = 𝑝6 + 𝑞6 + 3𝑠 + 𝑢, ℎ6(𝑎0𝑎𝑢) = 𝑝6 + 𝑞6 + 5𝑠 + 𝑢, ℎ6(𝑎′𝑢) = 𝑝6 + 𝑞6 + 6𝑠 + 𝑢, ℎ6(𝑏′𝑢) = 𝑝6 +
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𝑞6 + 7𝑠 + 𝑢, ℎ6(𝑎𝑢𝑏′𝑢) = 𝑝6 + 𝑞6 + 8𝑠 + 𝑢, ℎ6(𝑎0𝑎′𝑢) = 𝑝6 + 𝑞6 + 9𝑠 + 𝑢, ℎ6(𝑎′𝑢𝑏𝑢) = 𝑝6 + 𝑞6 + 10𝑠 + 𝑢, ℎ6(𝑎′0𝑎𝑢) = 𝑝6 +
𝑞6 + 15𝑠 + 1 + 𝑢. 

For each 1 ≤ 𝑢 ≤ 𝑠 − 1, ℎ6(𝑎𝑢) = 𝑝6 + 𝑞6 + 2𝑢, ℎ6(𝑏𝑢+1) = 𝑝6 + 𝑞6 + 2𝑢 − 1, ℎ6(𝑏𝑢𝑏𝑢+1) = 𝑝6 + 𝑞6 + 2𝑠 +
𝑢, ℎ6(𝑎𝑢𝑎𝑢+1) = 𝑝6 + 𝑞6 + 4𝑠 + 𝑢, ℎ6(𝑎′𝑢𝑎𝑢+1) = 𝑝6 + 𝑞6 + 11𝑠 + 2𝑢, ℎ6(𝑎𝑢𝑎′𝑢+1) = 𝑝6 + 𝑞6 + 11𝑠 + 1 +
2𝑢, ℎ6(𝑏′𝑢𝑏𝑢+1) = 𝑝6 + 𝑞6 + 13𝑠 + 2𝑢, ℎ6(𝑏𝑢𝑏′𝑢+1) = 𝑝6 + 𝑞6 + 13𝑠 + 1 + 2𝑢. 

Hence 𝐺6 ⊙ 𝐻6 admits vertex edge neighborhood prime graph.                   ∎ 

Theorem 3.7. If 𝐺7  has vertex edge neighborhood prime graph, then 𝐺7 ⊙ [ duplicating all the vertices of planter graph 𝑅𝑐] that 

admits vertex edge neighborhood prime for all 𝑐 ≥ 3. 

Proof. Let 𝐺7(𝑝7, 𝑞7) be vertex edge neighborhood prime graph with bijection 𝑔7: 𝑉(𝐺7) ∪ 𝐸(𝐺7) → {1,2, . . . , |𝑉(𝐺7) ∪ 𝐸(𝐺7)|} 

satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻7 the duplicating all the vertices of planter graph 𝑅𝑐 where 𝑐 ≥ 3 with 

𝑉(𝐻7) = {𝑢0} ∪ {𝑢′0} ∪ {𝑢𝑧 , 𝑢′𝑧: 1 ≤ 𝑧 ≤ 𝑐 − 1} ∪ {𝑣𝑧 , 𝑣′𝑧: 1 ≤ 𝑧 ≤ 𝑐} and 

𝐸(𝐻7) = {𝑢0𝑣𝑧 , 𝑢0𝑣′𝑧 , 𝑢′0𝑣𝑧: 1 ≤ 𝑧 ≤ 𝑐} ∪ {𝑢′𝑧𝑢𝑧+1, 𝑢𝑧𝑢′𝑧+1, 𝑢𝑧𝑢𝑧+1: 1 ≤ 𝑧 ≤ 𝑐 − 2} ∪ {𝑢0𝑢1} ∪ {𝑢0𝑢𝑐−1} ∪ {𝑢′0𝑢1} ∪
{𝑢′0𝑢𝑐−1} ∪ {𝑢0𝑢′1} ∪ {𝑢0𝑢′𝑐−1} ∪ {𝑣′𝑧𝑣𝑧+1, 𝑣𝑧𝑣′𝑧+1, 𝑣𝑧𝑣𝑧+1: 1 ≤ 𝑧 ≤ 𝑐 − 1}. 

We overlay one of the vertex say 𝑢0 of 𝐻7 on selected vertex of 𝑠1 in 𝐺7  with 𝑔7(𝑠1) = 1. 

Let us construct a new graph 𝐺7
∗ = 𝐺7 ⊙ 𝐻7 with 𝑉(𝐺7

∗) = 𝑉(𝐺7) ∪ 𝑉(𝐻7) and 𝐸(𝐺7
∗) = 𝐸(𝐺7) ∪ 𝐸(𝐻7) 

|𝑉(𝐺7
∗)| = 𝑝7 + 4𝑐 − 1 and |𝐸(𝐺7

∗)| = 𝑞7 + 9𝑐 − 3. 

Define ℎ7: 𝑉(𝐺7
∗) ∪ 𝐸(𝐺7

∗) → {1,2, . . . , 𝑝7 + 𝑞7 + 13𝑐 − 4} by 

𝑔7(𝑧7) = ℎ7(𝑧7) for all 𝑧7 ∈ 𝑉(𝐺7) and 𝑔7(𝑑7) = ℎ7(𝑑7) for all 𝑑7 ∈ 𝐸(𝐺7). 

ℎ7(𝑢0) = ℎ7(𝑠1) = 1, ℎ7(𝑢0𝑢1) = 𝑝7 + 𝑞7 + 4𝑐 − 1, ℎ7(𝑢0𝑢𝑐−1) = 𝑝7 + 𝑞7 + 5𝑐 − 2, ℎ7(𝑢′0𝑢1) = 𝑝7 + 𝑞7 + 8𝑐 −
1, ℎ7(𝑢′0𝑢𝑐−1) = 𝑝7 + 𝑞7 + 8𝑐, ℎ7(𝑢0𝑢′1) = 𝑝7 + 𝑞7 + 8𝑐 + 1, ℎ7(𝑢0𝑢′𝑐−1) = 𝑝7 + 𝑞7 + 10𝑐 − 2, ℎ7(𝑢0𝑣′𝑐) = 𝑝7 + 𝑞7 +
13𝑐 − 4, ℎ7(𝑢′0) = 𝑝7 + 𝑞7 + 7𝑐 − 2.  

For each 1 ≤ 𝑧 ≤ 𝑐, ℎ7(𝑢0𝑣𝑧) = 𝑝7 + 𝑞7 + 2𝑐 + 2𝑧 − 2, ℎ7(𝑢′0𝑣𝑧) = 𝑝7 + 𝑞7 + 7𝑐 − 2 + 𝑧, ℎ7(𝑣𝑧) = 𝑝7 + 𝑞7 + 𝑧, ℎ7(𝑣′𝑧) =
𝑝7 + 𝑞7 + 5𝑐 − 2 + 𝑧. 

For each 1 ≤ 𝑧 ≤ 𝑐 − 1, ℎ7(𝑣𝑧𝑣𝑧+1) = 𝑝7 + 𝑞7 + 2𝑐 + 2𝑧 − 1, ℎ7(𝑢0𝑣′𝑧) = 𝑝7 + 𝑞7 + 10𝑐 + 2𝑧 − 3, ℎ7(𝑢′𝑧) = 𝑝7 + 𝑞7 + 6𝑐 −
2 + 𝑧, ℎ7(𝑣′𝑧𝑣𝑧+1) = 𝑝7 + 𝑞7 + 10𝑐 + 2𝑧 − 2, ℎ7(𝑣𝑧𝑣′𝑧+1) = 𝑝7 + 𝑞7 + 12𝑐 + 𝑧 − 4. 

For each 1 ≤ 𝑧 ≤ 𝑐 − 2, ℎ7(𝑢𝑧𝑢𝑧+1) = 𝑝7 + 𝑞7 + 4𝑐 + 𝑧 − 1, ℎ7(𝑢′𝑧𝑢𝑧+1) = 𝑝7 + 𝑞7 + 8𝑐 + 2𝑧, ℎ7(𝑢𝑧𝑢′𝑧+1) = 𝑝7 + 𝑞7 + 8𝑐 +

2𝑧 + 1. ℎ7(𝑢2𝑧−1) = 𝑝7 + 𝑞7 + 𝑐 + 𝑧 for 1 ≤ 𝑧 ≤ ⌊
𝑐

2
⌋.   

ℎ7(𝑢2𝑧) = 𝑝7 + 𝑞7 + 𝑐 + ⌊
𝑐

2
⌋ + 𝑧 for 1 ≤ 𝑧 ≤ ⌈

𝑐

2
⌉ − 1. 

Hence 𝐺7 ⊙ 𝐻7 admits vertex edge neighborhood prime graph.                   ∎  

Theorem 3.8. If 𝐺8(𝑝8, 𝑞8) has vertex edge neighborhood prime graph, then 𝐺8 ⊙ [duplicating all the vertices of udukkai graph 

𝐴𝑡 except the end vertices of path] that admits vertex edge neighborhood prime for all 𝑡 > 2. 

Proof.Let 𝐺8(𝑝8, 𝑞8) be vertex edge neighborhood prime graph with bijection 𝑔8: 𝑉(𝐺8) ∪ 𝐸(𝐺8) → {1,2, . . . , |𝑉(𝐺8) ∪ 𝐸(𝐺8)|} 
satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻8 the duplicating all the vertices of udukkai graph 𝐴𝑡 except the end vertices of path when 𝑡 > 2 with  

𝑉(𝐻8) = {𝑢0} ∪ {𝑢′0} ∪ {𝑢𝑟 , 𝑣𝑟: 1 ≤ 𝑟 ≤ 𝑡 − 1} ∪ {𝑢′𝑟 , 𝑣′𝑟: 1 ≤ 𝑟 ≤ 𝑡 − 2} ∪ {𝑤𝑟 , 𝑤′𝑟: 1 ≤ 𝑟 ≤ 2𝑡} and 

𝐸(𝐻8) = {𝑢0𝑤𝑟 , 𝑢0𝑤′𝑟 , 𝑢′0𝑤𝑟: 1 ≤ 𝑟 ≤ 2𝑡} ∪ {𝑢0𝑣1} ∪ {𝑢0𝑢1} ∪ {𝑢′0𝑢1} ∪ {𝑢′0𝑣1} ∪ {𝑢𝑟𝑢𝑟+1, 𝑣𝑟𝑣𝑟+1, 𝑢′𝑟𝑢𝑟+1, 𝑣′𝑟𝑣𝑟+1: 1 ≤ 𝑟 ≤
𝑡 − 2} ∪ {𝑢𝑟𝑢′𝑟+1, 𝑣𝑟𝑣′𝑟+1: 1 ≤ 𝑟 ≤ 𝑡 − 3} ∪ {𝑤𝑟𝑤𝑟+1, 𝑤𝑡+𝑟𝑤𝑡+𝑟+1, 𝑤′𝑟𝑤𝑟+1, 𝑤𝑟𝑤′𝑟+1, 𝑤′𝑡+𝑟𝑤𝑡+𝑟+1, 𝑤𝑡+𝑟𝑤′𝑡+𝑟+1: 1 ≤ 𝑟 ≤ 𝑡 −
1} ∪ {𝑢0𝑣′1} ∪ {𝑢0𝑢′1}. 

We identify one of the vertex say 𝑢0 of 𝐻8 on selected vertex of 𝑠1 in 𝐺8  with 𝑔8(𝑠1) = 1. 

Let us construct a new graph 𝐺8
∗ = 𝐺8 ⊙ 𝐻8 with 𝑉(𝐺8

∗) = 𝑉(𝐺8) ∪ 𝑉(𝐻8) and 𝐸(𝐺8
∗) = 𝐸(𝐺8) ∪ 𝐸(𝐻8). 

|𝑉(𝐺8
∗)| = 𝑝8 + 8𝑡 − 5 and |𝐸(𝐺8

∗)| = 𝑞8 + 18𝑡 − 14. 

Define ℎ8: 𝑉(𝐺8
∗) ∪ 𝐸(𝐺8

∗) → {1,2, . . . , 𝑝8 + 𝑞8 + 26𝑡 − 19} by 

𝑔8(𝑧8) = ℎ8(𝑧8) for all 𝑧8 ∈ 𝑉(𝐺8) and 𝑔8(𝑒8) = ℎ8(𝑒8) for all 𝑒8 ∈ 𝐸(𝐺8). 

ℎ8(𝑢0) = ℎ8(𝑠1) = 1, ℎ8(𝑢′0) = 𝑝8 + 𝑞8 + 4𝑡 + 1, ℎ8(𝑢′0𝑢1) = 𝑝8 + 𝑞8 + 8𝑡 + 2, ℎ8(𝑢′0𝑣1) = 𝑝8 + 𝑞8 + 8𝑡 + 3, ℎ8(𝑢0𝑢1) =
𝑝8 + 𝑞8 + 23𝑡 − 14, ℎ8(𝑢0𝑣′1) = 𝑝8 + 𝑞8 + 23𝑡 − 13, ℎ8(𝑢0𝑢′1) = 𝑝8 + 𝑞8 + 20𝑡 − 8, ℎ8(𝑢0𝑣1) = 𝑝8 + 𝑞8 + 26𝑡 −
19, ℎ8(𝑢0𝑤′𝑡) = 𝑝8 + 𝑞8 + 13𝑡 − 1, ℎ8(𝑢0𝑤′2𝑡) = 𝑝8 + 𝑞8 + 16𝑡 − 3.  

For each 1 ≤ 𝑟 ≤ 2𝑡, ℎ8(𝑤𝑟) = 𝑝8 + 𝑞8 + 𝑟, ℎ8(𝑤′𝑟) = 𝑝8 + 𝑞8 + 2𝑡 + 𝑟, ℎ8(𝑢0𝑤𝑟) = 𝑝8 + 𝑞8 + 4𝑡 + 2𝑟, ℎ8(𝑢′0𝑤𝑟) = 𝑝8 +
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𝑞8 + 4𝑡 + 1 + 2𝑟. 

For each 1 ≤ 𝑟 ≤ 𝑡 − 2, ℎ8(𝑢′𝑟𝑢𝑟+1) = 𝑝8 + 𝑞8 + 20𝑡 + 2𝑟 − 9, ℎ8(𝑢𝑟𝑢𝑟+1) = 𝑝8 + 𝑞8 + 22𝑡 − 13 + (𝑡 − 1 −
𝑟), ℎ8(𝑣′𝑟𝑣𝑟+1) = 𝑝8 + 𝑞8 + 23𝑡 + 2𝑟 − 14, ℎ8(𝑣𝑟𝑣𝑟+1) = 𝑝8 + 𝑞8 + 25𝑡 − 18 + (𝑡 − 1 − 𝑟). 

For each 1 ≤ 𝑟 ≤ 𝑡 − 3, ℎ8(𝑢′𝑟) = 𝑝8 + 𝑞8 + 18𝑡 − 3 + 𝑟, ℎ8(𝑣′𝑟) = 𝑝8 + 𝑞8 + 19𝑡 − 6 + 𝑟, ℎ8(𝑢𝑟𝑢′𝑟+1) = 𝑝8 + 𝑞8 + 20𝑡 +
2𝑟 − 8, ℎ8(𝑣𝑟𝑣′𝑟+1) = 𝑝8 + 𝑞8 + 23𝑡 + 2𝑟 − 13. 

For each 1 ≤ 𝑟 ≤ 𝑡 − 1, ℎ8(𝑤𝑟𝑤𝑟+1) = 𝑝8 + 𝑞8 + 8𝑡 + 3 + 𝑟, ℎ8(𝑤𝑡+𝑟𝑤𝑡+𝑟+1) = 𝑝8 + 𝑞8 + 9𝑡 + 2 + 𝑟, ℎ8(𝑢0𝑤′𝑟) = 𝑝8 + 𝑞8 +
10𝑡 + 2𝑟, ℎ8(𝑤′𝑟𝑤𝑟+1) = 𝑝8 + 𝑞8 + 10𝑡 + 1 + 2𝑟, ℎ8(𝑤𝑟𝑤′𝑟+1) = 𝑝8 + 𝑞8 + 12𝑡 + 𝑟 − 1, ℎ8(𝑢0𝑤′𝑡+𝑟) = 𝑝8 + 𝑞8 + 13𝑡 − 2 +
2𝑟, ℎ8(𝑤′𝑡+𝑟𝑤𝑡+𝑟+1) = 𝑝8 + 𝑞8 + 13𝑡 + 2𝑟 − 1, ℎ8(𝑤𝑡+𝑟𝑤′𝑡+𝑟+1) = 𝑝8 + 𝑞8 + 15𝑡 + 𝑟 − 3. 

Let us consider the following two cases. 

Case 1. 𝑡 is odd 

ℎ8(𝑢′𝑡−2) = 𝑝8 + 𝑞8 + 16𝑡 + ⌊
𝑡

2
⌋ − 2, ℎ8(𝑣′𝑡−2) = 𝑝8 + 𝑞8 + 17𝑡 + ⌊

𝑡

2
⌋ − 2.  

For each 1 ≤ 𝑟 ≤ ⌊
𝑡

2
⌋ , ℎ8(𝑢2𝑟−1) = 𝑝8 + 𝑞8 + 16𝑡 − 3 + 𝑟, ℎ8(𝑢2𝑟) = 𝑝8 + 𝑞8 + 16𝑡 − 2 + ⌊

𝑡

2
⌋ + 𝑟, ℎ8(𝑣2𝑟−1) = 𝑝8 + 𝑞8 +

17𝑡 − 3 + 𝑟, ℎ8(𝑣2𝑟) = 𝑝8 + 𝑞8 + 17𝑡 − 2 + ⌊
𝑡

2
⌋ + 𝑟. 

Case 2. 𝑡 is even 

ℎ8(𝑢′𝑡−2) = 𝑝8 + 𝑞8 + 17𝑡 − 3, ℎ8(𝑣′𝑡−2) = 𝑝8 + 𝑞8 + 18𝑡 − 3.  

For each 1 ≤ 𝑟 ≤
𝑡

2
, ℎ8(𝑢2𝑟−1) = 𝑝8 + 𝑞8 + 16𝑡 − 3 + 𝑟, ℎ8(𝑣2𝑟−1) = 𝑝8 + 𝑞8 + 17𝑡 − 3 + 𝑟. 

For each 1 ≤ 𝑟 ≤
𝑡

2
− 1, ℎ8(𝑢2𝑟) = 𝑝8 + 𝑞8 + 16𝑡 − 3 +

𝑡

2
+ 𝑟, ℎ8(𝑣2𝑟) = 𝑝8 + 𝑞8 + 17𝑡 − 3 +

𝑡

2
+ 𝑟. 

Hence 𝐺8
∗ = 𝐺8 ⊙ 𝐻8 is vertex edge neighborhood prime graph.                   ∎ 

Theorem 3.9. If 𝐺9(𝑝9, 𝑞9) has vertex edge neighborhood prime graph, then 𝐺9 ⊙ [duplicating all the vertices of butterfly graph 

𝐵𝐹𝑚,𝑛] that admits vertex edge neighborhood prime. 

Proof. Let 𝐺9(𝑝9, 𝑞9) be vertex edge neighborhood prime graph with bijection 𝑔9: 𝑉(𝐺9) ∪ 𝐸(𝐺9) → {1,2, . . . , |𝑉(𝐺9) ∪ 𝐸(𝐺9)|} 
satisfying the property of vertex edge neighborhood prime graph. 

Consider 𝐻9 the duplicating all the vertices of butterfly graph 𝐵𝐹𝑚,𝑛  with 

𝑉(𝐻9) = {𝑤𝑖 , 𝑤′𝑖: 1 ≤ 𝑖 ≤ 𝑚} ∪ {𝑢𝑗 , 𝑣𝑗 , 𝑢′𝑗 , 𝑣′𝑗 : 1 ≤ 𝑗 ≤ 𝑛 − 1} ∪ {𝑢0} ∪ {𝑢′0} and 

𝐸(𝐻9) = {𝑢𝑗𝑢𝑗+1, 𝑣𝑗𝑣𝑗+1, 𝑢′𝑗𝑢𝑗+1, 𝑢𝑗𝑢′𝑗+1, 𝑣′𝑗𝑣𝑗+1, 𝑣𝑗𝑣′𝑗+1, : 1 ≤ 𝑗 ≤ 𝑛 − 2} ∪ {𝑢0𝑢′1} ∪ {𝑢0𝑣′1} ∪ {𝑢0𝑢′𝑛−1} ∪ {𝑢0𝑣′𝑛−1} ∪
{𝑢′0𝑢1} ∪ {𝑢′0𝑢𝑛−1} ∪ {𝑢′0𝑣1} ∪ {𝑢′0𝑣𝑛−1} ∪ {𝑢0𝑢1} ∪ {𝑢0𝑢𝑛−1}{𝑢0𝑣1} ∪ {𝑢0𝑣𝑛−1} ∪ {𝑢′0𝑤𝑖 , 𝑢0𝑤𝑖 , 𝑢0𝑤′𝑖: 1 ≤ 𝑖 ≤ 𝑚}. 

We overlay one of the vertex say 𝑢0 of 𝐻9 on selected vertex of 𝑧1 in 𝐺9 with 𝑔9(𝑧1) = 1. 

Let us construct a new graph 𝐺9
∗ = 𝐺9 ⊙ 𝐻9 with 𝑉(𝐺9

∗) = 𝑉(𝐺9) ∪ 𝑉(𝐻9) and 𝐸(𝐺9
∗) = 𝐸(𝐺9) ∪ 𝐸(𝐻9). 

|𝑉(𝐺9
∗)| = 𝑝9 + 2𝑚 + 4𝑛 − 3 and |𝐸(𝐺9

∗)| = 𝑞9 + 3𝑚 + 6𝑛. 

Define ℎ9: 𝑉(𝐺9
∗) ∪ 𝐸(𝐺9

∗) → {1,2, . . . , 𝑝9 + 𝑞9 + 5𝑚 + 10𝑛 − 3} by 

𝑔9(𝑧9) = ℎ9(𝑧9) for all 𝑧9 ∈ 𝑉(𝐺9) and 𝑔9(𝑒9) = ℎ9(𝑒9) for all 𝑒9 ∈ 𝐸(𝐺9). 

ℎ9(𝑢0) = ℎ9(𝑧1) = 1, ℎ9(𝑢′0) = 𝑝9 + 𝑞9 + 2𝑚 + 4𝑛 − 3, ℎ9(𝑢′0𝑢1) = 𝑝9 + 𝑞9 + 5𝑚 + 4𝑛 − 2, ℎ9(𝑢′0𝑢𝑛−1) = 𝑝9 + 𝑞9 + 5𝑚 +
4𝑛 − 1, ℎ9(𝑢′0𝑣1) = 𝑝9 + 𝑞9 + 5𝑚 + 4𝑛, ℎ9(𝑢′0𝑣𝑛−1) = 𝑝9 + 𝑞9 + 5𝑚 + 4𝑛 + 1, ℎ9(𝑢0𝑢1) = 𝑝9 + 𝑞9 + 5𝑚 + 4𝑛 +
2, ℎ9(𝑢0𝑢𝑛−1) = 𝑝9 + 𝑞9 + 5𝑚 + 5𝑛 + 1, ℎ9(𝑢0𝑣1) = 𝑝9 + 𝑞9 + 5𝑚 + 5𝑛 + 2, ℎ9(𝑢0𝑣𝑛−1) = 𝑝9 + 𝑞9 + 5𝑚 + 6𝑛 +
1, ℎ9(𝑢0𝑢′1) = 𝑝9 + 𝑞9 + 5𝑚 + 6𝑛 + 2, ℎ9(𝑢0𝑢′𝑛−1) = 𝑝9 + 𝑞9 + 5𝑚 + 8𝑛 − 1, ℎ9(𝑢0𝑣′1) = 𝑝9 + 𝑞9 + 5𝑚 +
8𝑛, ℎ9(𝑢0𝑣′𝑛−1)   = 𝑝9 + 𝑞9 + 5𝑚 + 10𝑛 − 3.  

For each 1 ≤ 𝑖 ≤ 𝑚, ℎ9(𝑤𝑖) = 𝑝9 + 𝑞9 + 𝑖, ℎ9(𝑤′𝑖) = 𝑝9 + 𝑞9 + 𝑚 + 𝑖, ℎ9(𝑢0𝑤′𝑖) = 𝑝9 + 𝑞9 + 2𝑚 + 4𝑛 − 3 + 𝑖, ℎ9(𝑢0𝑤𝑖) =
𝑝9 + 𝑞9 + 3𝑚 + 4𝑛 − 4 + 2𝑖, ℎ9(𝑢′0𝑤𝑖) = 𝑝9 + 𝑞9 + 3𝑚 + 4𝑛 − 3 + 2𝑖. 

For each 1 ≤ 𝑗 ≤ 𝑛 − 2, ℎ9(𝑢𝑗𝑢𝑗+1) = 𝑝9 + 𝑞9 + 5𝑚 + 4𝑛 + 2 + 𝑗, ℎ9(𝑣𝑗𝑣𝑗+1) = 𝑝9 + 𝑞9 + 5𝑚 + 5𝑛 + 2 + 𝑗, ℎ9(𝑢′𝑗𝑢𝑗+1) =

𝑝9 + 𝑞9 + 5𝑚 + 6𝑛 + 1 + 2𝑗, ℎ9(𝑢𝑗𝑢′𝑗+1) = 𝑝9 + 𝑞9 + 5𝑚 + 6𝑛 + 2 + 2𝑗, ℎ9(𝑣′𝑗𝑣𝑗+1) = 𝑝9 + 𝑞9 + 5𝑚 + 8𝑛 + 2𝑗 −

1, ℎ9(𝑣𝑗𝑣′𝑗+1) = 𝑝9 + 𝑞9 + 5𝑚 + 8𝑛 + 2𝑗. 

For each 1 ≤ 𝑗 ≤ 𝑛 − 1, ℎ9(𝑢′𝑗) = 𝑝9 + 𝑞9 + 2𝑚 + 2𝑛 − 2 + 𝑗, ℎ9(𝑣′𝑗) = 𝑝9 + 𝑞9 + 2𝑚 + 3𝑛 − 3 + 𝑗. 

For each 1 ≤ 𝑗 ≤ ⌊
𝑛

2
⌋ , ℎ9(𝑢2𝑗−1) = 𝑝9 + 𝑞9 + 2𝑚 + 𝑗, ℎ9(𝑣2𝑗−1) = 𝑝9 + 𝑞9 + 2𝑚 + 𝑛 − 1 + 𝑗. 

For each 1 ≤ 𝑗 ≤ ⌈
𝑛

2
⌉ − 1, ℎ9(𝑢2𝑗) = 𝑝9 + 𝑞9 + 2𝑚 + ⌊

𝑛

2
⌋ + 𝑗, ℎ9(𝑣2𝑗) = 𝑝9 + 𝑞9 + 2𝑚 + 𝑛 + ⌊

𝑛

2
⌋ − 1 + 𝑗. 

Hence 𝐺9
∗ = 𝐺9 ⊙ 𝐻9 admits vertex edge neighborhood prime graph.                   ∎ 
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Theorem 3.10. If 𝐺10  has vertex edge neighborhood prime graph, then 𝐺10 ⊙ [duplicating all the vertices of shell graph 𝑆𝑡] that 

admits vertex edge neighborhood prime for all 𝑡 ≥ 5. 

Proof. Let 𝐺10(𝑝10, 𝑞10) be vertex edge neighborhood prime graph with labeling  

𝑔10: 𝑉(𝐺10) ∪ 𝐸(𝐺10) → {1,2, . . . , |𝑉(𝐺10) ∪ 𝐸(𝐺10)|} satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻10 the duplicating all the vertices of shell graph 𝑆𝑡  where 𝑡 ≥ 5 with 

𝑉(𝐻10) = {𝑢𝑥 , 𝑢′𝑥: 1 ≤ 𝑥 ≤ 𝑡} and 

𝐸(𝐻10) = {𝑢1𝑢𝑥+2, 𝑢1𝑢′𝑥+2: 1 ≤ 𝑥 ≤ 𝑡 − 3} ∪ {𝑢1𝑢𝑡} ∪ {𝑢1𝑢′𝑡} ∪    {𝑢𝑥𝑢𝑥+1, 𝑢′1𝑢′𝑥+1, 𝑢𝑥𝑢′𝑥+1: 1 ≤ 𝑥 ≤ 𝑡 − 1} ∪
{𝑢′𝑥+1𝑢𝑥+2: 1 ≤ 𝑥 ≤ 𝑡 − 2} 

We identify one of the vertex say 𝑢1 of 𝐻10 on selected vertex of 𝑧1 in 𝐺10  with 𝑔10(𝑧1) = 1. 

 Let us construct a new graph 𝐺10
∗ = 𝐺10 ⊙ 𝐻10 with 𝑉(𝐺10

∗ ) = 𝑉(𝐺10) ∪ 𝑉(𝐻10) and 𝐸(𝐺10
∗ ) = 𝐸(𝐺10) ∪ 𝐸(𝐻10). 

|𝑉(𝐺10
∗ )| = 𝑝10 + 2𝑡 − 1 and |𝐸(𝐺10

∗ )| = 𝑞10 + 6𝑡 − 9. 

Define ℎ10: 𝑉(𝐺10
∗ ) ∪ 𝐸(𝐺10

∗ ) → {1,2, . . . , 𝑝10 + 𝑞10 + 8𝑡 − 10} by 

𝑔10(𝑧10) = ℎ10(𝑧10) for all 𝑧10 ∈ 𝑉(𝐺10) and 𝑔10(𝑒10) = ℎ10(𝑒10) for all 𝑒10 ∈ 𝐸(𝐺10). 

ℎ10(𝑢1) = ℎ10(𝑧1) = 1, ℎ10(𝑢1𝑢𝑡) = 𝑝10 + 𝑞10 + 2𝑡 − 1, ℎ10(𝑢𝑡−1𝑢′𝑡) = 𝑝10 + 𝑞10 + 8𝑡 − 10. 

For each 1 ≤ 𝑥 ≤ 𝑡 − 1, ℎ10(𝑢𝑥+1) = 𝑝10 + 𝑞10 + 𝑥, ℎ10(𝑢𝑥𝑢𝑥+1) = 𝑝10 + 𝑞10 + 𝑡 − 1 + 𝑥, ℎ10(𝑢′1𝑢𝑥+1) = 𝑝10 + 𝑞10 + 4𝑡 −
4 + 𝑥. 

For each 1 ≤ 𝑥 ≤ 𝑡 − 2, ℎ10(𝑢𝑥𝑢′𝑥+1) = 𝑝10 + 𝑞10 + 5𝑡 − 6 + 2𝑥, ℎ10(𝑢′𝑥+1𝑢𝑥+2) = 𝑝10 + 𝑞10 + 5𝑡 − 5 + 2𝑥, ℎ10(𝑢1𝑢′𝑥+2) =
𝑝10 + 𝑞10 + 7𝑡 − 9 + 𝑥.  ℎ10(𝑢′𝑥) = 𝑝10 + 𝑞10 + 3𝑡 − 4 + 𝑥  for 1 ≤ 𝑥 ≤ 𝑡.  ℎ10(𝑢1𝑢𝑥+2) = 𝑝10 + 𝑞10 + 2𝑡 − 1 + 𝑥  for 1 ≤
𝑥 ≤ 𝑡 − 3. 

Hence 𝐺10
∗ = 𝐺10 ⊙ 𝐻10 is vertex edge neighborhood prime graph.                   ∎ 

Theorem 3.11. If 𝐺11  has vertex edge neighborhood prime graph, then 𝐺11 ⊙ [ duplicating all the vertices of octopus graph 𝑂𝑛] 
that admits vertex edge neighborhood prime for all 𝑛 ≥ 2. 

Proof. Let 𝐺11(𝑝11, 𝑞11) is vertex edge neighborhood prime graph with bijection 𝑔11: 𝑉(𝐺11) ∪ 𝐸(𝐺11) → {1,2, . . . , |𝑉(𝐺11) ∪
𝐸(𝐺11)|} satisfying the condition of vertex edge neighborhood prime graph. 

Consider 𝐻11 the duplicating all the vertices of octopus graph 𝑂𝑛  where 𝑛 ≥ 2 with 

𝑉(𝐻11) = {𝑢0} ∪ {𝑢′0} ∪ {𝑢𝑘 , 𝑢′𝑘, 𝑣𝑘, 𝑣′𝑘 : 1 ≤ 𝑘 ≤ 𝑛} and 

𝐸(𝐻11) = {𝑢0𝑢𝑘 , 𝑢0𝑢′𝑘 , 𝑢′0𝑢𝑘 , 𝑢′0𝑣𝑘, 𝑢0𝑣𝑘, 𝑢0𝑣′𝑘: 1 ≤ 𝑘 ≤ 𝑛} ∪ {𝑢′𝑘𝑢𝑘+1, 𝑢𝑘𝑢′𝑘+1, 𝑢𝑘𝑢𝑘+1: 1 ≤ 𝑘 ≤ 𝑛 − 1} 

We superimposing one of the vertex say 𝑢0 of 𝐻11 on selected vertex of 𝑟1 in 𝐺11  with 𝑔11(𝑟1) = 1. 

Define a new graph 𝐺11
∗ = 𝐺11 ⊙ 𝐻11 with 𝑉(𝐺11

∗ ) = 𝑉(𝐺11) ∪ 𝑉(𝐻11) and 𝐸(𝐺11
∗ ) = 𝐸(𝐺11) ∪ 𝐸(𝐻11). 

|𝑉(𝐺11
∗ )| = 𝑝11 + 4𝑛 + 1 and |𝐸(𝐺11

∗ )| = 𝑞11 + 9𝑛 − 3. 

Define ℎ11: 𝑉(𝐺11
∗ ) ∪ 𝐸(𝐺11

∗ ) → {1,2, . . . , 𝑝11 + 𝑞11 + 13𝑛 − 2} by 

𝑔11(𝑢11) = ℎ11(𝑢11) for all 𝑢11 ∈ 𝑉(𝐺11) and 𝑔11(𝑒11) = ℎ11(𝑒11) for all 𝑒11 ∈ 𝐸(𝐺11). ℎ11(𝑢0) = ℎ11(𝑟1) = 1, ℎ11(𝑢′0) =
𝑝11 + 𝑞11 + 4𝑛 + 1, ℎ11(𝑢0𝑢′𝑛) = 𝑝11 + 𝑞11 + 13𝑛 − 2. 

For each 1 ≤ 𝑘 ≤ 𝑛, ℎ11(𝑢𝑘) = 𝑝11 + 𝑞11 + 𝑘, ℎ11(𝑣𝑘) = 𝑝11 + 𝑞11 + 𝑛 + 𝑘, ℎ11(𝑢′𝑘) = 𝑝11 + 𝑞11 + 2𝑛 + 𝑘, ℎ11(𝑣′𝑘) = 𝑝11 +
𝑞11 + 3𝑛 + 𝑘, ℎ11(𝑢0𝑢𝑘) = 𝑝11 + 𝑞11 + 4𝑛 + 2𝑘,  ℎ11(𝑢′0𝑢𝑘) = 𝑝11 + 𝑞11 + 4𝑛 + 2𝑘 + 1, ℎ11(𝑢′0𝑣𝑘) = 𝑝11 + 𝑞11 + 6𝑛 +
2𝑘, ℎ11(𝑢0𝑣𝑘) = 𝑝11 + 𝑞11 + 6𝑛 + 2𝑘 + 1, ℎ11(𝑢0𝑣′𝑘) = 𝑝11 + 𝑞11 + 8𝑛 + 1 + 𝑘. 

For each 1 ≤ 𝑘 ≤ 𝑛 − 1, ℎ11(𝑢𝑘𝑢𝑘+1) = 𝑝11 + 𝑞11 + 9𝑛 + 1 + 𝑘, ℎ11(𝑢0𝑢′𝑘) = 𝑝11 + 𝑞11 + 10𝑛 + 2𝑘 − 1, ℎ11(𝑢′𝑘𝑢𝑘+1) =
𝑝11 + 𝑞11 + 10𝑛 + 2𝑘, ℎ11(𝑢𝑘𝑢′𝑘+1) = 𝑝11 + 𝑞11 + 12𝑛 − 2 + 𝑘. 

Hence 𝐺11
∗ = 𝐺11 ⊙ 𝐻11 admits vertex edge neighborhood prime graph.                   ∎ 

Theorem 3.12. If 𝐺12(𝑝12, 𝑞12) has vertex edge neighborhood prime graph, then𝐺12 ⊙ 𝐻12  [duplicating all the vertices of 

Mycielskian graph 𝜇(𝐶𝑥), of cycle 𝐶𝑥] that admits vertex edge neighborhood prime graph for all 𝑥 is odd. 

Proof. Let 𝐺12(𝑝12, 𝑞12) be vertex edge neighborhood prime graph with bijection 𝑔12: 𝑉(𝐺12) ∪ 𝐸(𝐺12) → {1,2, . . . , |𝑉(𝐺12) ∪
𝐸(𝐺12)|} satisfying the property of vertex edge neighborhood prime graph. 

Consider 𝐻12 the duplicating all the vertices of Mycielskian graph 𝜇(𝐶𝑥), of cycle 𝐶𝑥 when 𝑥 is odd with 

𝑉(𝐻12) = {𝑟0} ∪ {𝑟′0} ∪ {𝑟𝑦 , 𝑠𝑦 , 𝑟′𝑦 , 𝑠′𝑦: 1 ≤ 𝑦 ≤ 𝑥} and 

𝐸(𝐻12) = {𝑠𝑦𝑟𝑦+1, 𝑠𝑦+1𝑟𝑦 , 𝑟𝑦+1𝑠′𝑦 , 𝑟𝑦𝑠′𝑦+1, 𝑟′𝑦𝑠𝑦+1, 𝑠𝑦𝑟′𝑦+1: 1 ≤ 𝑦 ≤ 𝑥 − 1} ∪ {𝑠1𝑟𝑥} ∪ {𝑟1𝑠𝑥} ∪ {𝑠′1𝑟𝑥} ∪ {𝑟1𝑠′𝑥} ∪ {𝑟′1𝑠𝑥} ∪

{𝑠1𝑟′𝑥} ∪ {𝑟0𝑟𝑦 , 𝑟′0𝑟𝑦 , 𝑟0𝑟′𝑦: 1 ≤ 𝑦 ≤ 𝑥}. 

We overlay one of the vertex say 𝑟1 of 𝐻12 on selected vertex of 𝑧1 in 𝐺12  with 𝑔12(𝑧1) = 1. 
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Let us construct a new graph 𝐺12
∗ = 𝐺12 ⊙ 𝐻12 with 𝑉(𝐺12

∗ ) = 𝑉(𝐺12) ∪ 𝑉(𝐻12) and 𝐸(𝐺12
∗ ) = 𝐸(𝐺12) ∪ 𝐸(𝐻12). 

|𝑉(𝐺12
∗ )| = 𝑝12 + 4𝑥 + 1 and |𝐸(𝐺12

∗ )| = 𝑞12 + 9𝑥. 

Define ℎ12: 𝑉(𝐺12
∗ ) ∪ 𝐸(𝐺12

∗ ) → {1,2, . . . , 𝑝12 + 𝑞12 + 13𝑥 + 1} by 

𝑔12(𝑧12) = ℎ12(𝑧12) for all 𝑧12 ∈ 𝑉(𝐺12) and 𝑔12(𝑒12) = ℎ12(𝑒12) for all 𝑒12 ∈ 𝐸(𝐺12). 

ℎ12(𝑟1) = ℎ12(𝑧1) = 1, ℎ12(𝑟0) = 𝑝12 + 𝑞12 + 𝑥, ℎ12(𝑟′0) = 𝑝12 + 𝑞12 + 5𝑥 + 1, ℎ12(𝑠1𝑟𝑥) = 𝑝12 + 𝑞12 + 2𝑥 + 2 ⌈
𝑥

2
⌉ −

1, ℎ12(𝑠1𝑟2) = 𝑝12 + 𝑞12 + 2𝑥 + 2 ⌈
𝑥

2
⌉ , ℎ12(𝑟1𝑠𝑥) = 𝑝12 + 𝑞12 + 4𝑥, ℎ12(𝑠′1𝑟𝑥) = 𝑝12 + 𝑞12 + 7𝑥 + 2, ℎ12(𝑟1𝑠′𝑥) = 𝑝12 + 𝑞12 +

9𝑥 + 1, ℎ12(𝑟′1𝑠𝑥) = 𝑝12 + 𝑞12 + 10𝑥 + 2, ℎ12(𝑠1𝑟′𝑥) = 𝑝12 + 𝑞12 + 12𝑥 + 1.  

For each 1 ≤ 𝑦 ≤ ⌈
𝑥

2
⌉ , ℎ12(𝑟2𝑦−1) = 𝑝12 + 𝑞12 + 𝑦 − 1, ℎ12(𝑠2𝑦−1) = 𝑝12 + 𝑞12 + 𝑥 + 𝑦. 

For each 1 ≤ 𝑦 ≤ ⌊
𝑥

2
⌋ , ℎ12(𝑟2𝑦) = 𝑝12 + 𝑞12 + ⌈

𝑥

2
⌉ + 𝑦 − 1, ℎ12(𝑠2𝑦) = 𝑝12 + 𝑞12 + ⌈

𝑥

2
⌉ + 𝑥 + 𝑦, ℎ12(𝑟2𝑦−1𝑠2𝑦) = 𝑝12 + 𝑞12 +

2𝑥 + 2𝑦 − 1, ℎ12(𝑟2𝑦𝑠2𝑦+1) = 𝑝12 + 𝑞12 + 2𝑥 + 2 ⌈
𝑥

2
⌉ + 2𝑦 − 1, ℎ12(𝑟2𝑦+1𝑠2𝑦) = 𝑝12 + 𝑞12 + 2𝑥 + 2𝑦. 

For each 1 ≤ 𝑦 ≤ 𝑥 , ℎ12(𝑟0𝑟𝑦) = 𝑝12 + 𝑞12 + 4𝑥 + 𝑦, ℎ12(𝑟′𝑦) = 𝑝12 + 𝑞12 + 5𝑥 + 1 + 𝑦, ℎ12(𝑠′𝑦) = 𝑝12 + 𝑞12 + 6𝑥 + 1 +

𝑦, ℎ12(𝑟0𝑟′𝑦) = 𝑝12 + 𝑞12 + 9𝑥 + 1 + 𝑦, ℎ12(𝑟′0𝑟𝑦) = 𝑝12 + 𝑞12 + 12𝑥 + 1 + 𝑦. 

For each 1 ≤ 𝑦 ≤ 𝑥 − 1, ℎ12(𝑠′𝑦𝑟𝑦+1) = 𝑝12 + 𝑞12 + 7𝑥 + 2𝑦 + 1, ℎ12(𝑟𝑦𝑠′𝑦+1) = 𝑝12 + 𝑞12 + 7𝑥 + 2 + 2𝑦, ℎ12(𝑟′𝑦𝑠𝑦+1) =

𝑝12 + 𝑞12 + 10𝑥 + 1 + 2𝑦, ℎ12(𝑠𝑦𝑟′𝑦+1) = 𝑝12 + 𝑞12 + 10𝑥 + 2 + 2𝑦.  ℎ12(𝑟2𝑦𝑠2𝑦−1) = 𝑝12 + 𝑞12 + 2𝑥 + 2 ⌈
𝑥

2
⌉ + 2𝑦 − 2  for 

2 ≤ 𝑦 ≤ ⌊
𝑥

2
⌋. 

Hence 𝐺12
∗ = 𝐺12 ⊙ 𝐻12 admits vertex edge neighborhood prime graph.                   ∎ 

Theorem 3.13. The graph acquired by duplicating all the vertices of 𝐾𝑡 that admits vertex edge neighborhood prime. 

Proof. Consider 𝐺13  the duplicating all the vertices of 𝐾𝑡 with  

𝑉(𝐺13) = {𝑑𝑥 , 𝑑′𝑥: 1 ≤ 𝑥 ≤ 𝑡} and 

𝐸(𝐺13) = {𝑑𝑥𝑑𝑦+1: 1 ≤ 𝑥 ≤ 𝑡 − 1, 𝑥 ≤ 𝑦 ≤ 𝑡 − 1} ∪ {𝑑′𝑥𝑑𝑦+1: 1 ≤ 𝑥 ≤ 𝑡 − 1, 𝑥 ≤ 𝑦 ≤ 𝑡 − 1} ∪ {𝑑′𝑥+1𝑑𝑦: 1 ≤ 𝑥 ≤ 𝑡 − 1,1 ≤

𝑦 ≤ 𝑥}. 

|𝑉(𝐺13)| = 2𝑡 and |𝐸(𝐺13)| = 𝑡(𝑡 − 1) +
𝑡(𝑡−1)

2
.  

Define 𝑓13: 𝑉(𝐺13) ∪ 𝐸(𝐺13) → {1,2, . . . ,2𝑡 + 𝑡(𝑡 − 1) +
𝑡(𝑡−1)

2
} by 

For each 1 ≤ 𝑥 ≤ 𝑡, 𝑓13(𝑑𝑥) = 𝑥, 𝑓13(𝑑′𝑥) =
𝑡(𝑡−1)

2
+ 𝑡 + 𝑥. 

For each 1 ≤ 𝑥 ≤ 𝑡 − 1 and 𝑥 ≤ 𝑦 ≤ 𝑡 − 1, 𝑓13(𝑑𝑥𝑑𝑦+1) = 𝑥𝑡 −
𝑥(𝑥+1)

2
+ 1 + 𝑦 , 𝑓13(𝑑′𝑥𝑑𝑦+1) =

𝑡(𝑡−1)

2
+ (𝑥 + 1)𝑡 −

𝑥(𝑥+1)

2
+

1 + 𝑦. 𝑓13(𝑑′𝑥+1𝑑𝑦) = 𝑡(𝑡 − 1) + 2𝑡 + [
𝑥(𝑥−1)

2
− 1] + 1 + 𝑦 for 1 ≤ 𝑥 ≤ 𝑡 − 1 and 1 ≤ 𝑦 ≤ 𝑥. 

Hence 𝐺13  is vertex edge neighborhood prime graph.                   ∎ 

Theorem 3.14. The graph acquired by duplicating all the vertices of double triangular snake 𝐷𝑇𝑧  that admits vertex edge 

neighborhood prime for all 𝑧 > 1. 

Proof. Consider 𝐺14  the duplicating all the vertices of double triangular snake 𝐷𝑇𝑧, where 𝑧 > 1 with 

𝑉(𝐺14) = {𝑟𝑐 , 𝑟′𝑐 : 1 ≤ 𝑐 ≤ 𝑧} ∪ {𝑠𝑐 , 𝑠′𝑐 , 𝑡𝑐 , 𝑡′𝑐: 1 ≤ 𝑐 ≤ 𝑧 − 1} and 

𝐸(𝐺14) = {𝑟𝑐𝑟𝑐+1, 𝑟𝑐𝑠𝑐 , 𝑠𝑐𝑟𝑐+1, 𝑟𝑐𝑡𝑐 , 𝑟𝑐+1𝑡𝑐 , 𝑟𝑐𝑠′𝑐, 𝑟𝑐+1𝑠′𝑐 , 𝑟𝑐𝑡′𝑐, 𝑟𝑐+1𝑡′𝑐: 1 ≤ 𝑐 ≤ 𝑧 − 1} ∪ {𝑟′𝑐𝑟𝑐+1, 𝑟′𝑐𝑡𝑐, 𝑟𝑐𝑟′𝑐+1, 𝑟′𝑐+1𝑡𝑐 : 1 ≤ 𝑐 ≤
𝑧 − 1} ∪ {𝑟′1𝑠1} ∪ {𝑟′𝑧𝑠𝑧−1}. 

|𝑉(𝐺14)| = 6𝑧 − 4 and |𝐸(𝐺14)| = 13𝑧 − 11. 

Define 𝑓14: 𝑉(𝐺14) ∪ 𝐸(𝐺14) → {1,2, . . . ,19𝑧 − 15} by 𝑓14(𝑟′1𝑠1) = 15𝑧 − 12, 𝑓14(𝑟′𝑧𝑠𝑧−1) = 15𝑧 − 11. 

For each 1 ≤ 𝑐 ≤ 𝑧, 𝑓14(𝑟𝑐) = 2𝑐 − 1, 𝑓14(𝑟′𝑐) = 8𝑧 − 7 + 𝑐. 

For each 1 ≤ 𝑐 ≤ 𝑧 − 1, 𝑓14(𝑠𝑐) = 2𝑐, 𝑓14(𝑡𝑐) = 2𝑧 − 1 + 𝑐, 𝑓14(𝑟𝑐𝑟𝑐+1) = 3𝑧 + 5𝑐 − 2, 𝑓14(𝑟𝑐𝑠𝑐) = 3𝑧 − 5𝑐 − 6, 𝑓14(𝑟𝑐+1𝑠𝑐) =
3𝑧 + 5𝑐 − 5, 𝑓14(𝑟𝑐𝑡𝑐) = 3𝑧 + 5𝑐 − 3, 𝑓14(𝑟𝑐+1𝑡𝑐) = 3𝑧 + 5𝑐 − 4, 𝑓14(𝑠′𝑐) = 9𝑧 − 7 + 𝑐, 𝑓14(𝑡′𝑐) = 10𝑧 − 8 + 𝑐, 𝑓14(𝑟𝑐𝑠′𝑐) =
11𝑧 − 10 + 2𝑐, 𝑓14(𝑟𝑐+1𝑠′𝑐) = 11𝑧 − 9 + 2𝑐, 𝑓14(𝑟𝑐𝑡′𝑐) = 13𝑧 − 12 + 2𝑐, 𝑓14(𝑟𝑐+1𝑡′𝑐) = 13𝑧 − 11 + 2𝑐, 𝑓14(𝑟′𝑐𝑟𝑐+1) = 15𝑧 −
12 + 2𝑐, 𝑓14(𝑟′𝑐𝑡𝑐) = 15𝑧 − 11 + 2𝑐, 𝑓14(𝑟′𝑐+1𝑡𝑐) = 17𝑧 − 14 + 2𝑐, 𝑓14(𝑟𝑐𝑟′𝑐+1) = 17𝑧 − 13 + 2𝑐. 

Hence 𝐺14  is vertex edge neighborhood prime graph.                   ∎  

Theorem 3.15. The graph acquired by duplicating all the vertices of rectangular book 𝐵4,𝑡 admits vertex edge neighborhood prime 

graph for all 𝑡. 
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Proof. Consider 𝐺15 the duplicating all the vertices of rectangular book 𝐵4,𝑡 with 

𝑉(𝐺15) = {𝑐𝑥 , 𝑐′𝑥 , 𝑑𝑥 , 𝑑′𝑥: 1 ≤ 𝑥 ≤ 𝑡 + 1} and 

𝐸(𝐺15) = {𝑐1𝑐𝑥+1, 𝑐′1𝑐𝑥+1, 𝑑1𝑑𝑥+1, 𝑑′1𝑑𝑥+1, 𝑑1𝑑′𝑥+1, 𝑐1𝑐′𝑥+1: 1 ≤ 𝑥 ≤ 𝑡} ∪ {𝑐𝑥𝑑𝑥 , 𝑐′𝑥𝑑𝑥 , 𝑐𝑥𝑑′𝑥: 1 ≤ 𝑥 ≤ 𝑡 + 1}. and |𝐸(𝐺15)| =
9𝑡 + 3. 

Define a bijective function 𝑓15: 𝑉(𝐺15) ∪ 𝐸(𝐺15) → {1,2, . . . ,13𝑡 + 7} as follows: 𝑓15(𝑐1𝑐2) = 2𝑡 + 3, 𝑓15(𝑐2𝑑2) = 2𝑡 +
4, 𝑓15(𝑑1𝑑2) = 2𝑡 + 5, 𝑓15(𝑐1𝑑1) = 2𝑡 + 6, 𝑓15(𝑐′1𝑑1) = 11𝑡 + 6, 𝑓15(𝑐1𝑑′1) = 12𝑡 + 7. 

For each 1 ≤ 𝑥 ≤ 𝑡 + 1, 𝑓15(𝑐𝑥) = 2𝑥 − 1, 𝑓15(𝑑𝑥) = 2𝑥, 𝑓15(𝑐′𝑥) = 5𝑡 + 3 + 𝑥, 𝑓15(𝑑′𝑥) = 6𝑡 + 4 + 𝑥. 

For each 1 ≤ 𝑥 ≤ 𝑡 − 1,  𝑓15(𝑐1𝑐𝑥+2) = 2𝑡 + 3𝑥 + 4, 𝑓15(𝑐𝑥+2𝑑𝑥+2) = 2𝑡 + 3𝑥 + 5, 𝑓15(𝑑1𝑑𝑥+2) = 2𝑡 + 3𝑥 + 6. 

For each 1 ≤ 𝑥 ≤ 𝑡, 𝑓15(𝑐1𝑐′𝑥+1) = 7𝑡 + 2𝑥 + 4 , 𝑓15(𝑐′𝑥+1𝑑𝑥+1) = 7𝑡 + 2𝑥 + 5 , 𝑓15(𝑑1𝑑′𝑥+1) = 9𝑡 + 2𝑥 + 4 , 

𝑓15(𝑐𝑥+1𝑑′𝑥+1) = 9𝑡 + 2𝑥 + 5, 𝑓15(𝑐′1𝑐𝑥+1) = 11𝑡 + 𝑥 + 6, 𝑓15(𝑑′1𝑑𝑥+1) = 12𝑡 + 𝑥 + 7. 

Hence 𝐺15 is vertex edge neighborhood prime graph.                   ∎  

Theorem 3.16. The graph acquired by duplicating all the vertices of Mycielskian graph 𝜇(𝐶𝑘), of cycle 𝐶𝑘 that admits vertex edge 

neighborhood prime. 

Proof. Consider 𝐺16  be duplicating all the vertices of Mycielskian graph 𝜇(𝐶𝑘), of cycle 𝐶𝑘 with 

𝑉(𝐻16) = {𝑟0} ∪ {𝑟′0} ∪ {𝑟𝑧 , 𝑠𝑧 , 𝑟′𝑧 , 𝑠′𝑧: 1 ≤ 𝑧 ≤ 𝑘} and 

𝐸(𝐻16) = {𝑠𝑧𝑟𝑧+1, 𝑠𝑧+1𝑟𝑧 , 𝑟𝑧+1𝑠′𝑧 , 𝑟𝑧𝑠′𝑧+1, 𝑟′𝑧𝑠𝑧+1, 𝑠𝑧𝑟′𝑧+1: 1 ≤ 𝑧 ≤ 𝑘 − 1} ∪ {𝑠1𝑟𝑘} ∪ {𝑟1𝑠𝑘} ∪ {𝑠′1𝑟𝑘} ∪ {𝑟1𝑠′𝑘} ∪ {𝑟′1𝑠𝑘} ∪
{𝑠1𝑟′𝑘} ∪ {𝑟0𝑟𝑧 , 𝑟′0𝑟𝑧 , 𝑟0𝑟′𝑧: 1 ≤ 𝑧 ≤ 𝑘}.  

|𝑉(𝐺16)| = 4𝑘 + 2 and |𝐸(𝐺16)| = 9𝑘.  

Define 𝑓16: 𝑉(𝐺16) ∪ 𝐸(𝐺16) → {1,2, . . . ,13𝑘 + 2} by 

𝑓16(𝑟0) = 𝑘 + 1,  𝑓16(𝑟′0) = 5𝑘 + 2,  𝑓16(𝑠1𝑟𝑘) = 2𝑘 + 2 ⌈
𝑘

2
⌉,  𝑓16(𝑠1𝑟2) = 2𝑘 + 2 ⌈

𝑘

2
⌉ + 1, 𝑓16(𝑟1𝑠𝑘) = 4𝑘 + 1, 𝑓16(𝑠′1𝑟𝑘) =

7𝑘 + 3, 𝑓16(𝑟1𝑠′𝑘) = 9𝑘 + 2, 𝑓16(𝑟′1𝑠𝑘) = 10𝑘 + 3, 𝑓16(𝑠1𝑟′𝑘) = 12𝑘 + 2. 

For each 1 ≤ 𝑧 ≤ ⌈
𝑘

2
⌉ , 𝑓16(𝑟2𝑧−1) = 𝑧, 𝑓16(𝑠2𝑧−1) = 𝑘 + 𝑧 + 1. 

For each 1 ≤ 𝑧 ≤ ⌊
𝑘

2
⌋ , 𝑓16(𝑟2𝑧) = ⌈

𝑘

2
⌉ + 𝑧, 𝑓16(𝑠2𝑧) = ⌈

𝑘

2
⌉ + 𝑘 + 𝑧 + 1, 𝑓16(𝑟2𝑧−1𝑠2𝑧) = 2𝑘 + 2𝑧, 𝑓16(𝑟2𝑧𝑠2𝑧+1) = 2𝑘 + 2 ⌈

𝑘

2
⌉ +

2𝑧, 𝑓16(𝑟2𝑧+1𝑠2𝑧) = 2𝑘 + 2𝑧 + 1. 

For each 1 ≤ 𝑧 ≤ 𝑘, 𝑓16(𝑟0𝑟𝑧) = 4𝑘 + 𝑧 + 1, 𝑓16(𝑟′𝑧) = 5𝑘 + 2 + 𝑧, 𝑓16(𝑠′𝑧) = 6𝑘 + 2 + 𝑧, 𝑓16(𝑟0𝑟′𝑧) = 9𝑘 + 2 +
𝑧, 𝑓16(𝑟′0𝑟𝑧) = 12𝑘 + 2 + 𝑧. 

For each 1 ≤ 𝑧 ≤ 𝑘 − 1, 𝑓16(𝑠′
𝑧𝑟𝑧+1) = 7𝑘 + 2𝑧 + 2,  𝑓16(𝑟𝑧𝑠′

𝑧+1) = 7𝑘 + 3 + 2𝑧, 𝑓16(𝑟′𝑧𝑠𝑧+1) = 10𝑘 + 2 +

2𝑧, 𝑓16(𝑠𝑧𝑟′𝑧+1) = 10𝑘 + 3 + 2𝑧. 𝑓16(𝑟2𝑧𝑠2𝑧−1) = 2𝑘 + 2 ⌈
𝑘

2
⌉ + 2𝑧 − 1 for 2 ≤ 𝑧 ≤ ⌊

𝑘

2
⌋.  

Hence 𝐺16  is vertex edge neighborhood prime graph.                   ∎  
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