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1. Introduction 

   Let 𝔽𝒒 be a finite field with q elements. Let 𝒞 be a [m, k]  linear code over 𝔽𝑞, that is, it is a 𝑘 − dimensional sub space of 𝔽𝑞
𝑚. A 

code 𝒞 is called cyclic if any cyclic shift given to a code word is again a code word. A code word (𝑐0, 𝑐1, 𝑐2, … , 𝑐𝑚−1) in 𝒞 is 

identified with the polynomial 𝑐0 + 𝑐1𝑥 + 𝑐2𝑥
2 +⋯+ 𝑐𝑚−1𝑥

𝑚−1 in 𝔽𝑞[𝑥] 〈𝑥
𝑚 − 1〉⁄ . In fact a code 𝒞 of length 𝑚 over 𝔽𝑞 is a 

cyclic code if and only if the corresponding sub set is an ideal of 𝔽𝑞[𝑥] 〈𝑥
𝑚 − 1〉⁄ . Note that every ideal of 𝔽𝑞[𝑥] 〈𝑥

𝑚 − 1〉⁄  is 

principal. Every cyclic code 𝒞  of length 𝑚 is generated by a unique monic divisor 𝑔(𝑥) of minimal degree in 𝔽𝑞 and that ℎ(𝑥) =

(𝑥𝑚 − 1) 𝑔(𝑥)⁄  is referred to the parity check polynomial of 𝒞. Irreducible cyclic code of length 𝑚 over 𝔽𝑞 can be viewed as ideals 

of the ring 𝔽𝑞[𝑥] 〈𝑥
𝑚 − 1〉⁄  generated by the primitive idempotents.  

               A lot of papers and results in which the cyclic codes have been found: Arora and Pruthi [13,3], obtained the primitive 

idempotents in 𝑅𝑚 for 𝑚 =2,4, 𝑙𝑛𝑎𝑛𝑑 2𝑙𝑛 , where 𝑙 d is an odd prime and 𝑞 (prime power).In [17] for 𝑚 = 𝑙1
𝑚1𝑙2

𝑚2; are distinct odd 

primes.(
𝜙(𝑙1

𝑛)

2
,
𝜙(𝑙1

𝑛)

2
) 𝑔𝑐𝑑(𝜙(𝑙1

𝑚1), 𝜙(𝑙2
𝑚2)) = 2. 𝑜𝑟𝑑𝑙1𝑚1(𝑞) =

𝜙(𝑙1
𝑚1)

2
 and 𝑜𝑟𝑑𝑙2𝑚2(𝑞) =

𝜙(𝑙2
𝑚2)

2
 . Bakshi and Raka [4] gave all 

the 3𝑛 + 2 primitive idempotents in the ring 𝑅𝑚 for 𝑚 =𝑙1
𝑛𝑙2,, for distinct odd primes 𝑙1, 𝑙2,𝑎𝑛𝑑 𝑞 and 𝑔𝑐𝑑 (

𝜙(𝑙1
𝑛)

2
,
𝜙(𝑙2)

2
= 1).Singh 

and Pruthi gave explicit expressions for all the 4𝑚1𝑚2 + 2𝑚1 + 2𝑚2 + 1 primitive idempotents in the ring 𝑅𝑚. In [9] , taking  𝑚 =
4𝑙𝑛 and 8𝑙𝑛, where 𝑙 is an odd prime and  𝑙 ∣ 𝑞 − 1. Li and Yue et al. described all primitive idempotents and minimum Hamming 

distances of the codes generated by those primitive idempotents in 𝑅𝑚 respectively. In [14], Pruthi and Pankaj found all the primitive 

idempotents in the ring 𝔽𝑙[𝑥] 〈𝑥
𝑝1
𝛼1𝑝2

𝛼2…𝑝𝑟
𝛼𝑟
− 1〉⁄ .In [15],  Sehrawat and Pruthi  gave explicit expressions for the idempotents in the 

group algebra of dihedral group of order 2𝑛, for every 𝑛. 

     This paper is organized as follows: In section 2 we recall some lemmas. In section 3, we give all primitive idempotents in 

𝔽𝑞[𝑥] 〈𝑥
32𝑝𝑛 − 1〉⁄  of irreducible cyclic codes of length 32𝑝𝑛. 

2. Preliminaries 

 Following are the lemmas which give the criterion on irreducibility of polynomials over 𝔽𝑞. 

Lemma 2.1. Assume that 𝑛 ≥ 2. For any 𝑎 ∈ 𝔽𝑞  with Ord(𝑎) = 𝑘, the binomial 𝑥𝑛 − 𝑎 is irreducible over 𝔽𝑞  if and only if  both 

the following conditions are satisfied : 

1. Every prime divisor of n divides k, but does not divide 
𝑞−1

𝑘
 ; 

2. If  4 𝑛⁄ , 𝑡ℎ𝑒𝑛 4 (𝑞 − 1)⁄ . 

Lemma 2.2. Let 𝛼 ∈  𝔽𝑞𝑏𝑒 𝑎 𝑟𝑜𝑜𝑡 𝑜𝑓 𝑥
𝑛 − 1,𝑤ℎ𝑒𝑟𝑒 gcd(𝑞, 𝑛) = 1. 𝑇ℎ𝑒𝑛  

∑𝛼𝑖
𝑛−1

𝑖=0

= {
0
𝑛 

𝑖𝑓 𝛼 ≠  1 

𝑖𝑓𝛼 =  1.
 

Lemma 2.3. Let 𝑙 be a positive integer, 𝑃(𝑋) ∈ 𝔽𝑞[𝑋] be an irreducible polynomial over 𝔽𝑞 of degree 𝑛 > 0. Suppose that 𝑃(0) ≠

0 and 𝑃(𝑋) is of period 𝑑,which is equal to the order of any root of  𝑃(𝑋).Then 𝑃(𝑋𝑙) is irreducible over 𝔽𝑞 , if only if the following 

conditions three conditions satisfied: 
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1. Each prime divisor of l divides d;  2.  𝑔𝑐𝑑 (𝑙,
𝑞𝑛−1

𝑑
) = 1 and if 4 𝑙,⁄  then 4 (𝑞𝑛 − 1).⁄  

3.  Primitive idempotent in 𝔽𝒒[𝒙] (𝒙
𝟑𝟐𝒑𝒏 − 𝟏)⁄ : Let 𝑝 be an odd prime and 𝔽𝑞 be a finite field with  𝑞 elements, where 𝑞 = 8𝑘 +

3 for some 𝑘 and 𝑝𝑙 ∥ 𝑞 − 1 for integer 𝑙 > 0 and 4 ∤ 𝑞 − 1. In this paper we intend to find primitive idempotents in the ring 

𝔽𝑞[𝑥] (𝑥
32𝑝𝑛 − 1)⁄  for two different cases 𝑛 ≤ 𝑙 and 𝑛 ≥ 𝑙. We have an irreducible factorization of 𝑥32 − 1 over 𝔽𝑞 as follows: 

𝑥32 − 1 = (𝑥 ± 1)(𝑥2 + 1) (𝑥2 ± √−2𝑥 − 1)(𝑥2 ± √−(2 − √2)𝑥 − 1) 

(𝑥2 ± √−(2 + √2)𝑥 − 1)(𝑥2 ± √−(2 − √2 + √2)𝑥 − 1)(𝑥2 ± √−(2 + √2 + √2)𝑥 − 1)(𝑥2 ± √−(2 − √2 − √2)𝑥 −

1)(𝑥2 ± √−(2 + √2 − √2)𝑥 − 1). 

3.1.When 𝒏 ≤ 𝒍 

Theorem 3.1: When  𝑛 ≤ 𝑙, then there are 17𝑝𝑛 primitive idempotents in 𝔽𝑞[𝑥] 〈𝑥
32𝑝𝑛 − 1〉⁄  given as follows: 

1. 𝜙𝑚+𝑘(𝑥) =
1

32𝑝𝑛
∑ (𝛼𝑘)𝑗𝑥𝑗
32𝑝𝑛−1
𝑗=0 ;  𝑚 = 0  

2. 𝜙𝑚+𝑘(𝑥) =
1

32𝑝𝑛
∑ (−𝛼𝑘)𝑗𝑥𝑗
32𝑝𝑛−1
𝑗=0 ;  𝑚 = 𝑝𝑛 

3. 𝜙𝑚+𝑘(𝑥) =
1

16𝑝𝑛
∑ (−𝛼2𝑘)𝑗𝑥2𝑗
16𝑝𝑛−1
𝑗=0 ; 𝑚 = 2𝑝𝑛  

4. 𝜙𝑚+𝑘(𝑥) =
1

8𝑝𝑛
∑ (−1)𝑗 (𝛼4𝑗𝑘𝑥4𝑗 + 𝑎

√−2

2
𝛼(4𝑗+3)𝑘𝑥4𝑗+1(1 − 𝑥2))

8𝑝𝑛−1
𝑗=0 ; 

𝑤ℎ𝑒𝑟𝑒 𝑎 = 1 𝑖𝑓 𝑚 = 4𝑝𝑛 and  𝑎 = −1 𝑖𝑓 𝑚 = 6𝑝𝑛 

5. 𝜙𝑚+𝑘(𝑥)  =
1

16𝑝𝑛
∑ (−1)𝑗 {

√2

2
(√2 − 1 − 𝑥4)𝛼8𝑗𝑘𝑥8𝑗 + 𝑎

√2√−(2−√2)

2
𝛼(8𝑗+5)𝑘𝑥8𝑗+1(1 − 𝑥4) −

√2

2
(√2 − 1 +

4𝑝𝑛−1
𝑗=0

𝑥4)𝛼(8𝑗+2)𝑘𝑥8𝑗+2 + 𝑏√−(2 − √2)𝛼(8𝑗+3)𝑘𝑥8𝑗+7}; 𝑤ℎ𝑒𝑟𝑒 𝑎 = 1, 𝑏 =−1 if 𝑚 = 8𝑝𝑛 and 𝑎 = −1, 𝑏 = 1 if 𝑚 = 10𝑝𝑛. 

6. 𝜙𝑚+𝑘(𝑥) =
1

16𝑝𝑛
∑ (−1)𝑗 {

√2

2
(√2 + 1 + 𝑥4)𝛼8𝑗𝑘𝑥8𝑗 + 𝑎

√2√−(2+√2)

2
𝛼(8𝑗+5)𝑘𝑥8𝑗+1(1 − 𝑥4) −

√2

2
(√2 + 1 +

4𝑝𝑛−1
𝑗=0

𝑥4)𝛼(8𝑗+2)𝑘𝑥8𝑗+2 + 𝑏√−(2 + √2)𝛼(8𝑗+3)𝑘𝑥8𝑗+7} ;𝑤ℎ𝑒𝑟𝑒 𝑎 = −1, 𝑏 = −1 if 𝑚 = 12𝑝𝑛 and 𝑎 = 1, 𝑏 = 1 if 𝑚 = 14𝑝𝑛. 

7. 𝜙𝑚+𝑘(𝑥) =
1

16𝑝𝑛
∑ (−1)𝑗 {−

√2

2
[√2 + √2 − 1 − √2 + (√2 + √2 − 1) 𝑥8] 𝛼16𝑗𝑘𝑥16𝑗 + 𝑎

√2√2+√2√−(2−√2+√2)

2
(1 −

2𝑝𝑛−1
𝑗=0

𝑥8)𝛼(16𝑗+1)𝑘𝑥16𝑗+1 +
√2

2
[√2 + √2 − 1 − √2 − (√2 + √2 − 1)𝑥8] 𝛼(16𝑗+2)𝑘𝑥16𝑗+2 + 𝑏

√2

2
√−(2 − √2 + √2)(√2 + 1 −

𝑥8)𝛼(16𝑗+3)𝑘𝑥16𝑗+3 −
√2

2
√−(2 − √2 + √2)(√2 + 1 − 𝑥8)𝛼(16𝑗+4)𝑘𝑥16𝑗+4 −

√2

2
[1 + (√2(√2 + √2 − 1) −

1) 𝑥8] 𝛼(16𝑗+6)𝑘𝑥16𝑗+6 + 𝑐
√2

2
√−(2 − √2 + √2) (1 − (√2 + 1)𝑥8)𝛼(16𝑗+7)𝑘𝑥16𝑗+7 +

𝑑√2 + √2√−(2 − √2 + √2)𝛼(16𝑗+5)𝑘𝑥16𝑗+13} ;where 𝑎 = 1, 𝑏 = 1, 𝑐 = 1, 𝑑 = −1 if 𝑚 = 16𝑝𝑛 and 𝑎 = −1, 𝑏 = −1, 𝑐 =

−1, 𝑑 = 1 if 𝑚 = 18𝑝𝑛. 

8.  𝜙𝑚+𝑘(𝑥) =
1

16𝑝𝑛
∑ (−1)𝑗 {

√2

2
(√2 + √2 + 1 + √2 − (√2 + √2 + 1)𝑥8)𝛼16𝑗𝑘𝑥16𝑗 +

2𝑝𝑛−1
𝑗=0

𝑎
√2

2
√2 + √2√−(2 + √2 + √2)(1 − 𝑥8)𝛼(16𝑗+1)𝑘𝑥16𝑗+1 −

√2

2
(√2 + √2 + 1 + √2 − (√2 + √2 + 1) 𝑥8) 𝛼(16𝑗+2)𝑘𝑥16𝑗+2 +

𝑏
√2

2
√−(2 + √2 + √2)(√2 + 1 − 𝑥8)𝛼(16𝑗+3)𝑘𝑥16𝑗+3 +

√2

2
((√2 + √2 + 1)√2 + 1 − 𝑥8)𝛼(16𝑗+4)𝑘𝑥16𝑗+4 −

√2

2
(√2 + √2 +
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1 + √2 − (√2 + √2 + 1) 𝑥8) 𝛼(16𝑗+6)𝑘𝑥16𝑗+6 + 𝑐
√2

2
√−(2 + √2 + √2) (1 − (√2 + 1)𝑥8)𝛼(16𝑗+7)𝑘𝑥16𝑗+7 +

𝑑√2 + √2√−(2 + √2 + √2)𝛼(16𝑗+5)𝑘𝑥16𝑗+13}; where  𝑎 = −1, 𝑏 = 1, 𝑐 = 1, 𝑑 = 1 if 𝑚 = 20𝑝𝑛 and 𝑎 = 1, 𝑏 = −1, 𝑐 =

−1, 𝑑 = −1 if 𝑚 = 22𝑝𝑛  

9. 𝜙𝑚+𝑘(𝑥) =
1

16𝑝𝑛
∑ (−1)𝑗 {

√2

2
(√2 − √2 − 1 + √2 + (√2 − √2 − 1) 𝑥8)𝛼16𝑗𝑘𝑥16𝑗 +

2𝑝𝑛−1
𝑗=0

𝑎
√2

2
√2 − √2√−(2 − √2 − √2)(1 − 𝑥8)𝛼(16𝑗+1)𝑘𝑥16𝑗+1 −

√2

2
(√2 − √2 − 1 + √2 − (√2 − √2 − 1) 𝑥8) 𝛼(16𝑗+2)𝑘𝑥16𝑗+2 +

𝑏
√2

2
√−(2 − √2 − √2)(√2 − 1 + 𝑥8)𝛼(16𝑗+3)𝑘𝑥16𝑗+3 −

√2

2
((√2 − √2 − 1)√2 + 1 + 𝑥8)𝛼(16𝑗+4)𝑘𝑥16𝑗+4 +

√2

2
(1 −

(√2 (√2 − √2 − 1) + 1) 𝑥8) 𝛼(16𝑗+6)𝑘𝑥16𝑗+6 + 𝑐
√2

2
√−(2 − √2 − √2) (1 − (1 − √2)𝑥8)𝛼(16𝑗+7)𝑘𝑥16𝑗+7 +

𝑑√2 − √2√−(2 − √2 − √2)𝛼(16𝑗+5)𝑘𝑥16𝑗+13}; where 𝑎 = −1, 𝑏 = 1, 𝑐 = 1, 𝑑 = 1 if 𝑚 = 24𝑝𝑛 and  𝑎 = 1, 𝑏 = −1, 𝑐 =

−1, 𝑑 = −1 if 𝑚 = 26𝑝𝑛 

10.  𝜙𝑚+𝑘(𝑥) =
1

16𝑝𝑛
∑ (−1)𝑗 {−

√2

2
(√2 − √2 + 1 − √2 + (√2 − √2 + 1) 𝑥8) 𝛼16𝑗𝑘𝑥16𝑗 +

2𝑝𝑛−1
𝑗=0

𝑎
√2

2
√2 − √2√−(2 + √2 − √2)(1 − 𝑥8)𝛼(16𝑗+1)𝑘𝑥16𝑗+1 +

√2

2
(√2 − √2 + 1 − √2 − (√2 − √2 + 1) 𝑥8) 𝛼(16𝑗+2)𝑘𝑥16𝑗+2 +

𝑏
√2

2
√−(2 + √2 − √2)(√2 − 1 + 𝑥8)𝛼(16𝑗+3)𝑘𝑥16𝑗+3 +

√2

2
((√2 − √2 + 1)√2 − 1 + 𝑥8)𝛼(16𝑗+4)𝑘𝑥16𝑗+4 +

√2

2
(1 +

(√2 (√2 − √2 + 1) − 1) 𝑥8) 𝛼(16𝑗+6)𝑘𝑥16𝑗+6 + 𝑐
√2

2
√−(2 + √2 − √2) (1 − (1 − √2)𝑥8)𝛼(16𝑗+7)𝑘𝑥16𝑗+7 +

𝑑√2 − √2√−(2 + √2 − √2)𝛼(16𝑗+5)𝑘𝑥16𝑗+13}; where 𝑎 = 1, 𝑏 = 1, 𝑐 = −1, 𝑑 = 1 if 𝑚 = 28𝑝𝑛 and 𝑎 = −1, 𝑏 = −1, 𝑐 =

1, 𝑑 = −1 if 𝑚 = 30𝑝𝑛 and 𝑘 =  0,1, … , 𝑝𝑛 − 1. 

Proof.  If  𝑛 ≤ 𝑙, then the irreducible factorization of  𝑥32𝑝
𝑛
− 1 over 𝔽𝑞 is as follows: 

𝑥32𝑝
𝑛
− 1 = ∏ (𝑥 ± 𝛼−𝑘)(𝑥2 + 𝛼−2𝑘)(𝑥2 ± √−2𝛼−𝑘𝑥 − 𝛼−2𝑘) (𝑥2 ± √−(2 − √2)𝛼−𝑘𝑥 − 𝛼−2𝑘)(𝑥2 ±

𝑝𝑛−1
𝑘=0

√−(2 + √2)𝛼−𝑘𝑥 − 𝛼−2𝑘)(𝑥2 ±√−(2 − √2 + √2)𝛼−𝑘𝑥 − 𝛼−2𝑘)(𝑥2 ± √−(2 + √2 + √2)𝛼−𝑘𝑥 − 𝛼−2𝑘)(𝑥2 ±

√−(2 − √2 − √2)𝛼−𝑘𝑥 − 𝛼−2𝑘)(𝑥2 ±√−(2 + √2 − √2) 𝛼−𝑘𝑥 − 𝛼−2𝑘), where 𝛼−1 is  a 𝑝𝑛−𝑡ℎ primitive root of unity. 

Now by Chinese Remainder Theorem we define a natural 𝔽𝑞- algebra isomorphism 𝜓1 as: 

𝜓1 ∶  𝔽𝑞[𝑥] 〈𝑥
32𝑝𝑛 − 1〉⁄ ⟶ ∏(ℛ𝑘

(1)
× ℛ𝑘

(2)
× ℛ𝑘

(3)
× …× ℛ𝑘

17)
)

𝑝𝑛−1

𝑘=0

 

∑ 𝑢𝑗𝑥
𝑗

32𝑝𝑛−1

𝑗=0

⟶ (∏ 𝑟𝑘
(1)

𝑝𝑛−1

𝑘=0

, ∏ 𝑟𝑘
(2)
,

𝑝𝑛−1

𝑘=0

∏ 𝑟𝑘
(3)

𝑝𝑛−1

𝑘=0

, … , ∏ 𝑟𝑘
(17)

𝑝𝑛−1

𝑘=0

) 

Where ℛ𝑘
(1)
= 𝔽𝑞[𝑥] 〈𝑥 − 𝛼

−𝑘〉⁄ , ℛ𝑘
(2)
= 𝔽𝑞[𝑥] 〈𝑥 + 𝛼

−𝑘〉⁄ , ℛ𝑘
(3)
= 𝔽𝑞[𝑥] 〈𝑥

2 + 𝛼−2𝑘〉⁄ , ℛ𝑘
(4)
=

𝔽𝑞[𝑥] 〈𝑥
2 − √−2 𝛼−𝑘𝑥 − 𝛼−2𝑘〉⁄ , ℛ𝑘

(5)
= 𝔽𝑞[𝑥] 〈𝑥

2 + √−2 𝛼−𝑘𝑥 − 𝛼−2𝑘〉⁄ , ℛ𝑘
(6)
= 𝔽𝑞[𝑥] 〈𝑥

2 − √−(2 − √2) 𝛼−𝑘𝑥 − 𝛼−2𝑘〉⁄ , 

ℛ𝑘
(7)
= 𝔽𝑞[𝑥] 〈𝑥

2 + √−(2 − √2) 𝛼−𝑘𝑥 − 𝛼−2𝑘〉⁄ ,  

ℛ𝑘
(8) = 𝔽𝑞[𝑥] 〈𝑥

2 − √−(2 + √2) 𝛼−𝑘𝑥 − 𝛼−2𝑘〉 ,⁄  

ℛ𝑘
(9) = 𝔽𝑞[𝑥] 〈𝑥

2 + √−(2 + √2)𝛼−𝑘𝑥 − 𝛼−2𝑘〉 ,⁄  
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ℛ𝑘
(17) = 𝔽𝑞[𝑥] 〈𝑥

2 +√−(2 + √2 − √2) 𝛼−𝑘𝑥 − 𝛼−2𝑘〉⁄  

Also,  

𝑟𝑘
(1)
= ∑ 𝑢𝑗

32𝑝𝑛−1
𝑗=0 (𝛼−𝑘)𝑗 , 𝑟𝑘

(2)
= ∑ 𝑢𝑗

32𝑝𝑛−1
𝑗=0 (−𝛼−𝑘)𝑗 , 𝑟𝑘

(3)
= ∑ 𝑢2𝑗

16𝑝𝑛−1
𝑗=0 (−𝛼−2𝑘)𝑗 + ∑ 𝑢2𝑗+1

16𝑝𝑛−1
𝑗=0 (−𝛼−2𝑘)𝑗𝑥, 𝑟𝑘

(4)
=

∑ 𝑢𝑗
32𝑝𝑛−1
𝑗=0 (𝑎0

(𝑗,𝑘)
+ 𝑎1

(𝑗,𝑘)
𝑥) ,  𝑟𝑘

(5)
= ∑ 𝑢𝑗

32𝑝𝑛−1
𝑗=0 (𝑏0

(𝑗,𝑘)
+ 𝑏1

(𝑗,𝑘)
𝑥) , 𝑟𝑘

(6)
= ∑ 𝑢𝑗

32𝑝𝑛−1
𝑗=0 (𝑎0

(𝑗,𝑘)
+ 𝑎1

(𝑗,𝑘)
𝑥), 𝑟𝑘

(7)
=

∑ 𝑢𝑗
32𝑝𝑛−1
𝑗=0 (𝑏0

(𝑗,𝑘)
+ 𝑏1

(𝑗,𝑘)
𝑥), 𝑟𝑘

(8)
= ∑ 𝑢𝑗

32𝑝𝑛−1
𝑗=0 (𝑐0

(𝑗,𝑘)
+ 𝑐1

(𝑗,𝑘)
𝑥), 𝑟𝑘

(9) = ∑ 𝑢𝑗
32𝑝𝑛−1
𝑗=0 (𝑑0

(𝑗,𝑘)
+ 𝑑1

(𝑗,𝑘)
𝑥) , 𝑟𝑘

(10) =

∑ 𝑢𝑗
32𝑝𝑛−1
𝑗=0 (𝑎0

(𝑗,𝑘)
+ 𝑎1

(𝑗,𝑘)
𝑥) , ……… , 𝑟𝑘

(17)
= ∑ 𝑢𝑗

32𝑝𝑛−1
𝑗=0 (𝑡0

(𝑗,𝑘)
+ 𝑡1

(𝑗,𝑘)
𝑥) 

Where 𝑎𝑖
(𝑗,𝑘)

, 𝑏𝑖
(𝑗,𝑘)

 for 𝑟𝑘
(4)

and 𝑟𝑘
(5)

 are defined in lemma 5.1 and 5.2 [7] and  𝑎𝑖
(𝑗,𝑘)

, 𝑏𝑖
(𝑗,𝑘)

, 𝑐𝑖
(𝑗,𝑘)

, 𝑑𝑖
(𝑗,𝑘)

 for 𝑟𝑘
(6) 𝑡𝑜 𝑟𝑘

(9)
 are defined in 

lemmas 3.1 to 3.4 for the case 16𝑝𝑛 and 𝑎𝑖
(𝑗,𝑘)

, 𝑏𝑖
(𝑗,𝑘)

, 𝑐𝑖
(𝑗,𝑘)

, 𝑑𝑖
(𝑗,𝑘)

, 𝑒𝑖
(𝑗,𝑘)

, 𝑚𝑖
(𝑗,𝑘)

, 𝑛𝑖
(𝑗,𝑘)

, 𝑡𝑖
(𝑗,𝑘)

 for 𝑟𝑘
(10)

 to 𝑟𝑘
(17)

 are defined in Lemmas 

3.1, 3.2,… , 3.8. [5], where 𝑖 = 0,1. 

Now a linear space isomorphism 𝜓2 is : 𝜓2 ∶ ∏ (ℛ𝑘
1 × ℛ𝑘

2 × … × ℛ𝑘
17) ⟶ 𝔽𝑞

32𝑝𝑛𝑝𝑛−1
𝑘=0 defined as 

(𝐵, 𝐵′, 𝐶+𝐶′𝑥, 𝐸 + 𝐸′𝑥, 𝐹 + 𝐹′𝑥, 𝐺 + 𝐺′𝑥, 𝐻 + 𝐻′𝑥, 𝐽 + 𝐽′𝑥, 𝐾 + 𝐾′𝑥, 𝑂 + 𝑂′𝑥, 𝑅 + 𝑅′𝑥, 𝑆 + 𝑆′𝑥, 𝑈 + 𝑈′𝑥, 𝑉 + 𝑉′𝑥,𝑊 +𝑊′𝑥, 𝑌
+ 𝑌′𝑥, 𝑍 + 𝑍′𝑥) ⟶ 

(𝐵, 𝐵′, 𝐶, 𝐶′, 𝐸, 𝐸′, 𝐹, 𝐹′, 𝐺, 𝐺′, 𝐻, 𝐻′, 𝐽, 𝐽′, 𝐾, 𝐾′, 𝑂, 𝑂′, 𝑅, 𝑅′, 𝑆, 𝑆′, 𝑈, 𝑈′, 𝑉, 𝑉′,𝑊,𝑊′. 𝑌, 𝑌′, 𝑍, 𝑍′) 

Where 𝐵, 𝐵′, 𝐶, 𝐶′, 𝐸, 𝐸′, 𝐹, 𝐹′, 𝐺, 𝐺′, 𝐻, 𝐻′, 𝐽, 𝐽′, 𝐾, 𝐾′, … , 𝑍, 𝑍′ ∈ 𝔽𝑞
𝑝𝑛

. 

Therefore, a linear space isomorphism 𝜓 = 𝜓2𝑜𝜓1 is defined as: 

𝜓 = 𝜓2𝑜𝜓1 : 𝔽𝑞[𝑥] 〈𝑥
32𝑝𝑛 − 1〉⁄ ⟶ 𝔽𝑞

32𝑝𝑛
 , 𝜙(𝑥) = ∑ 𝑢𝑗

32𝑝𝑛−1
𝑗=0 𝑥𝑗 ⟶ (𝑢0 , 𝑢1 ,… , 𝑢32𝑝𝑛−1 ) 𝑅 

where 𝑅 is a 32𝑝𝑛 × 32𝑝𝑛 matrix over 𝔽𝑞 defined  as 𝑅 = [
𝑃 𝑄
𝑃 −𝑄

]                …     (3.1) 

Here 𝑃 is a 16𝑝𝑛 × 16𝑝𝑛 matrix over 𝔽𝑞 defined in Theorem 3.5 in the paper for primitive idempotents in 𝔽𝑞[𝑥] 〈𝑥
16𝑝𝑛 − 1〉⁄  and 

the matrix Q is defined as follows : 

𝑄 =  (𝑄1, 𝑄2 ,𝑄3 ,𝑄4 ,𝑄5 , 𝑄6 , 𝑄7 ,𝑄8, 𝑄9, 𝑄10, 𝑄11, 𝑄12, 𝑄13, 𝑄14, 𝑄15, 𝑄16), 

is also an 16𝑝𝑛 × 16𝑝𝑛 matrix over 𝔽𝑞 and each 𝑄𝑖  for 𝑖 = 1,2, … , 16 is a 16𝑝𝑛 × 𝑝𝑛 matrix over 𝔽𝑞, which are given as follows : 

We take  𝑋1 = √−(2 + 𝑘√2 + √2) , 𝑋2 = √−(2 + 𝑘√2 − √2) , 𝑌1 = √2 + √2 , , 𝑌2 = √2 − √2 in each of the following 

matrices. 

 

{𝑄𝑡}𝑗
𝑘 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(−1)𝑢𝛼−16𝑢 ⋯ (−1)𝑢𝛼−16𝑢(𝑝
𝑛−1)

0 ⋯ 0

(−1)𝑢𝛼−(16𝑢+2)0

(−1)𝑢+𝑗𝑋1𝛼
−(16𝑢+3)0

(−1)𝑢+1(1 + 𝑘, 𝑌1)𝛼
−(16𝑢+4)0

(−1)𝑢+𝑗+1𝑘, 𝑌1𝑋1𝛼
−(16𝑢+5)0

(−1)𝑢(1 + √2 + 𝑘, 𝑌1)𝛼
−(16𝑢+6)0

(−1)𝑢+𝑗(1 + √2)𝑋1𝛼
−(16𝑢+7)0

(−1)𝑢+1 (1 + √2(1 + 𝑘, 𝑌1)) 𝛼
−(16𝑢+8)0

(−1)𝑢+𝑗+1𝑘√2, 𝑌1𝑋1𝛼
−(16𝑢+9)0

(−1)𝑢 (1 + √2(1 + 𝑘𝑌1)) 𝛼
−(16𝑢+10)0

(−1)𝑢+𝑗(1 + √2)𝑋1𝛼
−(16𝑢+11)0

(−1)𝑢+1(1 + √2 + 𝑘𝑌1)𝛼
−(16𝑢+12)0

(−1)𝑢+𝑗+1𝑘𝑌1𝑋1𝛼
−(16𝑢+13)0

(−1)𝑢(1 + 𝑘𝑌1)𝛼
−(16𝑢+14)0

(−1)𝑢+𝑗𝑋1𝛼
−(16𝑢+15)0

⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯

(−1)𝑢𝛼−(16𝑢+2)(𝑝
𝑛−1)

(−1)𝑢+𝑗𝑋1𝛼
−(16𝑢+3)(𝑝𝑛−1)

(−1)𝑢+1(1 + 𝑘, 𝑌1)𝛼
−(16𝑢+4)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘, 𝑌1𝑋1𝛼
−(16𝑢+5)(𝑝𝑛−1)

(−1)𝑢(1 + √2 + 𝑘, 𝑌1)𝛼
−(16𝑢+6)(𝑝𝑛−1)

(−1)𝑢+𝑗(1 + √2)𝑋1𝛼
−(16𝑢+7)(𝑝𝑛−1)

(−1)𝑢+1 (1 + √2(1 + 𝑘, 𝑌1)) 𝛼
−(16𝑢+8)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘√2, 𝑌1𝑋1𝛼
−(16𝑢+9)(𝑝𝑛−1)

(−1)𝑢 (1 + √2(1 + 𝑘𝑌1)) 𝛼
−(16𝑢+10)(𝑝𝑛−1)

(−1)𝑢+𝑗(1 + √2 +)𝑋1𝛼
−(16𝑢+11)(𝑝𝑛−1)

(−1)𝑢+1(1 + √2 + 𝑘𝑌1)𝛼
−(16𝑢+12)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘𝑌1𝑋1𝛼
−(16𝑢+13)(𝑝𝑛−1)

(−1)𝑢(1 + 𝑘𝑌1)𝛼
−(16𝑢+14)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑋1𝛼
−(16𝑢+15)(𝑝𝑛−1) )
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t 1 3 5 7 

J 0 1 0 1 

K -1 -1 1 1 

 

{𝑄𝑡}𝑗
𝑘 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 ⋯ 0
(−1)𝑢𝛼−16𝑢.0 ⋯ (−1)𝑢𝛼−16𝑢(𝑝

𝑛−1)

(−1)𝑢+𝑗𝑋1𝛼
−(16𝑢+1)0

(−1)𝑢+1(1 + 𝑘𝑌1)𝛼
−(16𝑢+2)0

(−1)𝑢+𝑗+1𝑘𝑌1𝑋1𝛼
−(16𝑢+3)0

(−1)𝑢(1 + √2 + 𝑘𝑌1)𝛼
−(16𝑢+4)0

(−1)𝑢+𝑗(1 + √2)𝑋1𝛼
−(16𝑢+5)0

(−1)𝑢+1 (1 + √2(1 + 𝑘𝑌1)) 𝛼
−(16𝑢+6)0

(−1)𝑢+𝑗+1𝑘√2𝑌1𝑋1𝛼
−(16𝑢+7)0

(−1)𝑢 (1 + √2(1 + 𝑘𝑌1)) 𝛼
−(16𝑢+8)0

(−1)𝑢+𝑗(1 + √2)𝑋1𝛼
−(16𝑢+9)0

(−1)𝑢+1(1 + √2 + 𝑘𝑌1)𝛼
−(16𝑢+10)0

(−1)𝑢+𝑗+1𝑘𝑌1𝑋1𝛼
−(16𝑢+11)0

(−1)𝑢(1 + 𝑘𝑌1)𝛼
−(16𝑢+12)0

(−1)𝑢+𝑗𝑋1𝛼
−(16𝑢+13)0

(−1)𝑢+1𝛼−(16𝑢+14)0

⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯

(−1)𝑢+𝑗𝑋1𝛼
−(16𝑢+1)(𝑝𝑛−1)

(−1)𝑢+1(1 + 𝑘𝑌1)𝛼
−(16𝑢+2)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘𝑌1𝑋1𝛼
−(16𝑢+3)(𝑝𝑛−1)

(−1)𝑢(1 + √2 + 𝑘𝑌1)𝛼
−(16𝑢+4)(𝑝𝑛−1)

(−1)𝑢+𝑗(1 + √2)𝑋1𝛼
−(16𝑢+5)(𝑝𝑛−1)

(−1)𝑢+1 (1 + √2(1 + 𝑘𝑌1)) 𝛼
−(16𝑢+6)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘√2𝑌1𝑋1𝛼
−(16𝑢+7)(𝑝𝑛−1)

(−1)𝑢 (1 + √2(1 + 𝑘𝑌1)) 𝛼
−(16𝑢+8)(𝑝𝑛−1)

(−1)𝑢+𝑗(1 + √2)𝑋1𝛼
−(16𝑢+9)(𝑝𝑛−1)

(−1)𝑢+1(1 + √2 + 𝑘𝑌1)𝛼
−(16𝑢+10)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑌1𝑋1𝛼
−(16𝑢+11)(𝑝𝑛−1)

(−1)𝑢(1 + 𝑘𝑌1)𝛼
−(16𝑢+12)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑋1𝛼
−(16𝑢+13)(𝑝𝑛−1)

(−1)𝑢+1𝛼−(16𝑢+14)(𝑝
𝑛−1) )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

where t, j, k varies defined as follows: 

t 2 4 6 8 

j 0 1 0 1 

k -1 -1 1 1 

 

 {𝑄𝑡}𝑗
𝑘 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(−1)𝑢𝛼−16𝑢 ⋯ (−1)𝑢𝛼−16𝑢(𝑝
𝑛−1)

0 ⋯ 0

(−1)𝑢𝛼−(16𝑢+2)0

(−1)𝑢+𝑗𝑋2𝛼
−(16𝑢+3)0

(−1)𝑢+1(1 + 𝑘𝑌2)𝛼
−(16𝑢+4)0

(−1)𝑢+𝑗+1𝑘𝑌2𝑋2𝛼
−(16𝑢+5)0

(−1)𝑢(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+6)0

(−1)𝑢+𝑗(1 − √2)𝑋2𝛼
−(16𝑢+7)0

(−1)𝑢+1 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+8)0

(−1)𝑢+𝑗+1𝑘√2𝑌2𝑋2𝛼
−(16𝑢+9)0

(−1)𝑢 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+10)0

(−1)𝑢+𝑗(1 − √2)𝑋2𝛼
−(16𝑢+11)0

(−1)𝑢+1(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+12)0

(−1)𝑢+𝑗+1𝑘𝑌2𝑋2𝛼
−(16𝑢+13)0

(−1)𝑢(1 + 𝑘𝑌2)𝛼
−(16𝑢+14)0

(−1)𝑢+𝑗𝑋2𝛼
−(16𝑢+15)0

⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯

(−1)𝑢𝛼−(16𝑢+2)(𝑝
𝑛−1)

(−1)𝑢+𝑗𝑋2𝛼
−(16𝑢+3)(𝑝𝑛−1)

(−1)𝑢+1(1 + 𝑘𝑌2)𝛼
−(16𝑢+4)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘𝑌2𝑋2𝛼
−(16𝑢+5)(𝑝𝑛−1)

(−1)𝑢(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+6)(𝑝𝑛−1)

(−1)𝑢+𝑗(1 − √2)𝑋2𝛼
−(16𝑢+7)(𝑝𝑛−1)

(−1)𝑢+1 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+8)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘√2𝑌2𝑋2𝛼
−(16𝑢+9)(𝑝𝑛−1)

(−1)𝑢 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+10)(𝑝𝑛−1)

(−1)𝑢+𝑗(1 − √2)𝑋2𝛼
−(16𝑢+11)(𝑝𝑛−1)

(−1)𝑢+1(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+12)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑌2𝑋2𝛼
−(16𝑢+13)(𝑝𝑛−1)

(−1)𝑢(1 + 𝑘𝑌2)𝛼
−(16𝑢+14)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑋2𝛼
−(16𝑢+15)(𝑝𝑛−1) )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Where 𝑡, 𝑗, 𝑘 varies as below table: 

t 9 11 13 15 

j 0 1 0 1 

k -1 -1 1 1 
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{𝑄𝑡}𝑗
𝑘 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 ⋯ 0
(−1)𝑢𝛼−16𝑢.0 ⋯ (−1)𝑢𝛼−16𝑢(𝑝

𝑛−1)

(−1)𝑢+𝑗𝑋2𝛼
−(16𝑢+1)0

(−1)𝑢+1(1 + 𝑘𝑌2)𝛼
−(16𝑢+2)0

(−1)𝑢+𝑗+1𝑘𝑌2𝑋2𝛼
−(16𝑢+3)0

(−1)𝑢(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+4)0

(−1)𝑢+𝑗(1 − √2)𝑋2𝛼
−(16𝑢+5)0

(−1)𝑢+1 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+6)0

(−1)𝑢+𝑗+1𝑘√2𝑌2𝑋2𝛼
−(16𝑢+7)0

(−1)𝑢 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+8)0

(−1)𝑢+𝑗(1 − √2)𝑋2𝛼
−(16𝑢+9)0

(−1)𝑢+1(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+10)0

(−1)𝑢+𝑗+1𝑘𝑌2𝑋2𝛼
−(16𝑢+11)0

(−1)𝑢(1 + 𝑘𝑌2)𝛼
−(16𝑢+12)0

(−1)𝑢+𝑗𝑋2𝛼
−(16𝑢+13)0

(−1)𝑢+1𝛼−(16𝑢+14)0

⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯

(−1)𝑢+𝑗𝑋2𝛼
−(16𝑢+1)(𝑝𝑛−1)

(−1)𝑢+1(1 + 𝑘𝑌2)𝛼
−(16𝑢+2)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘𝑌2𝑋2𝛼
−(16𝑢+3)(𝑝𝑛−1)

(−1)𝑢(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+4)(𝑝𝑛−1)

(−1)𝑢+𝑗(−1)𝑢+𝑗(1 − √2)𝑋2𝛼
−(16𝑢+5)(𝑝𝑛−1)

(−1)𝑢+1 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+6)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘√2𝑌2𝑋2𝛼
−(16𝑢+7)(𝑝𝑛−1)

(−1)𝑢 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+8)(𝑝𝑛−1)

(−1)𝑢+𝑗(1 − √2)𝑋2𝛼
−(16𝑢+9)(𝑝𝑛−1)

(−1)𝑢+1(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+10)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘𝑌2𝛼
−(16𝑢+11)(𝑝𝑛−1)

(−1)𝑢(1 + 𝑘𝑌2)𝛼
−(16𝑢+12)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑋2𝛼
−(16𝑢+13)(𝑝𝑛−1)

(−1)𝑢+1𝛼−(16𝑢+14)(𝑝
𝑛−1) )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Where 𝑡, 𝑗, 𝑘 varies as below table: 

t 10 12 14 16 

j 0 1 0 1 

k -1 -1 1 1 

 

Set a matrix  𝑇 =
1

8𝑝𝑛
[
𝑇1
⋮
𝑇16

] of order 16𝑝𝑛 × 16𝑝𝑛 over 𝔽𝑞, where 𝑇1 , 𝑇2, … , 𝑇16 are  matrices of order 𝑝𝑛 × 16𝑝𝑛  and transpose 𝑇𝑖
′ 

of each matrix 𝑇𝑖  for 𝑖 = 1, 2, … , 16 is given as  follows : 

  

{𝑇′𝑡}𝑗
𝑘 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(−1)𝑢𝛼−16𝑢 ⋯ (−1)𝑢𝛼−16𝑢(𝑝
𝑛−1)

0 ⋯ 0

(−1)𝑢+1𝛼−(16𝑢+2)0

(−1)𝑢+𝑗𝑋1𝛼
−(16𝑢+3)0

(−1)𝑢(1 + 𝑘𝑌1)𝛼
−(16𝑢+4)0

(−1)𝑢+𝑗+1𝑘𝑌1𝑋1𝛼
−(16𝑢+5)0

(−1)𝑢+1(1 + √2 + 𝑘𝑌1)𝛼
−(16𝑢+6)0

(−1)𝑢+𝑗(1 + √2)𝑋1𝛼
−(16𝑢+7)0

(−1)𝑢 (1 + √2(1 + 𝑘𝑌1)) 𝛼
−(16𝑢+8)0

(−1)𝑢+𝑗𝑘√2𝑌1𝑋1𝛼
−(16𝑢+9)0

(−1)𝑢 (1 + √2(1 + 𝑘𝑌1)) 𝛼
−(16𝑢+10)0

(−1)𝑢+𝑗+1(1 + √2)𝑋1𝛼
−(16𝑢+11)0

(−1)𝑢+1(1 + √2 + 𝑘𝑌1)𝛼
−(16𝑢+12)0

(−1)𝑢+𝑗𝑘𝑌1𝑋1𝛼
−(16𝑢+13)0

(−1)𝑢(1 + 𝑘𝑌1)𝛼
−(16𝑢+14)0

(−1)𝑢+𝑗+1𝑋1𝛼
−(16𝑢+15)0

⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯

(−1)𝑢+1𝛼−(16𝑢+2)(𝑝
𝑛−1)

(−1)𝑢+𝑗𝑋1𝛼
−(16𝑢+3)(𝑝𝑛−1)

(−1)𝑢+1(1 + 𝑘𝑌1)𝛼
−(16𝑢+4)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘𝑌1𝑋1𝛼
−(16𝑢+5)(𝑝𝑛−1)

(−1)𝑢+1(1 + √2 + 𝑘𝑌1)𝛼
−(16𝑢+6)(𝑝𝑛−1)

(−1)𝑢+𝑗(1 + √2)𝑋1𝛼
−(16𝑢+7)(𝑝𝑛−1)

(−1)𝑢 (1 + √2(1 + 𝑘𝑌1)) 𝛼
−(16𝑢+8)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑘√2𝑌1𝑋1𝛼
−(16𝑢+9)(𝑝𝑛−1)

(−1)𝑢 (1 + √2(1 + 𝑘𝑌1)) 𝛼
−(16𝑢+10)(𝑝𝑛−1)

(−1)𝑢+𝑗+1(1 + √2)𝑋1𝛼
−(16𝑢+11)(𝑝𝑛−1)

(−1)𝑢+1(1 + √2 + 𝑘𝑌1)𝛼
−(16𝑢+12)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑘𝑌1𝑋1𝛼
−(16𝑢+13)(𝑝𝑛−1)

(−1)𝑢(1 + 𝑘𝑌1)𝛼
−(16𝑢+14)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑋1𝛼
−(16𝑢+15)(𝑝𝑛−1) )
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Where 𝑡, 𝑗, 𝑘 varies as below table:  

t 1 3 5 7 

j 0 1 0 1 

k -1 -1 1 1 

 

{𝑇′𝑡}𝑗
𝑘 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 ⋯ 0
(−1)𝑢𝛼−16𝑢.0 ⋯ (−1)𝑢𝛼−16𝑢(𝑝

𝑛−1)

(−1)𝑢+𝑗+1𝑋1𝛼
−(16𝑢+1)0

(−1)𝑢+1(1 + 𝑘𝑌1)𝛼
−(16𝑢+2)0

(−1)𝑢+𝑗𝑘𝑌1𝑋1𝛼
−(16𝑢+3)0

(−1)𝑢(1 + √2 + 𝑘𝑌1)𝛼
−(16𝑢+4)0

(−1)𝑢+𝑗+1(1 + √2)𝑋1𝛼
−(16𝑢+5)0

(−1)𝑢+1 (1 + √2(1 + 𝑘𝑌1)) 𝛼
−(16𝑢+6)0

(−1)𝑢+𝑗𝑘√2𝑌1𝑋1𝛼
−(16𝑢+7)0

(−1)𝑢+1 (1 + √2(1 + 𝑘𝑌1)) 𝛼
−(16𝑢+8)0

(−1)𝑢+𝑗(1 + √2)𝑋1𝛼
−(16𝑢+9)0

(−1)𝑢(1 + √2 + 𝑘𝑌1)𝛼
−(16𝑢+10)0

(−1)𝑢+𝑗𝑌1𝑋1𝛼
−(16𝑢+11)0

(−1)𝑢+1(1 + 𝑘𝑌1)𝛼
−(16𝑢+12)0

(−1)𝑢+𝑗𝑋1𝛼
−(16𝑢+13)0

(−1)𝑢𝛼−(16𝑢+14)0

⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯

(−1)𝑢+𝑗+1𝑋1𝛼
−(16𝑢+1)(𝑝𝑛−1)

(−1)𝑢+1(1 + 𝑘𝑌1)𝛼
−(16𝑢+2)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑘𝑌1𝑋1𝛼
−(16𝑢+3)(𝑝𝑛−1)

(−1)𝑢(1 + √2 + 𝑘𝑌1)𝛼
−(16𝑢+4)(𝑝𝑛−1)

(−1)𝑢+𝑗+1(1 + √2)𝑋1𝛼
−(16𝑢+5)(𝑝𝑛−1)

(−1)𝑢+1 (1 + √2(1 + 𝑘𝑌1)) 𝛼
−(16𝑢+6)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑘√2𝑌1𝑋1𝛼
−(16𝑢+7)(𝑝𝑛−1)

(−1)𝑢+1 (1 + √2(1 + 𝑘𝑌1)) 𝛼
−(16𝑢+8)(𝑝𝑛−1)

(−1)𝑢+𝑗(1 + √2)𝑋1𝛼
−(16𝑢+9)(𝑝𝑛−1)

(−1)𝑢(1 + √2 + 𝑘𝑌1)𝛼
−(16𝑢+10)(𝑝𝑛−1)

(−1)𝑢+𝑗√2 + √2𝑋1𝛼
−(16𝑢+11)(𝑝𝑛−1)

(−1)𝑢+1(1 + 𝑘𝑌1)𝛼
−(16𝑢+12)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑋1𝛼
−(16𝑢+13)(𝑝𝑛−1)

(−1)𝑢𝛼−(16𝑢+14)(𝑝
𝑛−1) )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Where 𝑡, 𝑗, 𝑘 varies as below table: 

t 2 4 6 8 

j 0 1 0 1 

k -1 -1 1 1 

 

{𝑇′𝑡}𝑗
𝑘 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(−1)𝑢𝛼−16𝑢 ⋯ (−1)𝑢𝛼−16𝑢(𝑝
𝑛−1)

0 ⋯ 0

(−1)𝑢+1𝛼−(16𝑢+2)0

(−1)𝑢+𝑗𝑋2𝛼
−(16𝑢+3)0

(−1)𝑢(1 + 𝑘𝑌2)𝛼
−(16𝑢+4)0

(−1)𝑢+𝑗+1𝑘𝑌2𝑋2𝛼
−(16𝑢+5)0

(−1)𝑢+1(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+6)0

(−1)𝑢+𝑗(1 − √2)𝑋2𝛼
−(16𝑢+7)0

(−1)𝑢 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+8)0

(−1)𝑢+1√2𝑌2𝑋2𝛼
−(16𝑢+9)0

(−1)𝑢 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+10)0

(−1)𝑢+𝑗+1(1 − √2)𝑋2𝛼
−(16𝑢+11)0

(−1)𝑢+1(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+12)0

(−1)𝑢+𝑗𝑘𝑌2𝑋2𝛼
−(16𝑢+13)0

(−1)𝑢(1 + 𝑘𝑌2)𝛼
−(16𝑢+14)0

(−1)𝑢+𝑗+1𝑋2𝛼
−(16𝑢+15)0

⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯

(−1)𝑢+1𝛼−(16𝑢+2)(𝑝
𝑛−1)

(−1)𝑢+𝑗𝑋2𝛼
−(16𝑢+3)(𝑝𝑛−1)

(−1)𝑢(1 + 𝑘𝑌2)𝛼
−(16𝑢+4)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘𝑌2𝑋2𝛼
−(16𝑢+5)(𝑝𝑛−1)

(−1)𝑢+1(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+6)(𝑝𝑛−1)

(−1)𝑢+𝑗(1 − √2)𝑋2𝛼
−(16𝑢+7)(𝑝𝑛−1)

(−1)𝑢 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+8)(𝑝𝑛−1)

(−1)𝑢+1√2𝑌2𝑋2𝛼
−(16𝑢+9)(𝑝𝑛−1)

(−1)𝑢 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+10)(𝑝𝑛−1)

(−1)𝑢+𝑗+1(1 − √2)𝑋2𝛼
−(16𝑢+11)(𝑝𝑛−1)

(−1)𝑢+1(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+12)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑘𝑌2𝑋2𝛼
−(16𝑢+13)(𝑝𝑛−1)

(−1)𝑢(1 + 𝑘𝑌2)𝛼
−(16𝑢+14)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑋2𝛼
−(16𝑢+15)(𝑝𝑛−1) )
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Where 𝑡, 𝑗,k varies as below table: 

t 9 11 13 15 

j 0 1 0 1 

k -1 -1 1 1 

{𝑇′𝑡}𝑗
𝑘 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 ⋯ 0
(−1)𝑢𝛼−16𝑢.0 ⋯ (−1)𝑢𝛼−16𝑢(𝑝

𝑛−1)

(−1)𝑢+𝑗+1𝑋2𝛼
−(16𝑢+1)0

(−1)𝑢+1(1 + 𝑘𝑌2)𝛼
−(16𝑢+2)0

(−1)𝑢+𝑗𝑌2𝑋2𝛼
−(16𝑢+3)0

(−1)𝑢(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+4)0

(−1)𝑢+𝑗+1(1 − √2)𝑋2𝛼
−(16𝑢+5)0

(−1)𝑢+1 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+6)0

(−1)𝑢+𝑗+1𝑘√2𝑌2𝑋2𝛼
−(16𝑢+7)0

(−1)𝑢+1 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+8)0

(−1)𝑢+𝑗(1 − √2)𝑋2𝛼
−(16𝑢+9)0

(−1)𝑢(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+10)0

(−1)𝑢+𝑗+1𝑘𝑌2𝑋2𝛼
−(16𝑢+11)0

(−1)𝑢+1(1 + 𝑘𝑌2)𝛼
−(16𝑢+12)0

(−1)𝑢+𝑗𝑋2𝛼
−(16𝑢+13)0

(−1)𝑢𝛼−(16𝑢+14)0

⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯

(−1)𝑢+𝑗+1𝑋2𝛼
−(16𝑢+1)(𝑝𝑛−1)

(−1)𝑢+1(1 + 𝑘𝑌2)𝛼
−(16𝑢+2)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑌2𝑋2𝛼
−(16𝑢+3)(𝑝𝑛−1)

(−1)𝑢(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+4)(𝑝𝑛−1)

(−1)𝑢+𝑗+1(1 − √2)𝑋2𝛼
−(16𝑢+5)(𝑝𝑛−1)

(−1)𝑢+1 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+6)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘√2𝑌2𝑋2𝛼
−(16𝑢+7)(𝑝𝑛−1)

(−1)𝑢+1 (1 − √2(1 + 𝑘𝑌2)) 𝛼
−(16𝑢+8)(𝑝𝑛−1)

(−1)𝑢+𝑗(1 − √2)𝑋2𝛼
−(16𝑢+9)(𝑝𝑛−1)

(−1)𝑢(1 − √2 + 𝑘𝑌2)𝛼
−(16𝑢+10)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘𝑌2𝑋2𝛼
−(16𝑢+11)(𝑝𝑛−1)

(−1)𝑢+1(1 + 𝑘𝑌2)𝛼
−(16𝑢+12)(𝑝𝑛−1)

(−1)𝑢+𝑗𝛼−(16𝑢+13)(𝑝
𝑛−1)

(−1)𝑢𝛼−(16𝑢+14)(𝑝
𝑛−1) )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Where 𝑡, 𝑗,k varies as below table: 

t 10 12 14 16 

j 0 1 0 1 

k -1 -1 1 1 

 

 Therefore we have 𝑄 𝑇 =𝐾(𝑠𝑎𝑦) a 16𝑝𝑛 × 16𝑝𝑛 matrix such that  𝑄 𝑇 = (𝑑𝑖𝑗) 𝑓𝑜𝑟 𝑖, 𝑗 = 0, 1, … , 16𝑝
𝑛 −  1,where 𝑑𝑖𝑗 = 1, if 𝑖 =

𝑗 and 𝑑𝑖𝑗 = 1 𝑜𝑟 − 1, if 𝑖 ≠ 𝑗. To solve it easily, taking 𝑛 even and 16𝑢 ≡ 16𝑢′ + 8(𝑚𝑜𝑑𝑝𝑛) we have 𝑄 𝑇 = (
𝐴 −𝐵
𝐵 𝐴

), where A, 

B are two elementary matrices of order 8𝑝𝑛 × 8𝑝𝑛 as follows: 

𝐴 =

(

 
 
 
 
 

⋯ 1 0 0 0 0 0 0 0 ⋯
⋯ 0 1 0 0 0 0 0 0 ⋯
⋯
⋯
⋯
⋯
⋯
⋯

0
0
0
0
0
0

0
0
0
0
0
0

1
0
0
0
0
0

0
1
0
0
0
0

0
0
1
0
0
0

0
0
0
1
0
0

0
0
0
0
1
0

0
0
0
0
0
1

⋯
⋯
⋯
⋯
⋯
⋯)

 
 
 
 
 

 , B = 

(

 
 
 
 
 

⋯ −1 0 0 0 0 0 0 0 ⋯
⋯ 0 1 0 0 0 0 0 0 ⋯
⋯ 0 0 1 0 0 0 0 0 ⋯
⋯ 0 0 0 1 0 0 0 0 ⋯
⋯ 0 0 0 0 1 0 0 0 ⋯
⋯ 0 0 0 0 0 −1 0 0 ⋯
⋯ 0 0 0 0 0 0 −1 0 ⋯
⋯ 0 0 0 0 0 0 0 −1 ⋯)

 
 
 
 
 

 

Now  𝐾−1 =
1

2
(
𝐴 𝐵
−𝐵 𝐴

). Hence 𝑄−1 =
1

2
𝑇 (

𝐴 𝐵
−𝐵 𝐴

) =
1

8𝑝𝑛
[
𝑀1
⋮
𝑀16

], where 𝑀𝑖 for 𝑖 = 1, 2, … , 16 

are  𝑝𝑛 × 16𝑝𝑛 matrices. Here transposes 𝑀𝑖
′ of each matrix 𝑀𝑖, 𝑖 = 1, 2, … , 16 are given as follows:  
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{𝑀𝑡
′}𝑗
𝑘 =

1

2

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(−1)𝑢 (2 + √2(1 + 𝑘𝑌1)) 𝛼
16𝑢.0 ⋯ (−1)𝑢 (2 + √2(1 + 𝑘𝑌1)) 𝛼

16𝑢(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘√2𝑌1𝑋1𝛼
(16𝑢+1)0 ⋯ (−1)𝑢+𝑗+1𝑘√2𝑌1𝑋1𝛼

(16𝑢+1)(𝑝𝑛−1)

(−1)𝑢+1 (2 + √2(1 + 𝑘𝑌1)) 𝛼
(16𝑢+2)0

(−1)𝑢+𝑗(2 + √2)𝑋1𝛼
(16𝑢+3)0

(−1)𝑢 (√2 + 2(1 + 𝑘𝑌1)) 𝛼
(16𝑢+4)0

0

(−1)𝑢+1√2 𝛼(16𝑢+6)0

(−1)𝑢+𝑗√2𝑋1𝛼
(16𝑢+7)0

(−1)𝑢√2(1 + 𝑘𝑌1) 𝛼
(16𝑢)0

(−1)𝑢+𝑗𝑘√2𝑌1𝑋1𝛼
(16𝑢+1)0

(−1)𝑢√2(1 + 𝑘𝑌1)𝛼
(16𝑢+2)0

(−1)𝑢+𝑗+1√2𝑋1𝛼
(16𝑢+3)0

(−1)𝑢+1√2𝛼(16𝑢+4)0

(−1)𝑢+𝑗2𝑘𝑌1𝑋1𝛼
(16𝑢+5)0

(−1)𝑢 (√2 + 2(1 + 𝑘𝑌1)) 𝛼
(16𝑢+6)0

(−1)𝑢+𝑗+1(2 + √2)𝑋1𝛼
(16𝑢+7)0

⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯

(−1)𝑢+1 (2 + √2(1 + 𝑘𝑌1)) 𝛼
(16𝑢+2)(𝑝𝑛−1)

(−1)𝑢+𝑗(2 + √2)𝑋1𝛼
(16𝑢+3)(𝑝𝑛−1)

(−1)𝑢 (√2 + 2(1 + 𝑘𝑌1)) 𝛼
(16𝑢+4)(𝑝𝑛−1)

0

(−1)𝑢+1√2 𝛼(16𝑢+6)(𝑝
𝑛−1)

(−1)𝑢+𝑗√2𝑋1𝛼
(16𝑢+7)(𝑝𝑛−1)

(−1)𝑢√2(1 + 𝑘𝑌1) 𝛼
(16𝑢)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑘√2𝑌1𝑋1𝛼
(16𝑢+1)(𝑝𝑛−1)

(−1)𝑢√2(1 + 𝑘𝑌1)𝛼
(16𝑢+2)(𝑝𝑛−1)

(−1)𝑢+𝑗+1√2𝑋1𝛼
(16𝑢+3)(𝑝𝑛−1)

(−1)𝑢+1√2𝛼(16𝑢+4)(𝑝
𝑛−1)

(−1)𝑢+𝑗𝑘2𝑌1𝑋1𝛼
(16𝑢+5)(𝑝𝑛−1)

(−1)𝑢 (√2 + 2(1 + 𝑘𝑌1)) 𝛼
(16𝑢+6)(𝑝𝑛−1)

(−1)𝑢+𝑗+1(2 + √2)𝑋1𝛼
(16𝑢+7)(𝑝𝑛−1) )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Where 𝑡, 𝑗,k varies as below table: 

t 1 3 5 7 

j 0 1 0 1 

k -1 -1 1 1 

 

{𝑀𝑡
′}𝑗
𝑘 =

1

2

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(−1)𝑢+1𝑘√2𝑌1𝑋1𝛼
(16𝑢+7)0 ⋯ (−1)𝑢+1𝑘√2𝑌1𝑋1𝛼

(16𝑢+7)(𝑝𝑛−1)

(−1)𝑢 (2 + √2(1 + 𝑘𝑌1)) 𝛼
16𝑢.0 ⋯ (−1)𝑢 (2 + √2(1 + 𝑘𝑌1)) 𝛼

16𝑢.(𝑝𝑛−1)

(−1)𝑢+𝑗+1(2 + √2)𝑋1𝛼
(16𝑢+1)0

(−1)𝑢+1 (√2 + 2(1 + 𝑘𝑌1)) 𝛼
(16𝑢+2)0

(−1)𝑢+𝑗𝑘2𝑌1𝑋1𝛼
(16𝑢+3)0

(−1)𝑢√2 𝛼(16𝑢+4)0

(−1)𝑢+𝑗+1√2𝑋1𝛼
(16𝑢+5)0

(−1)𝑢+1√2(1 + 𝑘𝑌1)𝛼
(16𝑢+6)0

(−1)𝑢+𝑗𝑘√2𝑌1𝑋1𝛼
(16𝑢+7)0

(−1)𝑢+1√2(1 + 𝑘𝑌1) 𝛼
16𝑢.0

(−1)𝑢+𝑗√2𝑋1𝛼
(16𝑢+1)0

(−1)𝑢√2 𝛼(16𝑢+2)0

0

(−1)𝑢+1 (√2 + 2(1 + 𝑘𝑌1)) 𝛼
(16𝑢+4)0

(−1)𝑢+𝑗(2 + √2)𝑋1𝛼
(16𝑢+5)0

(−1)𝑢 (2 + √2(1 + 𝑘𝑌1)) 𝛼
(16𝑢+6)0

⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯

(−1)𝑢+𝑗+1(2 + √2)𝑋1𝛼
(16𝑢+1)(𝑝𝑛−1)

(−1)𝑢+1 (√2 + 2(1 + 𝑘𝑌1)) 𝛼
(16𝑢+2)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑘2𝑌1𝑋1𝛼
(16𝑢+3)(𝑝𝑛−1)

(−1)𝑢√2 𝛼(16𝑢+4)(𝑝
𝑛−1)

(−1)𝑢+𝑗+1√2𝑋1𝛼
(16𝑢+5)(𝑝𝑛−1)

(−1)𝑢+1√2(1 + 𝑘𝑌1)𝛼
(16𝑢+6)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑘√2𝑌1𝑋1𝛼
(16𝑢+7)(𝑝𝑛−1)

(−1)𝑢+1√2(1 + 𝑘𝑌1)𝛼
16𝑢.(𝑝𝑛−1)

(−1)𝑢+𝑗√2𝑋1𝛼
(16𝑢+1)(𝑝𝑛−1)

(−1)𝑢√2 𝛼(16𝑢+2)(𝑝
𝑛−1)

0

(−1)𝑢+1 (√2 + 2(1 + 𝑘𝑌1)) 𝛼
(16𝑢+4)(𝑝𝑛−1)

(−1)𝑢+𝑗(2 + √2)𝑋1𝛼
(16𝑢+5)(𝑝𝑛−1)

(−1)𝑢 (2 + √2(1 + 𝑘𝑌1)) 𝛼
(16𝑢+6)(𝑝𝑛−1)

)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Where 𝑡, 𝑗,k varies as below table: 

t 2 4 6 8 

j 0 1 0 1 

k -1 -1 1 1 
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{𝑀𝑡
′}𝑗
𝑘 =

1

2

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(−1)𝑢 (2 − √2(1 + 𝑘𝑌2)) 𝛼
16𝑢.0 ⋯ (−1)𝑢 (2 − √2(1 + 𝑘𝑌2)) 𝛼

16𝑢(𝑝𝑛−1)

(−1)𝑢+𝑗𝑘√2𝑌2𝑋2𝛼
(16𝑢+1)0 ⋯ (−1)𝑢+𝑗𝑘√2𝑌2𝑋2𝛼

(16𝑢+1)(𝑝𝑛−1)

(−1)𝑢+1 (2 − √2(1 + 𝑘𝑌2)) 𝛼
(16𝑢+2)0

(−1)𝑢+𝑗(2 − √2)𝑋2𝛼
(16𝑢+3)0

(−1)𝑢+1 (√2 − 2(1 + 𝑘𝑌2)) 𝛼
(16𝑢+4)0

0

(−1)𝑢√2 𝛼(16𝑢+6)0

(−1)𝑢+𝑗+1√2𝑋2𝛼
(16𝑢+7)0

(−1)𝑢+1√2(1 + 𝑘𝑌2) 𝛼
(16𝑢)0

(−1)𝑢+𝑗+1𝑘√2𝑌2𝑋2𝛼
(16𝑢+1)0

(−1)𝑢+1√2(1 + 𝑘𝑌2)𝛼
(16𝑢+2)0

(−1)𝑢+𝑗√2𝑋2𝛼
(16𝑢+3)0

(−1)𝑢√2 𝛼(16𝑢+4)0

(−1)𝑢+𝑗𝑘2𝑌2𝑋2𝛼
(16𝑢+5)0

(−1)𝑢+1 (√2 − 2(1 + 𝑘𝑌2)) 𝛼
(16𝑢+6)0

(−1)𝑢+𝑗+1(2 − √2)𝑋2𝛼
(16𝑢+7)0

⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯

(−1)𝑢+1 (2 − √2(1 + 𝑘𝑌2)) 𝛼
(16𝑢+2)(𝑝𝑛−1)

(−1)𝑢+𝑗(2 − √2)𝑋2𝛼
(16𝑢+3)(𝑝𝑛−1)

(−1)𝑢+1 (√2 − 2(1 + 𝑘𝑌2)) 𝛼
(16𝑢+4)(𝑝𝑛−1)

0

(−1)𝑢√2 𝛼(16𝑢+6)(𝑝
𝑛−1)

(−1)𝑢+𝑗+1√2𝑋2𝛼
(16𝑢+7)(𝑝𝑛−1)

(−1)𝑢+1√2(1 + 𝑘𝑌2)𝛼
(16𝑢)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘√2𝑌2𝑋2𝛼
(16𝑢+1)(𝑝𝑛−1)

(−1)𝑢+1√2(1 + 𝑘𝑌2)𝛼
(16𝑢+2)(𝑝𝑛−1)

(−1)𝑢+𝑗√2𝑋2𝛼
(16𝑢+3)(𝑝𝑛−1)

(−1)𝑢√2𝛼(16𝑢+4)(𝑝
𝑛−1)

(−1)𝑢+𝑗𝑘 2𝑌2𝑋2𝛼
(16𝑢+5)(𝑝𝑛−1)

(−1)𝑢+1 (√2 − 2(1 + 𝑘𝑌2)) 𝛼
(16𝑢+6)(𝑝𝑛−1)

(−1)𝑢+𝑗+1(2 − √2)𝑋2𝛼
(16𝑢+7)(𝑝𝑛−1) )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Where 𝑡, 𝑗,k varies as below table: 

t 9 11 13 15 

j 0 1 0 1 

k -1 -1 1 1 

 

{𝑀𝑡
′}𝑗
𝑘 =

1

2

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(−1)𝑢+𝑗+1𝑘√2𝑌2𝑋2𝛼
(16𝑢+7)0 ⋯ (−1)𝑢+𝑗+1𝑘√2𝑌2𝑋2𝛼

(16𝑢+7)(𝑝𝑛−1)

(−1)𝑢 (2 − √2(1 + 𝑘𝑌2)) 𝛼
16𝑢.0 ⋯ (−1)𝑢 (2 − √2(1 + 𝑘𝑌2)) 𝛼

16𝑢.(𝑝𝑛−1)

(−1)𝑢+𝑗+1(2 − √2)𝑋2𝛼
(16𝑢+1)0

(−1)𝑢 (√2 − 2(1 + 𝑘𝑌2)) 𝛼
(16𝑢+2)0

(−1)𝑢+𝑗𝑘2𝑌2𝑋2𝛼
(16𝑢+3)0

(−1)𝑢+1√2 𝛼(16𝑢+4)0

(−1)𝑢+𝑗√2𝑋2𝛼
(16𝑢+5)0

(−1)𝑢√2(1 + 𝑘𝑌2)𝛼
(16𝑢+6)0

(−1)𝑢+𝑗+1𝑘√2𝑌2𝑋2𝛼
(16𝑢+7)0

(−1)𝑢√2(1 + 𝑘𝑌2)𝛼
16𝑢.0

(−1)𝑢+𝑗+1√2𝑋2𝛼
(16𝑢+1)0

(−1)𝑢+1√2 𝛼(16𝑢+2)0

0

(−1)𝑢 (√2 − 2(1 + 𝑘𝑌2)) 𝛼
(16𝑢+4)0

(−1)𝑢+𝑗(2 − √2)𝑋2𝛼
(16𝑢+5)0

(−1)𝑢 (2 − √2(1 + 𝑘𝑌2)) 𝛼
(16𝑢+6)0

⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯
⋯

(−1)𝑢+𝑗+1(2 − √2)𝑋2𝛼
(16𝑢+1)(𝑝𝑛−1)

(−1)𝑢 (√2 − 2(1 + 𝑘𝑌2)) 𝛼
(16𝑢+2)(𝑝𝑛−1)

(−1)𝑢+𝑗𝑘2𝑌2𝑋2𝛼
(16𝑢+3)(𝑝𝑛−1)

(−1)𝑢+1√2 𝛼(16𝑢+4)(𝑝
𝑛−1)

(−1)𝑢+𝑗√2𝑋2𝛼
(16𝑢+5)(𝑝𝑛−1)

(−1)𝑢√2(1 + 𝑘𝑌2)𝛼
(16𝑢+6)(𝑝𝑛−1)

(−1)𝑢+𝑗+1𝑘√2𝑌2𝑋2𝛼
(16𝑢+7)(𝑝𝑛−1)

(−1)𝑢√2(1 + 𝑘𝑌2)𝛼
16𝑢.(𝑝𝑛−1)

(−1)𝑢+𝑗+1√2𝑋2𝛼
(16𝑢+1)(𝑝𝑛−1)

(−1)𝑢+1√2 𝛼(16𝑢+2)(𝑝
𝑛−1)

0

(−1)𝑢 (√2 − 2(1 + 𝑘𝑌2)) 𝛼
(16𝑢+4)(𝑝𝑛−1)

(−1)𝑢+𝑗(2 − √2)𝑋2𝛼
(16𝑢+5)(𝑝𝑛−1)

(−1)𝑢 (2 − √2(1 + 𝑘𝑌2)) 𝛼
(16𝑢+6)(𝑝𝑛−1)

)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Where 𝑡, 𝑗,k varies as below table: 

t 10 12 14 16 

j 0 1 0 1 

k -1 -1 1 1 
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Therefore, from (4.1) we have 𝑅−1 =
1

2
[𝑃
−1 𝑃−1

𝑆−1 −𝑆−1
]. Now using 𝔽𝑞- algebra isomorphism we have the primitive idempotents  

𝜙𝑗(𝑥) = ∑ 𝑎𝑖𝑥
𝑖32𝑝𝑛−1

𝑖=0  ; 𝑗 = 0, 1, 2, … , 9𝑝𝑛 − 1, 10𝑝𝑛 , …  , 15𝑝𝑛 − 1, 16𝑝𝑛 , …  ,17𝑝𝑛 − 1,… , 18𝑝𝑛 , …  ,19𝑝𝑛 −

1,20𝑝𝑛, …  ,31𝑝𝑛 − 1 in 𝔽𝑞[𝑥] 〈𝑥
32𝑃𝑛 − 1〉⁄  as follows:  

𝜓(𝜙𝑗(𝑥)) = 𝜓( ∑ 𝑎𝑖𝑥
𝑖

32𝑝𝑛−1

𝑖=0

) = (𝑎0, 𝑎1, … , 𝑎32𝑝𝑛−1)𝑃 = 𝑒𝑗 

(𝑎0, 𝑎1, … , 𝑎32𝑝𝑛−1) = 𝑒𝑗𝑃
−1 = 𝜗𝑗+1 

Where 𝜗𝑗+1 is 𝑗-th row of 𝑃−1 for 𝑗 = 0, 1, … , 17𝑝𝑛 − 1 and 𝑒𝑗 are 17𝑝𝑛 vectors of 𝔽𝑞
32𝑝𝑛

 corresponding to all primitive idempotents 

of ∏ ℛ𝑗
1 × 

𝑝𝑛−1
𝑗=0 ∏ ℛ𝑗

2 ×,… ,×
𝑝𝑛−1
𝑗=0 ∏ ℛ𝑗

17 
𝑝𝑛−1
𝑗=0 such that 𝑒0 = (1,0, …  ,0), 𝑒1 = (0,1,0, …  ,0) and so on. Therefore  

𝜙16𝑝𝑛+𝑘(𝑥) =
1

16𝑝𝑛
∑ (−1)𝑗 {−

√2

2
(√2 + √2 − 1 − √2 + (√2 + √2 − 1) 𝑥8) 𝛼16𝑗𝑘𝑥16𝑗 +

√2√2+√2√−(2−√2+√2)

2
(1 −

2𝑝𝑛−1
𝑗=0

𝑥8)𝛼(16𝑗+1)𝑘𝑥16𝑗+1 +
√2

2
(√2 + √2 − 1 − √2 − (√2 + √2 − 1) 𝑥8) 𝛼(16𝑗+2)𝑘𝑥16𝑗+2 +

√2

2
√−(2 − √2 + √2)(√2 + 1 −

𝑥8)𝛼(16𝑗+3)𝑘𝑥16𝑗+3 −
√2

2
√−(2 − √2 + √2)(√2 + 1 − 𝑥8)𝛼(16𝑗+4)𝑘𝑥16𝑗+4 −

√2

2
(1 + (√2 (√2 + √2 − 1) −

1) 𝑥8) 𝛼(16𝑗+6)𝑘𝑥16𝑗+6 +
√2

2
√−(2 − √2 + √2) (1 − (√2 + 1)𝑥8)𝛼(16𝑗+7)𝑘𝑥16𝑗+7 −

√2 + √2√−(2 − √2 + √2)𝛼(16𝑗+5)𝑘𝑥16𝑗+13}, where 𝑘 = 0,1, … , 𝑝𝑛 − 1. Similarly, we get all the required primitive 

idempotents in 𝔽𝑞[𝑥] 〈𝑥
32𝑝𝑛 − 1〉⁄  for irreducible cyclic codes of length 32𝑝𝑛. 

When 𝒏 ≥ 𝒍 , then 𝑛 = 𝑣𝑙 + 𝑠, 0 ≤ 𝑠 < 𝑙. Let  𝑣 = 1 then 𝑛 = 𝑙 + 𝑠. Now using lemma 2.1and 2.2 we have the factorization of 

𝑥32𝑝
𝑛
− 1 over 𝔽𝑞 is as follows : 

𝑥32𝑝
𝑙+𝑠
− 1 = ∏ (𝑥𝑝

𝑠
± 𝛼−𝑘)(𝑥2𝑝

𝑠
+ 𝛼−2𝑘)(𝑥2𝑝

𝑠
± √−2 𝛼−𝑘𝑥𝑝

𝑠
− 𝛼−2𝑘) (𝑥2𝑝

𝑠
±√−(2 − √2) 𝛼−𝑘𝑥𝑝

𝑠
− 𝛼−2𝑘) (𝑥2𝑝

𝑠
±

𝑝𝑙−1
𝑘=0

√−(2 + √2) 𝛼−𝑘𝑥𝑝
𝑠
− 𝛼−2𝑘)(𝑥2𝑝

𝑠
± √−(2 − √2 + √2)𝛼−𝑘𝑥𝑝

𝑠
− 𝛼−2𝑘) (𝑥2𝑝

𝑠
± √−(2 + √2 + √2)𝛼−𝑘𝑥𝑝

𝑠
−

𝛼−2𝑘)(𝑥2𝑝
𝑠
±√−(2 − √2 − √2)𝛼−𝑘𝑥𝑝

𝑠
− 𝛼−2𝑘)(𝑥2𝑝

𝑠
± √−(2 + √2 − √2) 𝛼−𝑘𝑥𝑝

𝑠
− 𝛼−2𝑘), Where 𝛼−1 is a 𝑝𝑙-th 

primitive root of unity over 𝔽𝑞. 

Now using lemma 4.1[5] about irreducible factorization of 𝑥32𝑝
𝑛
− 1 over 𝔽𝑞 for 𝑛 ≥ 𝑙, we get the primitive idempotents in the 

same way as theorem 3.1 which are given as follows: 

Theorem 3.2. If  𝑛 ≥ 𝑙, then 𝑛 = 𝑣𝑙 + 𝑠. Let 𝑣 = 1 and 𝑘 = 𝑝𝑡 . 𝑐 with gcd(𝑝, 𝑐) = 1. Then all primitive idempotents in 

𝔽𝑞[𝑥] 〈𝑥
16𝑝𝑙+𝑠 − 1〉⁄   computed are as follows: 

(1)  For 𝑡 = 0, corresponding primitive idempotents are  as follows: 

𝜙𝑘(𝑥) =
1

32𝑝𝑙
∑ (𝛼𝑘)𝑗𝑥𝑗𝑝

𝑠

32𝑝𝑙−1

𝑗=0

;  𝑘 = 0,1, … , 𝑝𝑛 − 1  

𝜙𝑝𝑛+𝑘(𝑥) =
1

32𝑝𝑙
∑ (−𝛼𝑘)𝑗𝑥𝑗𝑝

𝑠

32𝑝𝑙−1

𝑗=0

; 𝑘 = 0,1, … , 𝑝𝑛 − 1 

𝜙2𝑝𝑛+𝑘(𝑥) =
1

16𝑝𝑙
∑ (−𝛼2𝑘)𝑗𝑥2𝑗𝑝

𝑠

16𝑝𝑙−1

𝑗=0

; 𝑘 = 0,1, … , 𝑝𝑛 − 1 

𝜙𝑚+𝑘(𝑥) =
1

16𝑝𝑙
∑ (−1)𝑗 (𝛼4𝑗𝑘𝑥4𝑗𝑝

𝑠
+ 𝑎

√−2

2
𝛼(4𝑗+3)𝑘𝑥(4𝑗+1)𝑝

𝑠
(1 − 𝑥2))

8𝑝𝑙−1
𝑗=0  ; 𝑤ℎ𝑒𝑟𝑒 𝑎 = 1,−1 for 𝑚 = 4𝑝𝑛 and 6𝑝𝑛 

respectively. 
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𝜙𝑚+𝑘(𝑥)  =
1

16𝑝𝑙
∑ (−1)𝑗 {

√2

2
(√2 − 1 − 𝑥4)𝛼8𝑗𝑘𝑥8𝑗𝑝

𝑠
+ 𝑎

√2√−(2−√2)

2
𝛼(8𝑗+5)𝑘𝑥(8𝑗+1)𝑝

𝑠
(1 − 𝑥4) −

√2

2
(√2 − 1 +

4𝑝𝑙−1
𝑗=0

𝑥4)𝛼(8𝑗+2)𝑘𝑥(8𝑗+2)𝑝
𝑠
+ 𝑏√−(2 − √2)𝛼(8𝑗+3)𝑘𝑥(8𝑗+7)𝑝

𝑠
} ; where 𝑎 = 1, 𝑏 = −1 for 𝑚 = 8𝑝𝑛 and 𝑎 = −1, 𝑏 = 1 for 𝑚 = 10𝑝𝑛. 

𝜙𝑚+𝑘(𝑥) =
1

16𝑝𝑙
∑ (−1)𝑗 {

√2

2
(√2 + 1 + 𝑥4)𝛼8𝑗𝑘𝑥8𝑗𝑝

𝑠
+ 𝑎

√2√−(2+√2)

2
𝛼(8𝑗+5)𝑘𝑥(8𝑗+1)𝑝

𝑠
(1 − 𝑥4) −

√2

2
(√2 + 1 +

4𝑝𝑙−1
𝑗=0

𝑥4)𝛼(8𝑗+2)𝑘𝑥(8𝑗+2)𝑝
𝑠
+ 𝑏√−(2 + √2)𝛼(8𝑗+3)𝑘𝑥(8𝑗+7)𝑝

𝑠
}; where 𝑎 = −1, 𝑏 = −1 for 𝑚 = 12𝑝𝑙 and 𝑎 = 1, 𝑏 = 1 for 𝑚 = 14𝑝𝑙. 

𝜙16𝑝𝑙+𝑘(𝑥) =
1

16𝑝𝑙
∑ (−1)𝑗 {−

√2

2
(√2 + √2 − 1 − √2 + (√2 + √2 − 1) 𝑥8) 𝛼16𝑗𝑘𝑥16𝑗𝑝

𝑠
+ 𝑎

√2√2+√2√−(2−√2+√2)

2
(1 −

2𝑝𝑙−1
𝑗=0

𝑥8)𝛼(16𝑗+1)𝑘𝑥(16𝑗+1)𝑝
𝑠
+
√2

2
(√2 + √2 − 1 − √2 − (√2 + √2 − 1) 𝑥8)𝛼(16𝑗+2)𝑘𝑥(16𝑗+2)𝑝

𝑠
+ 𝑏

√2

2
√−(2 − √2 + √2)(√2 + 1 −

𝑥8)𝛼(16𝑗+3)𝑘𝑥(16𝑗+3)𝑝
𝑠
−
√2

2
√−(2 − √2 + √2)(√2 + 1 − 𝑥8)𝛼(16𝑗+4)𝑘𝑥(16𝑗+4)𝑝

𝑠
−
√2

2
(1 + (√2(√2 + √2 − 1) −

1) 𝑥8) 𝛼(16𝑗+6)𝑘𝑥(16𝑗+6)𝑝
𝑠
+ 𝑐

√2

2
√−(2 − √2 + √2) (1 − (√2 + 1)𝑥8)𝛼(16𝑗+7)𝑘𝑥(16𝑗+7)𝑝

𝑠
+

𝑑√2 + √2√−(2 − √2 + √2) 𝛼(16𝑗+5)𝑘𝑥(16𝑗+13)𝑝
𝑠
}, 

Where 𝑎 = 1, 𝑏 = 1, 𝑐 = 1, 𝑑 = −1 for 𝑚 = 16𝑝𝑙 and 𝑎 = −1, 𝑏 = −1, 𝑐 = −1, 𝑑 = 1 for 18𝑝𝑙  

𝜙20𝑝𝑙+𝑘(𝑥) =
1

16𝑝𝑙
∑ (−1)𝑗 {

√2

2
(√2 + √2 + 1 + √2 − (√2 + √2 + 1) 𝑥8)𝛼16𝑗𝑘𝑥16𝑗𝑝

𝑠
+

2𝑝𝑙−1
𝑗=0

𝑎
√2

2
√2 + √2√−(2 + √2 + √2)(1 − 𝑥8)𝛼(16𝑗+1)𝑘𝑥(16𝑗+1)𝑝

𝑠
−
√2

2
(√2 + √2 + 1 + √2 − (√2 + √2 +

1) 𝑥8) 𝛼(16𝑗+2)𝑘𝑥(16𝑗+2)𝑝
𝑠
+ 𝑏

√2

2
√−(2 + √2 + √2)(√2 + 1 − 𝑥8)𝛼(16𝑗+3)𝑘𝑥(16𝑗+3)𝑝

𝑠
+
√2

2
((√2 + √2 + 1)√2 + 1 −

𝑥8)𝛼(16𝑗+4)𝑘𝑥(16𝑗+4)𝑝
𝑠
−
√2

2
(1 − (√2(√2 + √2 + 1) + 1) 𝑥8) 𝛼(16𝑗+6)𝑘𝑥(16𝑗+6)𝑝

𝑠
+ 𝑐

√2

2
√−(2 + √2 + √2) (1 −

(√2 + 1)𝑥8)𝛼(16𝑗+7)𝑘𝑥(16𝑗+7)𝑝
𝑠
+ 𝑑√2 + √2√−(2 + √2 + √2)𝛼(16𝑗+5)𝑘𝑥(16𝑗+13)𝑝

𝑠
}, 

Where 𝑎 = −1, 𝑏 = 1, 𝑐 = 1, 𝑑 = 1 for 𝑚 = 20𝑝𝑙 and 𝑎 = 1, 𝑏 = −1, 𝑐 = −1, 𝑑 = −1 for 22𝑝𝑙  

𝜙24𝑝𝑙+𝑘(𝑥) =
1

16𝑝𝑙
∑ (−1)𝑗 {

√2

2
(√2 − √2 − 1 + √2 + (√2 − √2 − 1) 𝑥8)𝛼16𝑗𝑘𝑥16𝑗𝑝

𝑠
+

2𝑝𝑙−1
𝑗=0

𝑎
√2

2
√2 − √2√−(2 − √2 − √2)(1 − 𝑥8)𝛼(16𝑗+1)𝑘𝑥(16𝑗+1)𝑝

𝑠
−
√2

2
(√2 − √2 − 1 + √2 − (√2 − √2 −

1) 𝑥8) 𝛼(16𝑗+2)𝑘𝑥(16𝑗+2)𝑝
𝑠
+ 𝑏

√2

2
√−(2 − √2 − √2)(√2 − 1 + 𝑥8)𝛼(16𝑗+3)𝑘𝑥(16𝑗+3)𝑝

𝑠
−
√2

2
((√2 − √2 − 1)√2 + 1 +

𝑥8)𝛼(16𝑗+4)𝑘𝑥(16𝑗+4)𝑝
𝑠
+
√2

2
(1 − (√2(√2 − √2 − 1) + 1) 𝑥8) 𝛼(16𝑗+6)𝑘𝑥(16𝑗+6)𝑝

𝑠
+ 𝑐

√2

2
√−(2 − √2 − √2) (1 −

(1 − √2)𝑥8)𝛼(16𝑗+7)𝑘𝑥(16𝑗+7)𝑝
𝑠
+ 𝑑√2 − √2√−(2 − √2 − √2)𝛼(16𝑗+5)𝑘𝑥(16𝑗+13)𝑝

𝑠
}, 

Where 𝑎 = −1, 𝑏 = 1, 𝑐 = −1, 𝑑 = −1 for 𝑚 = 24𝑝𝑙 and 𝑎 = 1, 𝑏 = −1, 𝑐 = 1, 𝑑 = 1 for 26𝑝𝑙  

𝜙28𝑝𝑙+𝑘(𝑥) =
1

16𝑝𝑙
∑ (−1)𝑗 {−

√2

2
(√2 − √2 + 1 − √2 + (√2 − √2 + 1) 𝑥8) 𝛼16𝑗𝑘𝑥16𝑗𝑝

𝑠
+

2𝑝𝑙−1
𝑗=0

√2

2
√2 − √2√−(2 + √2 − √2)(1 − 𝑥8)𝛼(16𝑗+1)𝑘𝑥(16𝑗+1)𝑝

𝑠
+
√2

2
(√2 − √2 + 1 − √2 − (√2 − √2 +

1) 𝑥8) 𝛼(16𝑗+2)𝑘𝑥(16𝑗+2)𝑝
𝑠
+
√2

2
√−(2 + √2 − √2)(√2 − 1 + 𝑥8)𝛼(16𝑗+3)𝑘𝑥(16𝑗+3)𝑝

𝑠
+
√2

2
((√2 − √2 + 1)√2 − 1 +
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𝑥8)𝛼(16𝑗+4)𝑘𝑥(16𝑗+4)𝑝
𝑠
+
√2

2
(1 + (√2(√2 − √2 + 1) − 1) 𝑥8) 𝛼(16𝑗+6)𝑘𝑥(16𝑗+6)𝑝

𝑠
−
√2

2
√−(2 + √2 − √2) (1 −

(1 − √2)𝑥8)𝛼(16𝑗+7)𝑘𝑥(16𝑗+7)𝑝
𝑠
+ √2 − √2√−(2 + √2 − √2)𝛼(16𝑗+5)𝑘𝑥(16𝑗+13)𝑝

𝑠
},  

Where 𝑎 = 1, 𝑏 = 1, 𝑐 = −1, 𝑑 = 1 for 𝑚 = 28𝑝𝑙 and 𝑎 = −1, 𝑏 = −1, 𝑐 = 1, 𝑑 = −1 for 30𝑝𝑙  

(2) For 0 ≤ 𝑡 < 𝑠 , by Lemma 3.6.  polynomials  𝑥𝑝
𝑠−𝑡
± 𝜉𝑝𝑡

−𝑖𝛼−𝑐,  𝑥2𝑝
𝑠−𝑡
+ 𝜉𝑝𝑡

−𝑖𝛼−2𝑐, 𝑥2𝑝
𝑠−𝑡
± √−2 𝜉𝑝𝑡

−𝑖𝛼−𝑐𝑥𝑝
𝑠−𝑡
− 𝜉𝑝𝑡

−2𝑖𝛼−2𝑐, 

𝑥2𝑝
𝑠−𝑡
± √−(2 − √2) 𝜉𝑝𝑡

−𝑖𝛼−𝑐𝑥𝑝
𝑠−𝑡
− 𝜉𝑝𝑡

−2𝑖𝛼−2𝑐, , … , 𝑥2𝑝
𝑠−𝑡
± √−(2 + √2 − √2) 𝜉𝑝𝑡

−𝑖𝛼−𝑐𝑥𝑝
𝑠−𝑡
− 𝜉𝑝𝑡

−2𝑖𝛼−2𝑐 are irreducible over 

𝔽𝑞 and respective primitive idempotents are as: 

1.  𝜙𝑘
(𝑖)(𝑥) =

1

32𝑝𝑙+𝑠
{∑ ∑ 𝜉

𝑝𝑡
𝑟1𝑖𝛼𝑟1𝑐+𝑘𝑟2𝑥𝑟1𝑝

𝑠−𝑡+𝑟2𝑝
𝑠32𝑝𝑙−1 

𝑟2=0
𝑝𝑡−1
𝑟1=0

} ; where 𝑚 = 0 

2.  𝜙
𝑝𝑙+𝑘

(𝑖) (𝑥) =
1

32𝑝𝑙+𝑠
{∑ ∑ (−1)𝑟1+𝑟2  𝜉

𝑝𝑡
𝑟1𝑖𝛼𝑟1𝑐+𝑘𝑟2

32𝑝𝑙−1 
𝑟2=0

𝑝𝑡−1
𝑟1=0

𝑥𝑟1𝑝
𝑠−𝑡+𝑟2𝑝

𝑠
} ; where 𝑚 = 𝑝𝑙  

3.  𝜙
2𝑝𝑙+𝑘

(𝑖) (𝑥) =
1

16𝑝𝑙+𝑠
{∑ ∑ (−1)𝑟1+𝑟2  𝜉

𝑝𝑡
𝑟1𝑖𝛼2𝑟1𝑐+2𝑘𝑟2

16𝑝𝑙−1 
𝑟2=0

𝑝𝑡−1
𝑟1=0

𝑥2𝑟1𝑝
𝑠−𝑡+2𝑟2𝑝

𝑠
} ; 𝑚 = 2𝑝𝑙 

4.  𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑡
{∑ ∑ (−1)𝑟1 (𝜈4𝑟1𝑖𝑥4𝑟1𝑝

𝑠−𝑡
+ 𝑎

√−2

2
𝜈(4𝑟1+3)𝑖𝑥(4𝑟1+1)𝑝

𝑠−𝑡
(1 − 𝑥2𝑝

𝑠−𝑡
)𝑥32𝑟2𝑝

𝑙+𝑠−𝑡
)

𝑝𝑡−1 
𝑟2=0

2𝑝𝑙−1
𝑟1=0

} ; 𝑤ℎ𝑒𝑟𝑒 𝑎 =

1,−1 for 𝑚 = 4𝑝𝑙 and 6𝑝𝑙 respectively. 

5.  𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑡
{∑ ∑ (−1)𝑟1 (

√2

2
(√2 − 1 − 𝑥4𝑝

𝑠−𝑡
)𝜈8𝑟1𝑖𝑥8𝑟1𝑝

𝑠−𝑡
+ 𝑎

√2

2
√−(2 − √2)𝜈(8𝑟1+5)𝑖(1 −

𝑝𝑡−1 
𝑟2=0

2𝑝𝑙−1
𝑟1=0

𝑥4𝑝
𝑠−𝑡
)𝑥(8𝑟1+1)𝑝

𝑠−𝑡
−
√2

2
(√2 − 1 + 𝑥4𝑝

𝑠−𝑡
)𝜈(8𝑟1+2)𝑖𝑥(8𝑟1+2)𝑝

𝑠−𝑡
+ 𝑏√−(2 − √2) 𝜈(8𝑟1+3)𝑖𝑥(8𝑟1+7)𝑝

𝑠−𝑡
) 𝑥32𝑟2𝑝

𝑙+𝑠−𝑡
} ; where 𝑎 =

1, 𝑏 = −1 for 𝑚 = 8𝑝𝑙 and 𝑎 = −1, 𝑏 = 1 for 𝑚 = 10𝑝𝑙 

6.  𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑡
{∑ ∑ (−1)𝑟1 (

√2

2
(√2 + 1 + 𝑥4𝑝

𝑠−𝑡
)𝜈8𝑟1𝑖𝑥8𝑟1𝑝

𝑠−𝑡
+ 𝑎

√2

2
√−(2 + √2)𝜈(8𝑟1+5)𝑖(1 −

𝑝𝑡−1 
𝑟2=0

2𝑝𝑙−1
𝑟1=0

𝑥4𝑝
𝑠−𝑡
)𝑥(8𝑟1+1)𝑝

𝑠−𝑡
−
√2

2
(√2 + 1 + 𝑥4𝑝

𝑠−𝑡
)𝜈(8𝑟1+2)𝑖𝑥(8𝑟1+2)𝑝

𝑠−𝑡
+ 𝑏√−(2 + √2) 𝜈(8𝑟1+3)𝑖𝑥(8𝑟1+7)𝑝

𝑠−𝑡
) 𝑥32𝑟2𝑝

𝑙+𝑠−𝑡
} ; where 𝑎 =

−1, 𝑏 = −1 for 𝑚 = 12𝑝𝑙  and 𝑎 = 1, 𝑏 = 1 for 𝑚 = 14𝑝𝑙 

7.  𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑡
{∑ ∑ (−1)𝑟1 (−

√2

2
(√2 + √2 − 1 − √2 + (√2 + √2 − 1) 𝑥8𝑝

𝑠−𝑡
))

𝑝𝑡−1
𝑟2=0

2𝑝𝑙−1
𝑟1=0

𝜈16𝑟1𝑖𝑥16𝑟1𝑝
𝑠−𝑡
+

𝑎
√2√2+√2√−(2−√2+√2)

2
(1 − 𝑥8𝑝

𝑠−𝑡
)𝜈(16𝑟1+1)𝑖𝑥(16𝑟1+1)𝑝

𝑠−𝑡
+
√2

2
(√2 + √2 − 1 − √2 − (√2 + √2 −

1) 𝑥8𝑝
𝑠−𝑡
)𝛼(16𝑟1+2)𝑖𝑥(16𝑟1+2)𝑝

𝑠−𝑡
+ 𝑏

√2

2
√−(2 − √2 + √2)(√2 + 1 − 𝑥8𝑝

𝑠−𝑡
)𝜈(16𝑟1+3)𝑖𝑥(16𝑟1+3)𝑝

𝑠−𝑡
−
√2

2
(√2 (√2 + √2 − 1) −

1 + 𝑥8𝑝
𝑠−𝑡
) 𝜈(16𝑟1+4)𝑘𝑥(16𝑟1+4)𝑝

𝑠−𝑡
−
√2

2
(1 + (√2 (√2 + √2 − 1) − 1) 𝑥8𝑝

𝑠−𝑡
) 𝜈(16𝑟1+6)𝑘𝑥(16𝑟1+6)𝑝

𝑠−𝑡
+

𝑐
√2

2
√−(2 − √2 + √2) (1 − (√2 + 1)𝑥8𝑝

𝑠−𝑡
)𝜈(16𝑟1+7)𝑘𝑥(16𝑟1+7)𝑝

𝑠−𝑡
+

𝑑√2 + √2√−(2 − √2 + √2) 𝜈(16𝑟1+5)𝑘𝑥(16𝑟1+13)𝑝
𝑠−𝑡
)𝑥32𝑟2𝑝

𝑙+𝑠−𝑡
}; where 𝑎 = 1, 𝑏 = 1, 𝑐 = 1, 𝑑 = −1 for 𝑚 = 16𝑝𝑙 and 𝑎 =

−1, 𝑏 = −1, 𝑐 = −1, 𝑑 = 1 for 18𝑝𝑙 

8.  𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑡
{∑ ∑ (−1)𝑟1 (

√2

2
(√2 + √2 + √2 + 1 − (√2 + √2 + 1) 𝑥8𝑝

𝑠−𝑡
))

𝑝𝑡−1
𝑟2=0

2𝑝𝑙−1
𝑟1=0

𝜈16𝑟1𝑖𝑥16𝑟1𝑝
𝑠−𝑡
+

𝑎
√2√2+√2√−(2+√2+√2)

2
(1 − 𝑥8𝑝

𝑠−𝑡
)𝜈(16𝑟1+1)𝑖𝑥(16𝑟1+1)𝑝

𝑠−𝑡
−
√2

2
(√2 + √2 + √2 + 1 − (√2 + √2 +

1) 𝑥8𝑝
𝑠−𝑡
)𝛼(16𝑟1+2)𝑖𝑥(16𝑟1+2)𝑝

𝑠−𝑡
+ 𝑏

√2

2
√−(2 + √2 + √2)(√2 + 1 − 𝑥8𝑝

𝑠−𝑡
)𝜈(16𝑟1+3)𝑖𝑥(16𝑟1+3)𝑝

𝑠−𝑡
+
√2

2
(√2 (√2 + √2 + 1) +

1 − 𝑥8𝑝
𝑠−𝑡
) 𝜈(16𝑟1+4)𝑘𝑥(16𝑟1+4)𝑝

𝑠−𝑡
−
√2

2
(1 − (√2 (√2 + √2 + 1) + 1) 𝑥8𝑝

𝑠−𝑡
) 𝜈(16𝑟1+6)𝑘𝑥(16𝑟1+6)𝑝

𝑠−𝑡
+

𝑐
√2

2
√−(2 + √2 + √2) (1 − (√2 + 1)𝑥8𝑝

𝑠−𝑡
)𝜈(16𝑟1+7)𝑘𝑥(16𝑟1+7)𝑝

𝑠−𝑡
+
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𝑑√2 + √2√−(2 + √2 + √2) 𝜈(16𝑟1+5)𝑘𝑥(16𝑟1+13)𝑝
𝑠−𝑡
)𝑥32𝑟2𝑝

𝑙+𝑠−𝑡
}; where 𝑎 = −1, 𝑏 = 1, 𝑐 = 1, 𝑑 = 1 for 𝑚 = 20𝑝𝑙 and 𝑎 =

1, 𝑏 = −1, 𝑐 = −1, 𝑑 = −1 for 22𝑝𝑙 

9.  𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑡
{∑ ∑ (−1)𝑟1 (

√2

2
(√2 − √2 + √2 − 1 + (√2 − √2 − 1) 𝑥8𝑝

𝑠−𝑡
))

𝑝𝑡−1
𝑟2=0

2𝑝𝑙−1
𝑟1=0

𝜈16𝑟1𝑖𝑥16𝑟1𝑝
𝑠−𝑡
+

𝑎
√2√2−√2√−(2−√2−√2)

2
(1 − 𝑥8𝑝

𝑠−𝑡
)𝜈(16𝑟1+1)𝑖𝑥(16𝑟1+1)𝑝

𝑠−𝑡
−
√2

2
(√2 − √2 + √2 − 1 − (√2 − √2 −

1) 𝑥8𝑝
𝑠−𝑡
)𝛼(16𝑟1+2)𝑖𝑥(16𝑟1+2)𝑝

𝑠−𝑡
+ 𝑏

√2

2
√−(2 − √2 − √2)(√2 − 1 + 𝑥8𝑝

𝑠−𝑡
)𝜈(16𝑟1+3)𝑖𝑥(16𝑟1+3)𝑝

𝑠−𝑡
−
√2

2
(√2 (√2 − √2 − 1) +

1 + 𝑥8𝑝
𝑠−𝑡
) 𝜈(16𝑟1+4)𝑘𝑥(16𝑟1+4)𝑝

𝑠−𝑡
+
√2

2
(1 − (√2 (√2 − √2 − 1) + 1) 𝑥8𝑝

𝑠−𝑡
) 𝜈(16𝑟1+6)𝑘𝑥(16𝑟1+6)𝑝

𝑠−𝑡
+

𝑐
√2

2
√−(2 − √2 − √2) (1 + (√2 − 1)𝑥8𝑝

𝑠−𝑡
)𝜈(16𝑟1+7)𝑘𝑥(16𝑟1+7)𝑝

𝑠−𝑡
+

𝑑√2 − √2√−(2 − √2 − √2) 𝜈(16𝑟1+5)𝑘𝑥(16𝑟1+13)𝑝
𝑠−𝑡
)𝑥32𝑟2𝑝

𝑙+𝑠−𝑡
}, 

Where 𝑎 = −1, 𝑏 = 1, 𝑐 = −1, 𝑑 = −1 for 𝑚 = 24𝑝𝑙 and 𝑎 = 1, 𝑏 = −1, 𝑐 = 1, 𝑑 = 1 for 26𝑝𝑙  

10.  𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑡
{∑ ∑ (−1)𝑟1 (−

√2

2
(√2 − √2 − √2 + 1 + (√2 − √2 + 1) 𝑥8𝑝

𝑠−𝑡
))

𝑝𝑡−1
𝑟2=0

2𝑝𝑙−1
𝑟1=0

𝜈16𝑟1𝑖𝑥16𝑟1𝑝
𝑠−𝑡
+

𝑎
√2√2−√2√−(2+√2−√2)

2
(1 − 𝑥8𝑝

𝑠−𝑡
)𝜈(16𝑟1+1)𝑖𝑥(16𝑟1+1)𝑝

𝑠−𝑡
+
√2

2
(√2 − √2 − √2 + 1 − (√2 − √2 +

1) 𝑥8𝑝
𝑠−𝑡
)𝛼(16𝑟1+2)𝑖𝑥(16𝑟1+2)𝑝

𝑠−𝑡
+ 𝑏

√2

2
√−(2 + √2 − √2)(√2 − 1 + 𝑥8𝑝

𝑠−𝑡
)𝜈(16𝑟1+3)𝑖𝑥(16𝑟1+3)𝑝

𝑠−𝑡
+
√2

2
(√2 (√2 − √2 + 1) −

1 + 𝑥8𝑝
𝑠−𝑡
) 𝜈(16𝑟1+4)𝑘𝑥(16𝑟1+4)𝑝

𝑠−𝑡
+
√2

2
(1 + (√2 (√2 − √2 + 1) − 1) 𝑥8𝑝

𝑠−𝑡
) 𝜈(16𝑟1+6)𝑘𝑥(16𝑟1+6)𝑝

𝑠−𝑡
+

𝑐
√2

2
√−(2 + √2 − √2) (1 + (√2 −

1)𝑥8𝑝
𝑠−𝑡
)𝜈(16𝑟1+7)𝑘𝑥(16𝑟1+7)𝑝

𝑠−𝑡
𝑑√2 − √2√−(2 + √2 − √2) 𝜈(16𝑟1+5)𝑘𝑥(16𝑟1+13)𝑝

𝑠−𝑡
)𝑥32𝑟2𝑝

𝑙+𝑠−𝑡
} ;where 𝑎 = 1, 𝑏 = 1, 𝑐 =

−1, 𝑑 = 1 for 𝑚 = 28𝑝𝑙 and 𝑎 = −1, 𝑏 = −1, 𝑐 = 1, 𝑑 = −1 for 30𝑝𝑙  

and 𝜈𝑖 = 𝜉𝑝𝑡
𝑖 𝛼𝑐 

(3) For 𝑡 ≥ 𝑠, by lemma 4.2 (iii) [5], 𝑥 −  𝜉𝑝𝑠
−𝑖𝛼−𝑐𝑝

𝑡−𝑠
 ,  𝑥 +  𝜉𝑝𝑠

−𝑖𝛼−𝑐𝑝
𝑡−𝑠

, 𝑥2 +  𝜉𝑝𝑠
−𝑖𝛼−2𝑐𝑝

𝑡−𝑠
, … , 𝑥2 +

√−(2 + √2 − √2) 𝜉𝑝𝑠
−𝑖𝛼−𝑐𝑝

𝑡−𝑠
𝑥 − 𝜉𝑝𝑠

−2𝑖  𝛼−2𝑐𝑝
𝑡−𝑠

 are irreducible  over 𝔽𝑞 and the primitive idempotents  in 𝔽𝑞[𝑥] 〈𝑥
16𝑝𝑙+𝑠 − 1〉⁄  

corresponding to these irreducible polynomials are respectively as follows : 

𝜙𝑘
(𝑖)(𝑥) =

1

32𝑝𝑙+𝑠
{∑ ∑  𝜉𝑝𝑠

𝑟1𝑖𝛼−𝑐𝑟1𝑝
𝑡−𝑠+𝑘𝑟2  𝑥𝑟1+𝑟2𝑝

𝑠

4𝑝𝑙−1 

𝑟2=0

𝑝𝑠−1

𝑟1=0

} ;𝑚 = 0 

𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

32𝑝𝑙+𝑠
{∑ ∑  (−1)𝑟1+𝑟2𝜉

𝑝𝑠
𝑟1𝑖𝛼−𝑐𝑟1𝑝

𝑡−𝑠+𝑘𝑟2  𝑥𝑟1+𝑟2𝑝
𝑠

4𝑝𝑙−1 

𝑟2=0

𝑝𝑠−1

𝑟1=0

} ;𝑚 = 𝑝𝑠 

𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑠
{∑ ∑  (−1)𝑟1+𝑟2 𝜉

𝑝𝑠
𝑟1𝑖𝛼−2𝑐𝑟1𝑝

𝑡−𝑠+2𝑘𝑟2  𝑥𝑟1+𝑟2𝑝
𝑠

4𝑝𝑙−1 

𝑟2=0

𝑝𝑠−1

𝑟1=0

} ;  𝑚 = 2𝑝𝑠 

𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑠
{ ∑ ∑ (−1)𝑟1 (𝜇4𝑟1𝑖𝑥4𝑟1 +

√−2

2
𝜇(4𝑟1+3)𝑖𝑥(4𝑟1+1)(1 − 𝑥2)𝑥32𝑟2𝑝

𝑙+𝑠−𝑡
)

𝑝𝑡−1 

𝑟2=0

2𝑝𝑙+𝑠−𝑡−1

𝑟1=0

} ;𝑚 = 4𝑝𝑠 
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𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑠
{ ∑ ∑ (−1)𝑟1 (𝜇4𝑟1𝑖𝑥4𝑟1 −

√−2

2
𝜇(4𝑟1+3)𝑖𝑥(4𝑟1+1)(1 − 𝑥2)𝑥32𝑟2𝑝

𝑙+𝑠−𝑡
)

𝑝𝑡−1 

𝑟2=0

2𝑝𝑙+𝑠−𝑡

𝑟1=0

} ;𝑚 = 6𝑝𝑠 

𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑠
{ ∑ ∑ (−1)𝑟1 (

√2

2
(√2 − 1 − 𝑥4𝑝

𝑠−𝑡
)𝜇8𝑟1𝑖𝑥8𝑟1 + 𝑎

√2

2
√−(2 − √2)𝜇(8𝑟1+5)𝑖(1 − 𝑥4)𝑥(8𝑟1+1)

𝑝𝑡−1 

𝑟2=0

2𝑝𝑙+𝑠−𝑡−1

𝑟1=0

−
√2

2
(√2 − 1 + 𝑥4)𝜇(8𝑟1+2)𝑖𝑥(8𝑟1+2) + 𝑏√−(2 − √2) 𝜇(8𝑟1+3)𝑖𝑥(8𝑟1+7)) 𝑥32𝑟2𝑝

𝑙+𝑠−𝑡
} ; 

where 𝑎 = 1, 𝑏 = −1 for 𝑚 = 8𝑝𝑙 and 𝑎 = −1, 𝑏 = 1 for 𝑚 = 10𝑝𝑙 

𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑠
{∑ ∑ (−1)𝑟1 (

√2

2
(√2 + 1 + 𝑥4𝑝

𝑠−𝑡
)𝜇8𝑟1𝑖𝑥8𝑟1 + 𝑎

√2

2
√−(2 + √2)𝜇(8𝑟1+5)𝑖(1 − 𝑥4)𝑥(8𝑟1+1) −

𝑝𝑡−1 
𝑟2=0

2𝑝𝑙+𝑠−𝑡−1
𝑟1=0

√2

2
(√2 + 1 + 𝑥4)𝜇(8𝑟1+2)𝑖𝑥(8𝑟1+2) + 𝑏√−(2 + √2) 𝜇(8𝑟1+3)𝑖𝑥(8𝑟1+7)) 𝑥32𝑟2𝑝

𝑙+𝑠−𝑡
} ; where 𝑎 = −1, 𝑏 = −1 for 𝑚 = 12𝑝𝑙 and 

𝑎 = 1, 𝑏 = 1 for 𝑚 = 14𝑝𝑙 

𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑠
{∑ ∑ (−1)𝑟1 (−

√2

2
(√2 + √2 − 1 − √2 + (√2 + √2 − 1)𝑥8))

𝑝𝑡−1
𝑟2=0

2𝑝𝑙+𝑠−𝑡−1
𝑟1=0

𝜇16𝑟1𝑖𝑥16𝑟1 +

𝑎
√2√2+√2√−(2−√2+√2)

2
(1 − 𝑥8)𝜇(16𝑟1+1)𝑖𝑥(16𝑟1+1) +

√2

2
(√2 + √2 − 1 − √2 − (√2 + √2 − 1) 𝑥8) 𝜇(16𝑟1+2)𝑖𝑥(16𝑟1+2) +

𝑏
√2

2
√−(2 − √2 + √2)(√2 + 1 − 𝑥8)𝜇(16𝑟1+3)𝑖𝑥(16𝑟1+3) −

√2

2
(√2(√2 + √2 − 1) − 1 + 𝑥8) 𝜇(16𝑟1+4)𝑘𝑥(16𝑟1+4) −

√2

2
(1 + (√2 (√2 + √2 − 1) − 1) 𝑥8) 𝜇(16𝑟1+6)𝑘𝑥(16𝑟1+6) + 𝑐

√2

2
√−(2 − √2 + √2) (1 − (√2 + 1)𝑥8)𝜇(16𝑟1+7)𝑘𝑥(16𝑟1+7) +

𝑑√2 + √2√−(2 − √2 + √2) 𝜇(16𝑟1+5)𝑘𝑥(16𝑟1+13))𝑥32𝑟2𝑝
𝑙+𝑠−𝑡

}; where 𝑎 = 1, 𝑏 = 1, 𝑐 = 1, 𝑑 = −1 for 𝑚 = 16𝑝𝑙 and 𝑎 =

−1, 𝑏 = −1, 𝑐 = −1, 𝑑 = 1 for 18𝑝𝑙 

𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑠
{∑ ∑ (−1)𝑟1 (

√2

2
(√2 + √2 + √2 + 1 − (√2 + √2 + 1) 𝑥8))

𝑝𝑡−1
𝑟2=0

2𝑝𝑙+𝑠−𝑡−1
𝑟1=0

𝜇16𝑟1𝑖𝑥16𝑟1 +

𝑎
√2√2+√2√−(2+√2+√2)

2
(1 − 𝑥8)𝜇(16𝑟1+1)𝑖𝑥(16𝑟1+1) −

√2

2
(√2 + √2 + √2 + 1 − (√2 + √2 + 1) 𝑥8) 𝜇(16𝑟1+2)𝑖𝑥(16𝑟1+2) +

𝑏
√2

2
√−(2 + √2 + √2)(√2 + 1 − 𝑥8)𝜇(16𝑟1+3)𝑖𝑥(16𝑟1+3) +

√2

2
(√2(√2 + √2 + 1) + 1 − 𝑥8) 𝜇(16𝑟1+4)𝑘𝑥(16𝑟1+4) −

√2

2
(1 − (√2 (√2 + √2 + 1) + 1) 𝑥8) 𝜇(16𝑟1+6)𝑘𝑥(16𝑟1+6) + 𝑐

√2

2
√−(2 + √2 + √2) (1 − (√2 + 1)𝑥8)𝜇(16𝑟1+7)𝑘𝑥(16𝑟1+7) +

𝑑√2 + √2√−(2 + √2 + √2) 𝜇(16𝑟1+5)𝑘𝑥(16𝑟1+13))𝑥32𝑟2𝑝
𝑙+𝑠−𝑡

}; 

Where 𝑎 = −1, 𝑏 = 1, 𝑐 = 1, 𝑑 = 1 for 𝑚 = 20𝑝𝑙 and 𝑎 = 1, 𝑏 = −1, 𝑐 = −1, 𝑑 = −1 for 22𝑝𝑙  

𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑡
{∑ ∑ (−1)𝑟1 (

√2

2
(√2 − √2 + √2 − 1 + (√2 − √2 − 1) 𝑥8))

𝑝𝑡−1
𝑟2=0

2𝑝𝑙+𝑠−𝑡−1
𝑟1=0

𝜇16𝑟1𝑖𝑥16𝑟1 +

𝑎
√2√2−√2√−(2−√2−√2)

2
(1 − 𝑥8)𝜇(16𝑟1+1)𝑖𝑥(16𝑟1+1) −

√2

2
(√2 − √2 + √2 − 1 − (√2 − √2 − 1) 𝑥8) 𝜇(16𝑟1+2)𝑖𝑥(16𝑟1+2) +

𝑏
√2

2
√−(2 − √2 − √2)(√2 − 1 + 𝑥8)𝜇(16𝑟1+3)𝑖𝑥(16𝑟1+3) −

√2

2
(√2(√2 − √2 − 1) + 1 + 𝑥8) 𝜇(16𝑟1+4)𝑘𝑥(16𝑟1+4) +

√2

2
(1 − (√2 (√2 − √2 − 1) + 1) 𝑥8) 𝜇(16𝑟1+6)𝑘𝑥(16𝑟1+6) + 𝑐

√2

2
√−(2 − √2 − √2) (1 + (√2 − 1)𝑥8)𝜇(16𝑟1+7)𝑘𝑥(16𝑟1+7) +

𝑑√2 − √2√−(2 − √2 − √2) 𝜇(16𝑟1+5)𝑘𝑥(16𝑟1+13))𝑥32𝑟2𝑝
𝑙+𝑠−𝑡

}; 

Where 𝑎 = −1, 𝑏 = 1, 𝑐 = −1, 𝑑 = −1 for 𝑚 = 24𝑝𝑙 and 𝑎 = 1, 𝑏 = −1, 𝑐 = 1, 𝑑 = 1 for 26𝑝𝑙  
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𝜙𝑚+𝑘
(𝑖) (𝑥) =

1

16𝑝𝑙+𝑡
{∑ ∑ (−1)𝑟1 (−

√2

2
(√2 − √2 − √2 + 1 + (√2 − √2 + 1) 𝑥8))

𝑝𝑡−1
𝑟2=0

2𝑝𝑙+𝑠−𝑡−1
𝑟1=0

𝜇16𝑟1𝑖𝑥16𝑟1 +

√2√2−√2√−(2+√2−√2)

2
(1 − 𝑥8)𝜇(16𝑟1+1)𝑖𝑥(16𝑟1+1) +

√2

2
(√2 − √2 − √2 + 1 − (√2 − √2 + 1) 𝑥8) 𝜇(16𝑟1+2)𝑖𝑥(16𝑟1+2) +

√2

2
√−(2 + √2 − √2)(√2 − 1 + 𝑥8)𝜇(16𝑟1+3)𝑖𝑥(16𝑟1+3) +

√2

2
(√2 (√2 − √2 + 1) − 1 + 𝑥8) 𝜇(16𝑟1+4)𝑘𝑥(16𝑟1+4) +

√2

2
(1 + (√2 (√2 − √2 + 1) − 1) 𝑥8) 𝜇(16𝑟1+6)𝑘𝑥(16𝑟1+6) −

√2

2
√−(2 + √2 − √2) (1 + (√2 − 1)𝑥8)𝜇(16𝑟1+7)𝑘𝑥(16𝑟1+7) +

√2 − √2√−(2 + √2 − √2) 𝜇(16𝑟1+5)𝑘𝑥(16𝑟1+13))𝑥32𝑟2𝑝
𝑙+𝑠−𝑡

}; 

Where 𝑎 = 1, 𝑏 = 1, 𝑐 = −1, 𝑑 = 1 for 𝑚 = 28𝑝𝑙 and 𝑎 = −1, 𝑏 = −1, 𝑐 = 1, 𝑑 = −1 for 30𝑝𝑙  

and where 𝜇𝑖 = 𝜉𝑝𝑠
𝑖 𝛼𝑐𝑝

𝑡−𝑠
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