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Abstract: The purpose of this paper is to introduce the notions of p(x) - Gaussian Jacobsthal and p(x) - Gaussian Jacobsthal Lucas
polynomials and to formulate some interesting results including the Generating function, Q-matrix and determinantal
representations for these polynomials. Further, generalizations of Binet formula & Cassini’s Identity for these notions are also
obtained. This paper generalizes the work of Asci and Gurel [3] and extends the work of Catarino and Morgado [4].
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1. Introduction

Berzsenyi [5] in 1977 propounded the theory of Gaussian Fibonacci number. Afterwards, various researchers worked on this
theory and gave new innovations in it. Consequently, various interesting results related to Gaussian Fibonacci and Gaussian Lucas
polynomials were formulated. Asci and Gurel [1] gave the notions of Bivariate Gaussian Fibonacci and Bivariate Gaussian Lucas
Polynomials and thereby discussed generating functions, Binet formulas, explicit formulas and Q matrix for these polynomials.
On the other hand, Asci and Gurel [2] defined Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers and formulated some
interesting results using these notions. Subsequently, Asci and Gurel [3] gave Gaussian Jacobsthal and Gaussian Jacobsthal Lucas
polynomials and thereby discussed generating function, Binet formula, Explicit formulas and determinantal representations for
these polynomials. Recently, Catarino and Morgado [4] generalized Jacobsthal and Jacobsthal Lucas polynomials by introducing
the notions of h(x) — Jacobsthal and h(x) — Jacobsthal Lucas polynomials. In the same work [4], the authors have also discussed
the properties of these polynomials and thereby provided generalization of the usual identities.

In the present paper inspired by the work of Catarino and Morgado [4], we formulate p(x) — Gaussian Jacobsthal and p(x) —
Gaussian Jacobsthal Lucas polynomials & prove certain results involving these polynomials.

Next, we shall give some basic notions useful in our study.
In 1996, Horadam [10] innovated Jacobsthal and the Jacobsthal Lucas sequences using the following recurrence formulae:
Jo = Ja-1+t2h2,n22 (1.1)
where J, =0and J; =1, and
in = jn1* 2jnz, N2 2 12)

where j, =2 and j; = 1.
Horadam [11] also defined the notions of Jacobsthal and the Jacobsthal Lucas polynomial sequences as follows:

Jn(®) = Jnoa(X) + 2], (X), n 2 2, (1.3)
where J,(x) =0and J;(x) =1,
and jn (%) = jn-1(%) + 2Xjp_ (x), N 2= 2, (1.4)
where j,(x) =2 and j;(x) = 1.
Afterwards, Asci and Gurel [2] defined the Gaussian Jacobsthal sequence and Gaussian Jacobsthal Lucas sequences as follows:

Glns1 = Gy +2Ghq, N2 1, (15)
where GJ, =§and GJ; =1,
and Gjn+1 = Gjn +2Gj,_4,n =1, (1.6)
where Gj, = 2 -% and Gj; =1+ 24.
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It can be easily seen that GJ, = ], + 4J,—1 and Gj, = jn + 4jn_1-

Later, Asci and Gurel [3] formulated Gaussian Jacobsthal and Gaussian Jacobsthal Lucas polynomials by using the following
recursion:

Glpe1 X) = Gla(x) +2xG),—1 (X),n=>1, a7
where GJo(x) =%, G2 (x) = 1,
and Gjns1 (X) = Gjn(x) + 2xGjy_q (X), N> 1, (1.8)
where Gj, (x) = 2 -% and Gj; (x) = 1+24x.

Again, it can also be seen that GJ,(x) = J,(X) + ix],-1 (X) and Gj, (X) = j,(X) + ixj,_1 (X).

On the other hand, Catarino and Morgado [4] gave the following notions of h(x) — Jacobsthal and h(x) — Jacobsthal Lucas
polynomials:

]h,n+1 (X) = ]h,n(x) + h(X)]h,n—l (X), nz 1! (19)
where J, o(X) =0 and J, ; (x) = 1,
and Jan+1 () = jan () +h(®jhn-1 (), n 21, (1.10)

where j o(x) = 2 and jp, 1 (x) = 1.
Now we define our notions as follows:

Let us assume p(x) be a polynomial with real coefficients and n > 1 any integer.

Definition 1.1. The p(x) - Gaussian Jacobsthal polynomial sequence {GJ,,(X)}n=o is defined by the following recurrence
relation:

G]p,n+1 (X) = G]p,n (X) + p(X) G]p,n—l (X), (111)
where n = 1, p is non — negative integer and the sequence {GJ, , (x)}»=o is along with the following initial conditions:

Glpo (x) = = and Glp1 () = 1.

2

Definition 1.2. The p(x) - Gaussian Jacobsthal Lucas polynomial sequence {Gj, ,(X)}n=o is defined by the following recurrence
relation:

Glpn+1 () = Gjpn (X) + p(X). Gjpn-1 (%), (1.12)
where n = 1, p is non — negative integer and the sequence {Gjp, , (X)}»=o is along with the following initial conditions:
Gipo () = 2-= and Gip1 (x) =1 +4 p(x).
Next, we give few numbers of terms of these sequences in the following tables:
p(X) - Gaussian Jacobsthal Polynomials:

n Glpn
0 1
2
1 1
2 1+ 2 p(x)
3 1+ p(x) + p(x)
4 1+2p(x) + S [p() + P*(%)]
5 1+ 3p(x)+ p2(x) +5 [p(x) + 2p?(x)]
6 1+4p(x) + 3p2(x) + % [p() +3p*(x) + p*(x)]
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p(x) - Gaussian Jacobsthal Lucas Polynomials:

n Gip,n
0 2- 4
2
1 1+ip(x)
2 1+ 2p(X) + 2p(x)
3 1+3p(x) + [p(x) + 2p*(x)]
4 1+4p(x) + 2p? () + Z[p() + 3p2(x)]
° 145p00 + 5p°(0) + 5 [p0) +47(x) +2p7(0)
° 1+ 6p() + 9 () +20°(0) + 5 [P0 + 5p°(0) + 5p° ()]

It is interesting to note that on considering p(x) = 2x in (1.11) and (1.12), (1.11) reduces to (1.7) and (1.12) reduces to (1.8),

respectively.

In the next section, first we give some recursive properties of p(x) - Gaussian Jacobsthal and p(x) — Gaussian Jacobsthal Lucas

polynomials and then obtain some important results.
Before we proceed, we shall consider the following characteristic equation:

t2—t—p(k)=0. (1.13)
The characteristic roots of (1.13) are defined by
t = 1+./1+4p(x)
—
Let a(x) = T and P = RO

then,a(x) + B(x) = 1, ax)pX) = —p(x) and  a(x) — B(X) =1+ 4p(x).
2. Mains Results
In this section, we shall give our main results as follows:
Some Properties
Theorem 2.1. The Generating function for
(i) p(x) - Gaussian Jacobsthal polynomial is given as follows:
2t+ i(1—-1t)
(1—t— p)t?)

g0 = ) Wpn(t" =5
n=0

and
(i) p(x) - Gaussian Jacobthal Lucas polynomial is given as follows:

oo . n _ 4—2t+i(t-1+2 t p(x))
h(t,x) = Tieg Gipn (0 ¢7 = 2L

Proof. (i) Let g(t,x) be the generating function of p(x) - Gaussian Jacobsthal polynomial sequence GJj, , (x), then

g(t,x) -t g(t,x) - tzp(x) g(t,x) = Z§=0 G]p,n(x) t" — O?'(l)=0 G]p,n(x) tnt
p(x) Z?:O GIp,n (69)] gn+2

= G]p,o (X) + GIp,I(X)-t - G]p,o(x) t
+ Zar(z):Z t" [G]p,n(x) - G]p,n—l(x)_ p(X)G]p,n—Z (X)]

=-4+t—-t
2 2
=t+ z (1- t)
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_2t+i(1-t)
==
2t +i(1-t)

which lmplles that g(t,X) = m

(ii) Leth(t,x) be the generalized function of p(x) - Gaussian Jacobsthal Lucas polynomial sequence Gj, , (x) then

h(tx) - th(tx) - p(x) t? h(tX) = X5-0 Gipn(¥) t" = L5z Gipn(x) t"**
p(x) Zﬁ:o Gjp,n (X) tn+2

= Gjpo(x) + Gjp1(X) t — Gjp o (x) t
+ X=2 t"[Gjpn(®) — Gjpn-1(x)— p() Gjpn-2(x)]
=2- 2+ (+ip(0) t- (- 2)t
:2—§+t+¢p(x)t—2t+§t
=2—t+2[2tp(x) —1+¢],

4-2t+4i[2tp(x)—1+t]

which implies, h(t,x) = PYeRrmyey

The following interesting result is a generalization of Binet Formula & can be obtained easily by using mathematical induction:

Theorem 2.2. Forn>= 0,

: _ "B | L px) "0,
0 G = 050 T4  awsm

(i) Gjin(x) :a"(X)+ﬁ"(X)+¢¥(a"‘1(X) + B (X))

Theorem 2.3. Let M,,(x) denote the nx n tridiagonal matrix as

Loi 0 0
|—pTX) 1 p®X) : |
Mp(x)=| o -1 1 0 |n>1
| : : : p(x)|
l o o o -1 1|

and let Mo (x) =~.
Then, det M, (x) =GJpn(x) ,n =1
Proof. We shall prove the result by using mathematical induction on n.
Forn=1andn=2,itis easy to obtain that
det M;(x) =1=GJp,(%)
and det My (x) = 1+ p(x) = G2 (%),
Assume that the result is true for n — 1 and n — 2, that is
det M,,_;(x) = GJpn-1(%)

and det M,,_,(x) = GJpn-2(X).
Now, we shall prove that the result for n
For, det M, (x) = det M,,_,(x) + p(x)det M,,_,(x)
= G]p,n—l(x) + p(x)G]k,n—z (X)
= GJpn(x).
Theorem 2.4. Let A, (x) denote the nx n tridiagonal matrix as
i P®
[2 —_ E T - 1 0 cee 0 -|
A, () =] _21 1 0 [,n=1
: . : 1 p(x)
. 0o - 1
0 0
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Then, det A, (x) = GJpn-1(x), n =0.
Proof. We shall prove the result by using mathematical induction on n.
Forn=1andn=2,itis easy to obtain that

det A, (x) = 2 — == Gjpo(x)
and det A, (x) = 1+ p(X) © = Gjp 1 ().
Assume that the result is true forn — 1 and n - 2, that is
det A,_1 (%) = Gjpn—2(%)

and det A,_» (%) = Gjp n-3(%).

Now, we shall prove that the theorem for n.

For, det A,,(x) =det A,_,(x) + p(x) det 4,,_,(x)
= Gjpn-1(x) +p(x) Gjpn-2(X)
= Gjpn (%)

Now, we introduce the matrices Q(x), P and R that plays the role of the Q-Matrix of Fibonacci numbers. Let Q(x), P and R

denotes the 2 x 2 matrices defined as

1 +4»ﬁ 1
ew=[; 7§ p= ‘ R=

i
1 2

1+ 2p(x) +- p(x) 1+ 4,p(x)
1+4ip(x) 2—=

Theorem 2.5. Letn > 1, Then

Qn (X) pP= [G]p,n+2(x) G]p,n+1(x)]

Glpn+1(®)  Glpn(x)

where GJ, ,(x) is the nth p(x) - Gaussian Jacobsthal Polynomial.
Proof. We shall prove the result by using mathematical induction on n.
For n=1,

Qwr=[; P4

1+- p(x) 1]

N |

_ 1+p(x) +§.p(x) 1 +§.p(x)
1+§.p(x) 1

— [G]p,3 (X) G]p,z (X)
GIp,Z (X) G]p,l (X)

Assume that the result holds for n = t, that is

(11 + %p(x) 1‘ _ [G]p.t+2(X) G]p,t+1(X)

cp [l P()
[eorep =3 P&I] |7 G Gl

Now, we shall prove the theorem for n = t+1, we have

1+ i‘p(x) 1
[Q(X)]t+1_p - [1 p(OX)] 2 4;‘

t+1

1

t

[1 p(x)] [1 p(x)]

1+2p(0) 1‘

=[1 p(x)] [G]p,t+2(x) Glpee1(X)
Glpes1(X)  Glpe(%)

- [G] pt+3(¥)  Glpr2(%)
Glpt42(X)  Glpe1(®)

Copyrights @Kalahari Journals
International Journal of Mechanical Engineering
194

Vol.7 No.4 (April, 2022)



Theorem 2.6. Letn > 1, Then

Qn (X) R - [G]:p,n+2(x) Gjp.,n+1(x):|
G]p,n+ 1 (X) G] pn (X)

where Gj,, ,(x) is the nth p(x) - Gaussian Jacobsthal Lucas Polynomial.

Proof. We shall prove the result by using mathematical induction on n.

For n =1, we have

1+ 2p(x)+ i‘p(x) 1+ip(x)
QX)R = [1 pE)X)]_ 2 ‘

1+ ip(x) 2—%

[ +2000 +Ep@) + ) + ip? @) 1+ ip@) + 2p(@) - p)
) 1+ 2p(x) + %p(x) 1+ip(x)

[1+3p00) +[p@) + 2p2(0)] 1+ 2p(@) +2pX)
1+ 2p(x) + %p(x) 1+4p(x)

- [Gjp,B (X) Gjp,z (X)]
Gjp,z (X) Gjp,l(x) -
Assume that the theorem holds for n = t, that is

Qoo R =1 PO

142p(0) +5p(x) 1+4ip(x) _[cjpm(x) c,,-p,m(x)]
1+ ip(x) 2—% - Gipt+1(x)  Gjpe(x) |

Now, we shall prove that the theorem forn=1+ 1,
For,

t+1

[Reol R =[] PY]

1+ 2p(x)+ %p(x) 1+ 4p(x)
1+ip(x) 2-2

- [1 p(ox)] E p(ox)]

1+ 2p(x) + %p(x) 1+ip(x)
1+ ip(x) 2-2
[1 p(x)] [Gjp,t+2(x) Gjp,t+1(%)
0 G'jp,t+1 (X) Gj p,t(X)

— [Gjp,t+3(x) Gjp,t+2 (X)]
Gjp,t+2(x) Gjp,t+1(X) '

Next, we give Generalization of Cassini’s Identity for p(x) — Gaussian Jacobsthal & p(x) — Gaussian Jacobsthal Lucas
polynomials:

Theorem 2.7. Forn > 1,

Cpn1(0) Gl () = GJ3n(0) = S5 (GO 2 + 2 - 4).

2

Proof. We can prove the result by matrix method. For, we need to evaluate some determinnats as follows:
_ 1 29 _
det Q"' =, PO = -peor

1+§p(x) 1
1 :
2

detP = e RE LR LS )

2 4

Also, by Theorem 2.5, we can obtain

Glpns1(®¥)  Glpn(¥)
Glpn(x)  Gpn-1(¥)

so that, we have det(Q™~'(x) P) = GJpn-1(%) GJpns1(x) = GJ5 o (x),

[REI™' P =
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or G]p,n—l(x)- G]p,n+1(x) - G]g,n(x) = det(Qn_l(x) P)
= det(Q™ 1 (x)) det(P)
= [-peol" ™ (-5 E2 + 2-4)])
= CLeer R + 2-4)
Theorem 2.8. Forn > 1,
Glpn-1(0) Glpmas () = Gjn (@) = (1" (0)"  {Ep(x) + 1 =2 [1 + 44.p()]}.

Proof. We shall prove the result by using matrix method. For this, we require the following determinants:
_ 1 not _
det () = |1 PO = [poyn

1+2p(x) +2p(x) 1+4p(X) 17 i
2 = - p() +1--[1+4ip()].

T4

detR =

1+ 4ip(x) 2—%

Also, by Theorem 2.6, we have

Gjp,n+1 (X) Gjp,n (X)
Gj pn (X) Gjp,n— 1 (X) '

which implies  det(Q™™'(x) R) = Gjpn—1(X) Gjppns1(x) = Gjpn (%),
so that

Glpn-1(%) Gipni1(x) — G5 (x) = det(Q" ' (x) R)
= det(Q™ ! (x)) det(R)

= [-p@"* {Zp0) +1-1[1+4i p)]}

= (D" @ {Zpo) + 1- 21+ 4ip)]}

Theorem 2.9. The sums of the p(x) - Gaussian Jacobsthal polynomial and p(x) - Gaussian Jacobsthal Lucas polynomial are given
as:

() ZheoGlpm () === [Glpns2(0) = 1];
(i) Zmo Glpm (1) = 5 [Glpns2 () = (1 + i p())]:
Proof. (i) Forn =1, we have
Glpn+1 (%) = Glpn (x) +p(X) GJp,n-1 (%),
Glpn-1 () =55 [Glpner (O = Glpn (9]
Takingn=1,2,3,...,n+1in last equation, we can get
Glpo () =55 [Glpz () = Glpa )],
Glp1 () =55 [Glps () = G2 )],

Glp2 () =55 [Glpa () = Glps B,

Q"' R= [

N
p(x)

1

(%) [G]p,n+1 (X) - G]p,n (X)]’

1
G’]p,n (X) = % [G]p,n+2 (X) - G']p,n+1 (X)]
On adding all of the above (n + 1) equations, we can get

=0 Glpm (1) = == (G2 () = Gpa ()]
2
pX)

G]p,n—l (X) =

or =0 G]p,m x)= [G]k,n+2(x) - 1]-

(if) Forn > 1, we have
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Gjp,n+1 (X) = Gjp,n (X) + p(X) Gjp,n—l (X),
. 1 . .
G]p,n—l (X) - E [G]p,n+1 (X) - G]p,n (X)]
Takingn=1,2,3,...,n+1in last equation, we can get
. 1 . .
G]p,O (X) - @ [Glp,Z (X) - G]p,l (X)],
Gjp,l(x) =

Gjp,z (X) =

—5[Gips (0 = Gp2 ],
—5[Gipa (O = Gips ],

. 1 . .
GJp,n—I(X) - @ [G]p,n+1 (X) - G]p,n(X)]n
. 1 . .
GJp,n (X) - M [G]p,n+2 (X) - G]p,n+1 (X)]
On adding all of the above (n + 1) equations, we can get
1 . .
ﬁ [G]p,n+2 (x) - G]p,l (x)]:

[Gipn+2() — (1 +4p(x))].

m=0 Gjpm x) =

. _ 1
or Z?n:o G]p,m (X) - ﬁ
Conclusion:

The paper discusses new notions of p(x) — Gaussian Jacobsthal & p(x) — Gaussian Jacobsthal Lucas polynomials and provides
Generating function, Q — matrix & determinantal representation for these polynomials, there by generalizing the work of Asci &
Gurel [3]. Further, a generalized form of Binet formula & Cassini’s Identity for these polynomials are also discussed. Present
paper provides an extension of the work of Catarino & Morgado [4].
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