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Abstract 

    In this paper, we introduce a new class of functions termed as intuitionistic fuzzy 𝜃, 𝜃 semi, 𝑀 continuous, 𝜃 open, 𝜃 

closed, 𝜃 semiopen, 𝜃 semiclosed, 𝑀 closed and 𝑀 open mappings with the help of ℐℱ-𝜃𝑐, ℐℱ-𝜃𝑜, ℐℱ-𝜃𝑠𝑜, ℐℱ-𝜃𝑠𝑐, ℐℱ-𝛿𝑐, 
ℐℱ-𝛿𝑜, ℐℱ-𝛿𝑝𝑜, ℐℱ-𝛿𝑝𝑐, ℐℱ-𝑀𝑜 and ℐℱ-𝑀𝑐 sets. Also, we study the topological properties and characterizations of these 

mappings. Furthermore we obtain the interrelations between these mappings and already existing mappings in the theory of 

intuitionistic fuzzy topological spaces, and we provide suitable examples to illustrate the theory.  
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1  Introduction 

 The concept of fuzzy sets was introduced by Zadeh [22] in his classical paper. Fuzzy set have applications in many fields such as 

Information [17] and Control [18]. After the introduction of fuzzy sets, various authors introduced generalization of the notion of 

fuzzy set. Atanassov [3] generalized the fuzzy sets to intuitionistic fuzzy sets(in brief,ℐℱ𝒮). Some basic results on ℐℱ𝒮’s were 

published in [3, 4], and the book [4] provides a comprehensive coverage of virtually all results in the area of the theory and 

applications of ℐℱ𝒮’s. Coker and his colleague [6, 8, 7] defined intuitionistic fuzzy topology (in brief, ℐℱ𝒯𝒮) in Chang’s sense. 

After that the definition of ℐℱ𝒯𝒮 in Samanta and Mondal [16, 15] (ℐℱ gradation of openness) was introduced and studied. In 

2004, Caldas et al. [5], introduced some properties of 𝜃 open sets and in 2011, Maghrabi and Johany [11] introduced 𝑀 open 

sets in topological spaces. In 2013 and 2014, Maghrabi and Johany [12, 13, 14] introduced several mappings by using 𝑀 open 

sets in topological spaces. In 2017, Fora [10] discussed some properties of fuzzy clopen sets in fuzzy topological spaces. In this 

paper, we introduce a new class of functions termed as intuitionistic fuzzy 𝜃, 𝜃  semi, 𝑀  continuous, 𝜃  open, 𝜃  closed, 𝜃 

semiopen, 𝜃 semiclosed, 𝑀 closed and 𝑀 open mappings with the help of ℐℱ-𝜃𝑐, ℐℱ-𝜃𝑜, ℐℱ-𝜃𝑠𝑜, ℐℱ-𝜃𝑠𝑐, ℐℱ-𝛿𝑐, ℐℱ-𝛿𝑜, 
ℐℱ-𝛿𝑝𝑜, ℐℱ-𝛿𝑝𝑐, ℐℱ-𝑀𝑜 and ℐℱ-𝑀𝑐 sets. Also, we study the topological properties and characterizations of these mappings. 

Furthermore we obtain the interrelations between these mappings and already existing mappings in the theory of intuitionistic 

fuzzy topological spaces, and we provide suitable examples to illustrate the theory. 

 

2  Preliminaries 

 Definition 2.1 [3] Let 𝛺 be a nonempty fixed set and 𝐼 the closed interval [0, 1]. An ℐℱ𝒮 𝜇 is an object of the following form 

𝜇 = {⟨𝜀, 𝜌𝜇(𝜀), 𝜚𝜇(𝜀)⟩: 𝜀 ∈ 𝛺}, where the mapping 𝜌𝜇: 𝛺 → 𝐼 and 𝜚𝜇: 𝛺 → 𝐼 denote the degree of membership (namely, 𝜌𝜇(𝜀)) 

and the degree of nonmembership (namely, 𝜚𝜇(𝜀)) ∀ element 𝜀 ∈ 𝛺 to the set 𝜇, respectively, and 0 ≤ 𝜌𝜇(𝜀) + 𝜚𝜇(𝜀) ≤ 1 ∀ 

𝜀 ∈ 𝛺.  

Definition 2.2 [1, 3] Let 𝛺 be a nonempty set, and the ℐℱ𝒮’s 𝜇 and 𝛾 in 𝛺 be the form 𝜇 = {〈𝜀, 𝜌𝜇(𝜀), 𝜚𝜇(𝜀)〉: 𝜀 ∈ 𝛺}, 𝛾 =

{〈𝜀, 𝜌𝛾(𝜀), 𝜚𝛾(𝜀)〉: 𝜀 ∈ 𝛺} Furthermore, let {𝜇𝑖: 𝑖 ∈ 𝐽} (𝐽 be an index set) be an arbitrary family of ℐℱ𝒮’s in 𝛺. Then   

    1.  𝜇 ≤ 𝛾 if and only if 𝜌𝜇(𝜀) ≤ 𝜌𝛾(𝜀) and 𝛾𝜇(𝜀) ≥ 𝛾𝛾(𝜀), for all 𝜀 ∈ Ω.  

    2.  𝜇 = 𝛾 if and only if 𝜇 ≤   𝛾 and 𝛾 ≤ 𝜇.  

    3.  𝜇 ∧ 𝛾 = {⟨𝜀, 𝜌𝜇(𝜀) ∧ 𝜌𝛾(𝜀), 𝛾𝜇(𝜀) ∨ 𝛾𝛾(𝜀)⟩: 𝜀 ∈ Ω}.  

    4.  𝜇 ∨ 𝛾 = {⟨𝜀, 𝜌𝜇(𝜀) ∨ 𝜌𝛾(𝜀), 𝛾𝜇(𝜀) ∧ 𝛾𝛾(𝜀)⟩: 𝜀 ∈ Ω}.  
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    5.  𝜇 = {〈𝜀, 𝛾𝜇(𝜀), 𝜌𝜇(𝜀)〉: 𝜀 ∈   Ω}.  

    6.  𝜇 − 𝛾 = 𝜇 ∧ 𝛾.  

    7.  ∧𝑖∈𝑁 𝜇𝑖 = {〈𝜀,∧𝑖∈𝑁 𝜌𝜇𝑖
(𝜀),∨𝑖∈𝑁 𝛾𝜇𝑖

(𝜀)〉: 𝜀 ∈ Ω}.  

    8.  ∨𝑖∈𝑁 𝜇𝑖 = {〈𝜀,∨𝑖∈𝑁 𝜌𝜇𝑖
(𝜀),∧𝑖∈𝑁 𝛾𝜇𝑖

(𝜀)〉: 𝜀 ∈ Ω}.  

    9.  0 = {〈𝜀, 0,1〉: 𝜀 ∈ Ω} and 1 = {〈𝜀, 1,0〉: 𝜀 ∈ Ω}.  

 

 

Definition 2.3 [8] An ℐℱ𝒯 in Coker’s sense on a nonempty set 𝛺 is a family 𝜏 of ℐℱ𝒮′𝑠 in 𝛺 satisfying the following axioms   

    1.  0, 1 ∈ 𝜏.  

    2.  𝐻1 ∧ 𝐻2 ∈ 𝜏, for any 𝐻1, 𝐻2 ∈ 𝜏.  

    3.  ∨ 𝐻𝑖 ∈ 𝜏 for any arbitrary family {𝐻𝑖 : 𝑖 ∈ 𝐽} ⊆ 𝜏.  

  

 

Each ℐℱ𝒮 𝜇 which belongs to 𝜏 is called an ℐℱ open (ℐℱ𝑜) set in Ω. The complement 𝜇 of an ℐℱ𝑜 set 𝜇 in Ω is called an ℐℱ 

closed (ℐℱ𝑐) set in Ω. 

 

Definition 2.4 [8] Let (𝛺, 𝜏) be an ℐℱ𝒯𝒮 and 𝜇 = {〈𝜀, 𝜇𝜇 , 𝜈𝜇〉: 𝜀 ∈ 𝛺} be an ℐℱ𝒮 in 𝛺. Then the ℐℱ closure (in brief, ℐℱ𝐶) 

and ℐℱ interior (in brief, ℐℱ𝐼) of 𝜇 are defined by   

    1.  ℐℱ𝐶(𝜇) =∧𝑖∈𝑁 {𝜄: 𝜄 isanIFcs𝑖𝑛 Ω and 𝜄 ≥ 𝜇}.  

    2.  ℐℱ𝐼(𝜇) =∨𝑖∈𝑁 {𝜅: 𝜅 isanIFos𝑖𝑛 Ω and 𝜅 ≤ 𝜇}.  

 

Definition 2.5  [21] Let 𝜇 be ℐℱ𝒮 in an ℐℱ𝒯𝒮 (𝛺, 𝜏). 𝜇 is called an ℐℱ   

    1.  regular open (in brief, ℐℱ𝑟𝑜 ) set if 𝜇 = ℐℱ𝐼ℐℱ𝐶(𝜇).  

    2.  regular closed (in brief, ℐℱ𝑟𝑐 ) set if 𝜇 = ℐℱ𝐶ℐℱ𝐼(𝜇).  

 

Definition 2.6  [21] Let (𝛺, 𝜏) be an ℐℱ𝒯𝒮 and 𝜇 =< 𝜀, 𝜇𝜇(𝜀), 𝜈𝜇(𝜀) > be a ℐℱ𝒮 in 𝛺. Then the ℐℱ 𝛿 closure of 𝜇 are 

denoted and defined by ℐℱ𝛿𝐶(𝜇) =∧ {𝜄: 𝜄 is an ℐℱ𝑟𝑐 set in 𝛺 and 𝜇 ≤ 𝜄} and ℐℱ𝛿𝐼(𝜇) =∨ {𝜅: 𝜅 is an ℐℱ𝑟𝑜 set in 𝛺 and 

𝜅 ≤ 𝜇}.  

 

Definition 2.7 [19] Let 𝜇 be an ℐℱ𝒮 in an ℐℱ𝒯𝒮 (𝛺, 𝜏) then 𝜇 is called an ℐℱ [(i)]  

    1.  𝛿-preopen (briefly, ℐℱ𝛿𝑝𝑜 ) set if 𝜇 ⊆ ℐℱ𝑖𝑛𝑡(ℐℱ𝑐𝑙𝛿(𝜇)).  

    2.  𝛿-semiopen (briefly, ℐℱ𝛿𝑠𝑜 ) set if 𝜇 ⊆ ℐℱ𝑖𝑛𝑡(ℐℱ𝑐𝑙𝛿(𝜇)).  

    3.  𝑒-open (briefly, ℐℱ𝑒𝑜 ) set if 𝜇 ⊆ ℐℱ𝑐𝑙ℐℱ𝑖𝑛𝑡𝛿(𝜇) ∪ ℐℱ𝑖𝑛𝑡ℐℱ𝑐𝑙𝛿(𝜇).  

    4.  𝛿-preclosed (briefly, ℐℱ𝛿𝑝𝑐 ) set if 𝜇 ⊇ ℐℱ𝑐𝑙(ℐℱ𝑖𝑛𝑡𝛿(𝜇)).  

    5.  𝛿-semiclosed (briefly, ℐℱ𝛿𝑠𝑐 ) set if 𝜇 ⊇ ℐℱ𝑐𝑙(ℐℱ𝑖𝑛𝑡𝛿(𝜇)).  

    6.  𝑒-closed (briefly, ℐℱ𝑒𝑐 ) set if 𝜇 ⊇ ℐℱ𝑐𝑙ℐℱ𝑖𝑛𝑡𝛿(𝜇) ∩ ℐℱ𝑖𝑛𝑡ℐℱ𝑐𝑙𝛿(𝜇).  

 

Definition 2.8 [8, 19] A function 𝚤 from a ℐℱ𝒯𝒮 (𝛺, 𝜏) to a ℐℱ𝒯𝒮 (𝜔, 𝜎) is called as ℐℱ (resp. 𝛿 pre, and 𝑒) continuous 

(briefly ℐℱ𝐶𝑡𝑠, (resp. ℐℱ𝛿𝑝𝐶𝑡𝑠, and ℐℱ𝑒𝐶𝑡𝑠)) function if 𝚤−1(𝜇) is an ℐℱ𝑐 (resp. ℐℱ𝛿𝑝𝑐, and ℐℱ𝑒𝑐) set in 𝜏 ∀ ℐℱ𝑐 set 𝜇 ∈
𝜎.  

Definition 2.9 [9] A ℐℱ𝒮 𝜆 in a ℐℱ𝒯𝒮 (𝛺, 𝜏) is called an ℐℱ dense (resp.ℐℱ nowhere dense) if there exists no ℐℱ𝑜 (resp. 

non-zero ℐℱ𝑜) set 𝜇 in (𝛺, 𝜏) such that 𝜆 < 𝜇 < 1 (resp. 𝜇 < ℐℱ𝐶(𝜆)).  

Lemma 2.1 [19] For a ℐℱ𝒯𝒮 (𝛺, 𝜏), every ℐℱ dense set is ℐℱ𝛿𝑝𝑜.  

Definition 2.10  [8, 19] A function 𝚤 from a ℐℱ𝒯𝒮 (𝛺, 𝜏) to a ℐℱ𝒯𝒮 (𝜔, 𝜎), is called as a ℐℱ open (resp. ℐℱ 𝜃 semiopen, 

ℐℱ 𝛿 preopen, ℐℱ 𝑀 open and ℐℱ 𝑒 open) (briefly ℐℱ𝑂, (resp. ℐℱ𝜃𝑠𝑂, ℐℱ𝛿𝑝𝑂, ℐℱ𝑀𝑂 and ℐℱ𝑒𝑂)) function if 𝚤(𝜇) is an 

ℐℱ𝑜 (resp. ℐℱ𝜃𝑜, ℐℱ𝜃𝑠𝑜, ℐℱ𝛿𝑝𝑜, ℐℱ𝑀𝑜 and ℐℱ𝑒𝑜) set in 𝜎 ∀ ℐℱ𝑜 set 𝜇 ∈ 𝜏  
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Theorem 2.1 [19]  Let 𝚤:(𝛺, 𝜏) → (𝜔, 𝜎) be a mapping. Every ℐℱ𝑂 (resp. ℐℱ𝐶) is ℐℱ𝛿𝑝𝑂 (resp. ℐℱ𝛿𝑝𝐶) mapping. But not 

conversely.  

 

Definition 2.11  [20] Let (𝛺, 𝜏) be a ℐℱ𝒯𝒮, ∀  ℐℱ𝒮 𝛾, 𝜈 the operators ℐℱ- 𝜃 interior and ℐℱ- 𝜃 closure denoted by 

(ℐℱ)𝜃𝐼    𝑎𝑛𝑑     ℐℱ𝜃𝐶 are defined as  

 ℐℱ𝜃𝐼(𝛾) = ∨
𝑖∈𝑁

{𝜈 | 𝜈 ∈ 𝜏 & ℐℱ𝐶(𝛾) ≤ 𝜈} 

      𝑎𝑛𝑑      

 ℐℱ𝜃𝐶(𝛾) = ∨
𝑖∈𝑁

{𝜈 | 𝜈 ∈ 𝜏 & ℐℱ𝐼(𝛾) ≥ 𝜈}. 

  

 Definition 2.12  [20] In an ℐℱ𝒯𝒮 (𝛺, 𝜏) and ℐℱ𝒮  𝛾 is called an [(i)]  

    1.  ℐℱ -𝜃 open (resp. ℐℱ -𝜃 semi open) (briefly ℐℱ𝜃𝑜 (resp. ℐℱ𝜃𝑠𝑜)) set if 𝛾 = ℐℱ𝜃𝐼(𝛾). (resp. 𝛾 ≤ ℐℱ𝐶(ℐℱ𝜃𝐼(𝛾))).  

    2.  ℐℱ -𝜃 closed (resp. ℐℱ-𝜃 semi closed) (briefly ℐℱ𝜃𝑐 (resp. ℐℱ𝜃𝑠𝑐)) set if 𝛾 is an ℐℱ 𝜃𝑜 (resp. ℐℱ𝜃𝑠𝑜) set.  

  

 Definition 2.13  [20] In an ℐℱ𝒯𝒮 (𝛺, 𝜏), 𝑎𝑛𝑑 ℐℱ𝒮  𝛾 is called an   

    1.  ℐℱ-𝑀 closed (briefly ℐℱ𝑀𝑐) set if 𝛾 ≥ ℐℱ𝐼(ℐℱ𝜃𝐶(𝛾)) ∧ ℐℱ𝐶(ℐℱ𝛿𝐼(𝛾)).  

    2.  ℐℱ-𝑀 open (briefly ℐℱ𝑀𝑜) set if 𝛾 is an ℐℱ𝑀𝑐 set.  

   

Definition 2.14  [20] Let (𝛺, 𝜏) be a ℐℱ𝒯𝒮, then the [(i)]  

    1.  union of all ℐℱ𝑀𝑜 (resp. ℐℱ𝜃𝑠𝑜) sets contained in 𝛾 is called the ℐℱ𝑀 (resp. ℐℱ𝜃 semi) interior of 𝛾 and is denoted 

by ℐℱ𝑀𝐼(𝛾) (resp. ℐℱ𝜃𝑠𝐼(𝛾)).  

    2.  intersection of all ℐℱ𝑀𝑐 (resp. ℐℱ𝜃𝑠𝑐) sets containing 𝛾 is called the ℐℱ𝑀 (resp. ℐℱ𝜃 semi) closure of 𝛾 and is 

denoted by ℐℱ𝑀𝐶(𝛾) (resp. ℐℱ𝜃𝑠𝐶(𝛾)).  

  

3  Intuitionistic fuzzy 𝑴 continuous functions  

 

Definition 3.1  A function 𝚤 from a ℐℱ𝒯𝒮 (𝛺, 𝜏) to a ℐℱ𝒯𝒮 (𝜔, 𝜎) is called as ℐℱ𝜃 (resp. 𝜃 semi, and 𝑀 ) continuous 

(briefly ℐℱ𝜃𝐶𝑡𝑠 (resp. ℐℱ𝜃𝑠𝐶𝑡𝑠, and ℐℱ𝑀𝐶𝑡𝑠 )) function if 𝚤−1(𝜇) is an ℐℱ𝜃𝑐, (resp. ℐℱ𝜃𝑠𝑐 and ℐℱ𝑀𝑐 ) set in 𝜏 ∀ ℐℱ𝑐 set 

𝜇 ∈ 𝜎.  

  

Theorem 3.1   Let 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) be a mapping. Every   

    1.  ℐℱ𝜃𝑠𝐶𝑡𝑠 (resp. ℐℱ𝛿𝑝𝐶𝑡𝑠) is ℐℱ𝑀𝐶𝑡𝑠  

    2.  ℐℱ𝜃𝐶𝑡𝑠 is ℐℱ𝜃𝑠𝐶𝑡𝑠  

    3.  ℐℱ𝜃𝐶𝑡𝑠 is ℐℱ𝐶𝑡𝑠  

    4.  ℐℱ𝐶𝑡𝑠 is ℐℱ𝛿𝑝𝐶𝑡𝑠  

    5.  ℐℱ𝑀𝐶𝑡𝑠 is ℐℱ𝑒𝐶𝑡𝑠  

 function. But not conversely.  

 

Example 3.1   Let 𝛺 = 𝜔 = {𝑎, 𝑒, 𝑖, 𝑜}, 𝜐 = ⟨𝜀, (
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𝜎 = {0, 1, 𝜐, 𝜑} is an ℐℱ𝒯 on 𝜔. Let us consider the function 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) then 𝜑 is ℐℱ𝑒𝐶𝑡𝑠 but not ℐℱ𝛿𝑠𝐶𝑡𝑠 and 

ℐℱ𝛿𝑀𝐶𝑡𝑠.   

 

Example 3.2   Let 𝛺 = 𝜔 = {𝑎, 𝑒, 𝑖, 𝑜}, 𝜐 = ⟨𝜀, (
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𝑒

1
,

𝑖

0.7
,

𝑜

1
)⟩, 𝜙 = ⟨𝜀, (

𝑎

0
,

𝑒

1
,

𝑖

0
,

𝑜

0
), (

𝑎

1
,

𝑒

0
,

𝑖

1
,

𝑜

0.1
)⟩, 𝜑 =

⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0
,

𝑜

0
)⟩, 𝜓 = ⟨𝜀, (

𝑎

0
,

𝑒

0.8
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0.9
,

𝑜

0
)⟩ Then the families 𝜏 = {0, 1, 𝜐, 𝜙, 𝜐 ∨ 𝜙} is an ℐℱ𝒯 on 𝛺 and 
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𝜎 = {0, 1, 𝜐, 𝜓} is an ℐℱ𝒯 on 𝜔. Let us consider the function 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) then 𝜓 is ℐℱ𝑀𝐶𝑡𝑠 but not ℐℱ𝜃𝑠𝐶𝑡𝑠 and 

ℐℱ𝛿𝑝𝐶𝑡𝑠.   

 

Example 3.3   Let 𝛺 = 𝜔 = {𝑎, 𝑒, 𝑖, 𝑜}, 𝜐 = ⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0.2
,

𝑜

0
), (

𝑎

0
,

𝑒

1
,

𝑖

0.7
,

𝑜

1
)⟩, 𝜙 = ⟨𝜀, (

𝑎

0
,

𝑒

1
,

𝑖

0
,

𝑜

0
), (

𝑎

1
,

𝑒

0
,

𝑖

1
,

𝑜

0.1
)⟩, 𝜑 =

⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0
,

𝑜

0
)⟩, 𝜓 = ⟨𝜀, (

𝑎

0
,

𝑒

0.8
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0.9
,

𝑜

0
)⟩ Then the families 𝜏 = {0, 1, 𝜐, 𝜙, 𝜐 ∨ 𝜙} is an ℐℱ𝒯 on 𝛺 and 

𝜎 = {0, 1, 𝜐, 𝜙} is an ℐℱ𝒯 on 𝜔. Let us consider the function 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) then 𝜓 is ℐℱ𝐶𝑡𝑠 but not ℐℱ𝜃𝐶𝑡𝑠 and 

ℐℱ𝜃𝑠𝐶𝑡𝑠.   

 

Example 3.4   Let 𝛺 = 𝜔 = {𝑎, 𝑒}, 𝜐 = ⟨𝜀, (
𝑎

0.5
,

𝑒

0.5
), (

𝑎

0.3
,

𝑒

0.5
)⟩, 𝜙 = ⟨𝜀, (

𝑎

0.7
,

𝑒

0.2
), (

𝑎

0.3
,

𝑒

0.2
)⟩, 𝜑 = ⟨𝜀, (

𝑎

0.3
,

𝑒

0.4
), (

𝑎

0.5
,

𝑒

0.6
)⟩, 𝜓 =

⟨𝜀, (
𝑎

0.5
,

𝑒

0.7
), (

𝑎

0.3
,

𝑒

0.2
)⟩. Then the families 𝜏 = {0, 1, 𝜐} is an ℐℱ𝒯 on 𝛺 and 𝜎 = {0, 1, 𝜑} is an ℐℱ𝒯 on 𝜔. Let us consider the 

function 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) then 𝜑 is ℐℱ𝛿𝑝𝐶𝑡𝑠 but not ℐℱ𝐶𝑡𝑠   

 

Example 3.5   Let 𝛺 = 𝜔 = {𝑎, 𝑒}, 𝜐 = ⟨𝜀, (
𝑎

0.5
,

𝑒

0.5
), (

𝑎

0.3
,

𝑒

0.5
)⟩, 𝜙 = ⟨𝜀, (

𝑎

0.7
,

𝑒

0.2
), (

𝑎

0.3
,

𝑒

0.2
)⟩, 𝜑 = ⟨𝜀, (

𝑎

0.3
,

𝑒

0.4
), (

𝑎

0.5
,

𝑒

0.6
)⟩, 𝜓 =

⟨𝜀, (
𝑎

0.5
,

𝑒

0.7
), (

𝑎

0.3
,

𝑒

0.2
)⟩. Then the families 𝜏 = {0, 1, 𝜐} is an ℐℱ𝒯 on 𝛺 and 𝜎 = {0, 1, 𝜓} is an ℐℱ𝒯 on 𝜔. Let us consider the 

function 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) then 𝜓 is ℐℱ𝛿𝑝𝐶𝑡𝑠 but not ℐℱ𝐶𝑡𝑠   

 

From the Theorem 3.1 and Examples 3.1, 3.2, 3.3, 3.4 and 3.5 the following implications are hold.  

 

 

Note: 𝐴 → 𝐵 denotes 𝐴 implies 𝐵, but not conversely.  

  

Definition 3.2  Let (𝛺, 𝜏) be a ℐℱ𝒯𝒮, 𝜇 ∈ 𝜏, 𝑥𝑡,𝑠 is a ℐℱ point then 𝜇 is called ℐℱ𝑄 [?] (resp. ℐℱ𝑀𝑄) -neighborhood of 𝑥𝑡,𝑠 

if 𝜇 ∈ 𝜏 (resp. ℐℱ𝑀𝑜) and 𝑥𝑡,𝑠𝑞𝜇.  

  

Definition 3.3  A mapping 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) is called ℐℱ𝑀𝐶𝑡𝑠 at a ℐℱ point 𝑥𝑡,𝑠 if the inverse image of each ℐℱ𝑄 

neighbourhood of 𝚤(𝑥𝑡,𝑠) is an ℐℱ𝑀𝑄 neighbourhood of 𝑥𝑡,𝑠 ∈ 𝜏.  

  

Theorem 3.2  A mapping 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) is ℐℱ𝑀𝐶𝑡𝑠 iff it is ℐℱ𝑀𝐶𝑡𝑠 at every ℐℱ point 𝑥𝑡,𝑠 ∈ 𝜏.  

  

Theorem 3.3  Let (𝛺, 𝜏) and (𝜔, 𝜎) be ℐℱ𝒯𝒮’s and 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) be a mapping. Then   
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    1.  𝚤 is ℐℱ𝑀𝐶𝑡𝑠 function.  

    2.  𝚤−1(𝜆) ∈ 𝜏 is an ℐℱ𝑀𝑜, ∀ ℐℱ𝑜 set 𝜆 ∈ 𝜎.  

    3.  𝚤−1(𝜆) ∈ 𝜏 is an ℐℱ𝑀𝑐, ∀ ℐℱ𝑐 set 𝜆 ∈ 𝜎.  

    4.  𝚤(ℐℱ𝑀𝐶(𝜆)) ≤ ℐℱ𝐶(𝚤(𝜆)), ∀ 𝜆 ∈ 𝜏.  

    5.  ℐℱ𝑀𝐶(𝚤−1(𝜆)) ≤ 𝚤−1(ℐℱ𝐶(𝜆)), ∀ 𝜆 ∈ 𝜎.  

    6.  ℐℱ𝐼(ℐℱ𝜃𝐶(𝚤−1(𝜆))) ∧ ℐℱ𝐶(ℐℱ𝛿𝐼(𝚤−1(𝜆))) ≤ 𝚤−1(ℐℱ𝐶(𝜆)), ∀ 𝜆 ∈ 𝜎.  

    7.  𝚤−1(ℐℱ𝐼(𝜆)) ≤ ℐℱ𝑀𝐼(𝚤−1(𝜆)), ∀ 𝜆 ∈ 𝜎.  

    8.  𝚤−1(ℐℱ𝐼(𝜇)) ≤ ℐℱ𝐶(ℐℱ𝜃𝐼(𝚤−1(𝜇))) ∨ ℐℱ𝐼(ℐℱ𝛿𝐶(𝚤−1(𝜇), ), ) ∀ 𝜇 ∈ 𝐼𝑌  

are equivalent.  

  Proof. (ii)⇒(iii), (v)⇒(vii), (vi)⇒(viii), (viii)⇒(iii) are direct to prove, other results are provided here. 

(i)⇒(ii): Let 𝜆 be an ℐℱ𝑜 set in (𝜔, 𝜎), 𝚤 is a ℐℱ𝑀𝐶𝑡𝑠 function, then we have 𝚤−1(𝜆) is an ℐℱ𝑀𝑐 set of (Ω, 𝜏). Therefore 

𝚤−1(𝜆) is an ℐℱ𝑀𝑜 set of (Ω, 𝜏). 

(iii)⇒(iv): Let 𝜆 ∈ 𝜏, since ℐℱ𝐼(𝚤(𝜆)) ∈ 𝜎  Then by (iii), 𝚤−1(ℐℱ𝐶(𝚤(𝜆)))  is an ℐℱ𝑀𝑐  set of (Ω, 𝜏). Since 𝜆 ≤ 𝚤−1(𝚤(𝜆)) ≤
𝚤−1(ℐℱ𝐶(𝚤(𝜆))), we have ℐℱ𝑀𝐶(𝜆) ≤ 𝚤−1(ℐℱ𝐶(𝚤(𝜆))). Hence 𝚤(ℐℱ𝑀𝐶(𝜆)) ≤ ℐℱ𝐶(𝚤(𝜆)). 

(iv)⇒(v): For all 𝜆 ∈ 𝜎, let 𝚤−1(𝜆) instead of 𝜆 in (iv), we have  

 𝚤(ℐℱ𝑀𝐶(𝚤−1(𝜆), )) ≤ ℐℱ𝐶(𝚤(𝚤−1(𝜆))) ≤ ℐℱ𝐶(𝜆). 

It implies that  

 ℐℱ𝑀𝐶(𝚤−1(𝜆)) ≤ 𝚤−1(ℐℱ𝐶(𝜆)). 

(vii) ⇒ (i): Let 𝜆  be an ℐℱ𝑐  set in (𝜔, 𝜎).  Then 𝜆 = 𝐼(𝜆).  By (vii), 𝚤−1(𝜆) ≤ ℐℱ𝑀𝐼(𝚤−1(𝜆)).  But we know that 𝚤−1(𝜆) ≥

ℐℱ𝑀𝐼(𝚤−1(𝜆)).  Thus, 𝚤−1(𝜆) = ℐℱ𝑀𝐼(𝚤−1(𝜆)),  that is, 𝚤−1(𝜆)  is ℐℱ𝑀𝑜  set. Since, 𝚤−1(𝜆)  is ℐℱ𝑀𝑐  set. Therefore 𝚤  is 

ℐℱ𝑀𝐶𝑡𝑠 function. 

(iii)⇒(vi): For all 𝜆 ∈ 𝜎, since ℐℱ𝐶(𝜆) is an ℐℱ𝑐 set in (𝜔, 𝜎), by (iii), we have that 𝚤−1(ℐℱ𝐶(𝜆)) is an ℐℱ𝑀𝑐 set in (Ω, 𝜏). 
Hence 𝚤−1(ℐℱ𝐶(𝜆)) ≥ ℐℱ𝐼(ℐℱ𝜃𝐶(𝚤−1(𝐶(𝜆)))) ∧ ℐℱ𝐶(ℐℱ𝛿𝐼(𝚤−1(𝐶 (𝜆)))) ≥ ℐℱ𝐼(ℐℱ𝜃𝐶(𝚤−1(𝜆))) ∧ ℐℱ𝐶(ℐℱ𝛿𝐼(𝚤−1(𝜆))). 

(vi)⇒(iii): For all 𝜆 ∈ 𝜎, since ℐℱ𝐶(𝜆) is an ℐℱ𝑐 set in (𝜔, 𝜎), and let ℐℱ𝐶(𝜆) instead of 𝜆 in (vi), we have that  

     ℐℱ𝐼(ℐℱ𝜃𝐶(𝚤−1(ℐℱ𝐶(𝜆)))) ∧ ℐℱ𝐶(ℐℱ𝛿𝐼(𝚤−1(ℐℱ𝐶(𝜆)))) 

     ≤ 𝚤−1(ℐℱ𝐶(ℐℱ𝐶(𝜆))) 

     = 𝚤−1(ℐℱ𝐶(𝜆)). 

 Hence 𝚤−1(ℐℱ𝐶(𝜆)) is an ℐℱ𝑀𝑐 set in (Ω, 𝜏).              

 

Proposition 3.1  Let 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎)) ℐℱ𝑀𝐶𝑡𝑠 mapping and if for any ℐℱ𝒮 𝜆 of 𝛺 is ℐℱ nowhere dense then 𝚤 is 

ℐℱ𝛿𝑝𝐶𝑡𝑠.  

  Proof. Let 𝜇 ∈ 𝜎 Since 𝚤 is an ℐℱ𝑀𝐶𝑡𝑠 mapping, then 𝚤−1(𝜇) is an ℐℱ𝑀𝑜 set in (Ω, 𝜏). Put 𝚤−1(𝜇) = 𝜆 is an ℐℱ𝑀𝑜 set in 

Ω.  Hence  

 𝜆 ≤ ℐℱ𝐶(ℐℱ𝜃𝐼(𝜆)) ∨ ℐℱ𝐼(ℐℱ𝛿𝐶(𝜆)). 

But ℐℱ𝜃𝐼(𝜆) ≤ ℐℱ𝐼(𝜆) ≤ ℐℱ𝐶(𝜆), then  

 ℐℱ𝜃𝐼(𝜆) ≤ ℐℱ𝐼(ℐℱ𝐶(𝜆)). 

Since 𝜆 is ℐℱ nowhere dense and Lemma ??, we have ℐℱ𝜃𝐼(𝜆) = 0. Therefore 𝚤 is ℐℱ𝛿𝑝𝐶𝑡𝑠.             

Definition 3.4  A mapping 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) is called ℐℱ 𝜃-open map (briefly ℐℱ𝜃𝑂) if the image of every ℐℱ𝑜 set of (𝛺, 𝜏) is 

ℐℱ𝜃𝑜 set in (𝜔, 𝜎).  

 

Definition 3.5  A mapping 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) is called ℐℱ 𝜃-bicontinuous (briefly, ℐℱ𝜃𝑏𝑖𝐶𝑡𝑠) if 𝚤 is ℐℱ𝜃𝑂 map and ℐℱ𝜃𝐶𝑡𝑠 

map.  

 

Theorem 3.4  If 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) be a ℐℱ𝜃𝑏𝑖𝐶𝑡𝑠 mapping then the inverse image of each ℐℱ𝑀𝑜 set in (𝜔, 𝜎) under 𝚤 is 

ℐℱ𝑀𝑜 set in (𝛺, 𝜏).  

  Proof. Let 𝚤 be a ℐℱ𝜃𝑏𝑖𝐶𝑡𝑠 and 𝜇 be a ℐℱ𝑀𝑜 set in (𝜔, 𝜎). Then  
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 𝜇 ≤ ℐℱ𝐶(ℐℱ𝜃𝐼(𝜇)) ∨ ℐℱ𝐼(ℐℱ𝛿𝐶(𝜇)). 

 𝚤−1(𝜇) ≤ 𝚤−1(ℐℱ𝐶(ℐℱ𝜃𝐼(𝜇))) ∨ 𝚤−1(ℐℱ𝐼(ℐℱ𝛿𝐶(𝜇))). 

 ≤ ℐℱ𝐶(𝚤−1(ℐℱ𝜃𝐼(𝜇))) ∨ 𝚤−1(ℐℱ𝐼(ℐℱ𝛿𝐶(𝜇))). 

 Since 𝚤 is an ℐℱ𝜃𝑏𝑖𝐶𝑡𝑠 mapping, then 𝚤 is ℐℱ𝜃𝑂 map and ℐℱ𝜃𝐶𝑡𝑠 map. Then 𝚤 is ℐℱ𝜃𝑠𝐶𝑡𝑠 map and ℐℱ𝛿𝑝𝐶𝑡𝑠 map. Hence  

 𝚤−1(𝜇) ≤ ℐℱ𝐶(ℐℱ𝜃𝐼(𝚤−1(𝜇))) ∨ ℐℱ𝐼(ℐℱ𝛿𝐶(𝚤−1(𝜇))). 

 This shows that 𝚤−1(𝜇) is ℐℱ𝑀𝑜 set in (Ω, 𝜏).             

 

Remark 3.1 If 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) be a ℐℱ𝜃𝑏𝑖𝐶𝑡𝑠 mapping. Then the inverse image of each ℐℱ𝛿𝑝𝑜 (resp. ℐℱ𝜃𝑠𝑜) set in 𝑌 under 

𝚤 is ℐℱ𝑀𝑜 set in 𝛺.  

 

The next theorem gives the conditions under which the composition of ℐℱ𝑀𝐶𝑡𝑠 mapping is ℐℱ𝑀𝐶𝑡𝑠. 

 

Theorem 3.5  Let (𝛺, 𝜏), (𝜔, 𝜎) and (𝑍, 𝛾) be ℐℱ𝒯𝒮’s. If 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) and 𝚥: (𝜔, 𝜎) → (𝑍, 𝛾) are mappings, then 𝚥 ∘ 𝚤 is 

ℐℱ𝑀𝐶𝑡𝑠 mapping if   

    1.  𝚤 is ℐℱ𝑀𝐶𝑡𝑠 and 𝚥 is ℐℱ𝐶𝑡𝑠.  

    2.  𝚤 is ℐℱ𝜃𝑏𝑖𝐶𝑡𝑠 and 𝚥 is ℐℱ𝑀𝐶𝑡𝑠 mapping.  

  

  Proof. (i) Let 𝜇 ∈ 𝛾 and 𝜏3
∗(𝜇) ≤ 𝜅. Since 𝚥 is ℐℱ𝐶𝑡𝑠 then 𝚥−1(𝜇) ∈ 𝜎. Since 𝚤 is ℐℱ𝑀𝐶𝑡𝑠, then 𝚤−1(𝚥−1(𝜇)) = (𝚥 ∘ 𝚤)−1(𝜇) 

is ℐℱ𝑀𝑜 set in (Ω, 𝜏). Hence 𝚥 ∘ 𝚤 is ℐℱ𝑀𝐶𝑡𝑠. 

(ii) Let 𝜇 ∈ 𝛾. Since 𝚥 is ℐℱ𝑀𝐶𝑡𝑠, then 𝚥−1(𝜇) is an ℐℱ𝑀𝑜 set in (𝜔, 𝜎). Since 𝚤 is ℐℱ𝜃𝑏𝑖𝐶𝑡𝑠, by Theorem 3.4, (𝚥 ∘ 𝚤)−1(𝜇) 

is ℐℱ𝑀𝑜 set in (Ω, 𝜏). Hence 𝚥 ∘ 𝚤 is ℐℱ𝑀𝐶𝑡𝑠.             

4  Intuitionistic fuzzy 𝑴 open mappings 

  

Definition 4.1  A function 𝚤 from a ℐℱ𝒯𝒮 (𝛺, 𝜏) to a ℐℱ𝒯𝒮 (𝜔, 𝜎), is called as a ℐℱ 𝜃 open (resp. ℐℱ 𝜃 semiopen, and ℐℱ 

𝑀 open ) (briefly ℐℱ𝜃𝑂 (resp. ℐℱ𝜃𝑠𝑂 and ℐℱ𝑀𝑂 )) function if 𝚤(𝜇) is an ℐℱ𝜃𝑜 (resp. ℐℱ𝜃𝑠𝑜 and ℐℱ𝑀𝑜) set in 𝜎 ∀ ℐℱ𝑜 

set 𝜇 ∈ 𝜏  

  

Definition 4.2  A function 𝚤 from a ℐℱ𝒯𝒮 (𝛺, 𝜏) to a ℐℱ𝒯𝒮 (𝜔, 𝜎), is called as a ℐℱ 𝜃 closed (resp. ℐℱ 𝜃 semiclosed, and 

ℐℱ 𝑀 closed ) (briefly ℐℱ𝜃𝐶 (resp. ℐℱ𝜃𝑠𝐶 and ℐℱ𝑀𝐶 )) function if 𝚤(𝜇) is an ℐℱ𝜃𝑐 (resp. ℐℱ𝜃𝑠𝑐 and ℐℱ𝑀𝑐) set in 𝜎 ∀ 

ℐℱ𝑐 set 𝜇 ∈ 𝜏  

  

Theorem 4.1   Let 𝚤:(𝛺, 𝜏) → (𝜔, 𝜎) be a mapping. Every   

    1.  ℐℱ𝜃𝑠𝑂 (resp. ℐℱ𝛿𝑝𝑂) is ℐℱ𝑀𝑂  

    2.  ℐℱ𝜃𝑠𝐶 (resp. ℐℱ𝛿𝑝𝐶) is ℐℱ𝑀𝐶  

    3.  ℐℱ𝜃𝑂 (resp. ℐℱ𝜃𝐶) is ℐℱ𝜃𝑠𝑂 (resp. ℐℱ𝜃𝑠𝐶)  

    4.  ℐℱ𝜃𝑂 (resp. ℐℱ𝜃𝐶) is ℐℱ𝑂 (resp. ℐℱ𝐶)  

    5.  ℐℱ𝑂 (resp. ℐℱ𝐶) is ℐℱ𝛿𝑝𝑂 (resp. ℐℱ𝛿𝑝𝐶)  

    6.  ℐℱ𝑀𝑂 (resp. ℐℱ𝑀𝐶) is ℐℱ𝑒𝑂 (resp. ℐℱ𝑒𝐶)  

 mapping. But not conversely.  

 

Example 4.1   Let 𝛺 = 𝜔 = {𝑎, 𝑒, 𝑖, 𝑜}, 𝜐 = ⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0.2
,

𝑜

0
), (

𝑎

0
,

𝑒

1
,

𝑖

0.7
,

𝑜

1
)⟩, 𝜙 = ⟨𝜀, (

𝑎

0
,

𝑒

1
,

𝑖

0
,

𝑜

0
), (

𝑎

1
,

𝑒

0
,

𝑖

1
,

𝑜

0.1
)⟩, 𝜑 =

⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0
,

𝑜

0
)⟩, 𝜓 = ⟨𝜀, (

𝑎

0
,

𝑒

0.8
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0.9
,

𝑜

0
)⟩ Then the families 𝜏 = {0, 1, 𝜐, 𝜙, 𝜐 ∨ 𝜙} is an ℐℱ𝒯 on 𝛺 and 

𝜎 = {0, 1, 𝜐, 𝜑} is an ℐℱ𝒯 on 𝜔. Let us consider the function 𝚤: (𝜔, 𝜎) → (𝛺, 𝜏) then 𝜑 is ℐℱ𝑒𝑂 but not ℐℱ𝛿𝑠𝑂 and ℐℱ𝛿𝑀𝑂.   
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Example 4.2   Let 𝛺 = 𝜔 = {𝑎, 𝑒, 𝑖, 𝑜}, 𝜐 = ⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0.2
,

𝑜

0
), (

𝑎

0
,

𝑒

1
,

𝑖

0.7
,

𝑜

1
)⟩, 𝜙 = ⟨𝜀, (

𝑎

0
,

𝑒

1
,

𝑖

0
,

𝑜

0
), (

𝑎

1
,

𝑒

0
,

𝑖

1
,

𝑜

0.1
)⟩, 𝜑 =

⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0
,

𝑜

0
)⟩, 𝜓 = ⟨𝜀, (

𝑎

0
,

𝑒

0.8
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0.9
,

𝑜

0
)⟩ Then the families 𝜏 = {0, 1, 𝜐, 𝜙, 𝜐 ∨ 𝜙} is an ℐℱ𝒯 on 𝛺 and 

𝜎 = {0, 1, 𝜐, 𝜓} is an ℐℱ𝒯 on 𝜔. Let us consider the function 𝚤: (𝜔, 𝜎) → (𝛺, 𝜏) then 𝜓 is ℐℱ𝑀𝑂 but not ℐℱ𝜃𝑠𝑂 and ℐℱ𝛿𝑝𝑂.   

 

Example 4.3   Let 𝛺 = 𝜔 = {𝑎, 𝑒, 𝑖, 𝑜}, 𝜐 = ⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0.2
,

𝑜

0
), (

𝑎

0
,

𝑒

1
,

𝑖

0.7
,

𝑜

1
)⟩, 𝜙 = ⟨𝜀, (

𝑎

0
,

𝑒

1
,

𝑖

0
,

𝑜

0
), (

𝑎

1
,

𝑒

0
,

𝑖

1
,

𝑜

0.1
)⟩, 𝜑 =

⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0
,

𝑜

0
)⟩, 𝜓 = ⟨𝜀, (

𝑎

0
,

𝑒

0.8
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0.9
,

𝑜

0
)⟩ Then the families 𝜏 = {0, 1, 𝜐, 𝜙, 𝜐 ∨ 𝜙} is an ℐℱ𝒯 on 𝛺 and 

𝜎 = {0, 1, 𝜐, 𝜙} is an ℐℱ𝒯 on 𝜔. Let us consider the function 𝚤: (𝜔, 𝜎) → (𝛺, 𝜏) then 𝜓 is ℐℱ𝑂 but not ℐℱ𝜃𝑂 and ℐℱ𝜃𝑠𝑂.   

 

Example 4.4   Let 𝛺 = 𝜔 = {𝑎, 𝑒}, 𝜐 = ⟨𝜀, (
𝑎

0.5
,

𝑒

0.5
), (

𝑎

0.3
,

𝑒

0.5
)⟩, 𝜙 = ⟨𝜀, (

𝑎

0.7
,

𝑒

0.2
), (

𝑎

0.3
,

𝑒

0.2
)⟩, 𝜑 = ⟨𝜀, (

𝑎

0.3
,

𝑒

0.4
), (

𝑎

0.5
,

𝑒

0.6
)⟩, 𝜓 =

⟨𝜀, (
𝑎

0.5
,

𝑒

0.7
), (

𝑎

0.3
,

𝑒

0.2
)⟩. Then the families 𝜏 = {0, 1, 𝜐} is an ℐℱ𝒯 on 𝛺 and 𝜎 = {0, 1, 𝜑} is an ℐℱ𝒯 on 𝜔. Let us consider the 

function 𝚤: (𝜔, 𝜎) → (𝛺, 𝜏) then 𝜑 is ℐℱ𝛿𝑝𝑂 but not ℐℱ𝑂   

 

Example 4.5   Let 𝛺 = 𝜔 = {𝑎, 𝑒}, 𝜐 = ⟨𝜀, (
𝑎

0.5
,

𝑒

0.5
), (

𝑎

0.3
,

𝑒

0.5
)⟩, 𝜙 = ⟨𝜀, (

𝑎

0.7
,

𝑒

0.2
), (

𝑎

0.3
,

𝑒

0.2
)⟩, 𝜑 = ⟨𝜀, (

𝑎

0.3
,

𝑒

0.4
), (

𝑎

0.5
,

𝑒

0.6
)⟩, 𝜓 =

⟨𝜀, (
𝑎

0.5
,

𝑒

0.7
), (

𝑎

0.3
,

𝑒

0.2
)⟩. Then the families 𝜏 = {0, 1, 𝜐} is an ℐℱ𝒯 on 𝛺 and 𝜎 = {0, 1, 𝜓} is an ℐℱ𝒯 on 𝜔. Let us consider the 

function 𝚤: (𝜔, 𝜎) → (𝛺, 𝜏) then 𝜓 is ℐℱ𝛿𝑝𝑂 but not ℐℱ𝑂   

 

Example 4.6   Let 𝛺 = 𝜔 = {𝑎, 𝑒, 𝑖, 𝑜}, 𝜐 = ⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0.2
,

𝑜

0
), (

𝑎

0
,

𝑒

1
,

𝑖

0.7
,

𝑜

1
)⟩, 𝜙 = ⟨𝜀, (

𝑎

0
,

𝑒

1
,

𝑖

0
,

𝑜

0
), (

𝑎

1
,

𝑒

0
,

𝑖

1
,

𝑜

0.1
)⟩, 𝜑 =

⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0
,

𝑜

0
)⟩, 𝜓 = ⟨𝜀, (

𝑎

0
,

𝑒

0.8
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0.9
,

𝑜

0
)⟩ Then the families 𝜏 = {0, 1, 𝜐, 𝜙, 𝜐 ∨ 𝜙} is an ℐℱ𝒯 on 𝛺 and 

𝜎 = {0, 1, 𝜐, 𝜑} is an ℐℱ𝒯 on 𝜔. Let us consider the function 𝚤: (𝜔, 𝜎) → (𝛺, 𝜏) then 𝜑 is ℐℱ𝑒𝐶 but not ℐℱ𝛿𝑠𝐶 and ℐℱ𝛿𝑀𝐶.   

 

Example 4.7   Let 𝛺 = 𝜔 = {𝑎, 𝑒, 𝑖, 𝑜}, 𝜐 = ⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0.2
,

𝑜

0
), (

𝑎

0
,

𝑒

1
,

𝑖

0.7
,

𝑜

1
)⟩, 𝜙 = ⟨𝜀, (

𝑎

0
,

𝑒

1
,

𝑖

0
,

𝑜

0
), (

𝑎

1
,

𝑒

0
,

𝑖

1
,

𝑜

0.1
)⟩, 𝜑 =

⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0
,

𝑜

0
)⟩, 𝜓 = ⟨𝜀, (

𝑎

0
,

𝑒

0.8
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0.9
,

𝑜

0
)⟩ Then the families 𝜏 = {0, 1, 𝜐, 𝜙, 𝜐 ∨ 𝜙} is an ℐℱ𝒯 on 𝛺 and 

𝜎 = {0, 1, 𝜐, 𝜓} is an ℐℱ𝒯 on 𝜔. Let us consider the function 𝚤: (𝜔, 𝜎) → (𝛺, 𝜏) then 𝜓 is ℐℱ𝑀𝐶 but not ℐℱ𝜃𝑠𝐶 and ℐℱ𝛿𝑝𝐶.   

 

 

Example 4.8   Let 𝛺 = 𝜔 = {𝑎, 𝑒, 𝑖, 𝑜}, 𝜐 = ⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0.2
,

𝑜

0
), (

𝑎

0
,

𝑒

1
,

𝑖

0.7
,

𝑜

1
)⟩, 𝜙 = ⟨𝜀, (

𝑎

0
,

𝑒

1
,

𝑖

0
,

𝑜

0
), (

𝑎

1
,

𝑒

0
,

𝑖

1
,

𝑜

0.1
)⟩, 𝜑 =

⟨𝜀, (
𝑎

1
,

𝑒

0
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0
,

𝑜

0
)⟩, 𝜓 = ⟨𝜀, (

𝑎

0
,

𝑒

0.8
,

𝑖

0
,

𝑜

1
), (

𝑎

0
,

𝑒

0.2
,

𝑖

0.9
,

𝑜

0
)⟩ Then the families 𝜏 = {0, 1, 𝜐, 𝜙, 𝜐 ∨ 𝜙} is an ℐℱ𝒯 on 𝛺 and 

𝜎 = {0, 1, 𝜐, 𝜙} is an ℐℱ𝒯 on 𝜔. Let us consider the function 𝚤: (𝜔, 𝜎) → (𝛺, 𝜏) then 𝜓 is ℐℱ𝐶 but not ℐℱ𝜃𝐶 and ℐℱ𝜃𝑠𝐶.   

 

Example 4.9   Let 𝛺 = 𝜔 = {𝑎, 𝑒}, 𝜐 = ⟨𝜀, (
𝑎

0.5
,

𝑒

0.5
), (

𝑎

0.3
,

𝑒

0.5
)⟩, 𝜙 = ⟨𝜀, (

𝑎

0.7
,

𝑒

0.2
), (

𝑎

0.3
,

𝑒

0.2
)⟩, 𝜑 = ⟨𝜀, (

𝑎

0.3
,

𝑒

0.4
), (

𝑎

0.5
,

𝑒

0.6
)⟩, 𝜓 =

⟨𝜀, (
𝑎

0.5
,

𝑒

0.7
), (

𝑎

0.3
,

𝑒

0.2
)⟩. Then the families 𝜏 = {0, 1, 𝜐} is an ℐℱ𝒯 on 𝛺 and 𝜎 = {0, 1, 𝜑} is an ℐℱ𝒯 on 𝜔. Let us consider the 

function 𝚤: (𝜔, 𝜎) → (𝛺, 𝜏) then 𝜑 is ℐℱ𝛿𝑝𝐶 but not ℐℱ𝐶   

 

Example 4.10   Let 𝛺 = 𝜔 = {𝑎, 𝑒}, 𝜐 = ⟨𝜀, (
𝑎

0.5
,

𝑒

0.5
), (

𝑎

0.3
,

𝑒

0.5
)⟩, 𝜙 = ⟨𝜀, (

𝑎

0.7
,

𝑒

0.2
), (

𝑎

0.3
,

𝑒

0.2
)⟩, 𝜑 = ⟨𝜀, (

𝑎

0.3
,

𝑒

0.4
), (

𝑎

0.5
,

𝑒

0.6
)⟩, 𝜓 =

⟨𝜀, (
𝑎

0.5
,

𝑒

0.7
), (

𝑎

0.3
,

𝑒

0.2
)⟩. Then the families 𝜏 = {0, 1, 𝜐} is an ℐℱ𝒯 on 𝛺 and 𝜎 = {0, 1, 𝜓} is an ℐℱ𝒯 on 𝜔. Let us consider the 

function 𝚤: (𝜔, 𝜎) → (𝛺, 𝜏) then 𝜓 is ℐℱ𝛿𝑝𝐶 but not ℐℱ𝐶   

 

From the above Theorem 2.1 and 4.1 Examples 4.1, 4.2, 4.3, 4.4, 4.5, 4.6, 4.7, 4.8, 4.9 and 4.10 the following implications are 

hold.  
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Note: 𝐴 → 𝐵 denotes 𝐴 implies 𝐵, but not conversely.  

 

Definition 4.3  A mapping 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) is called ℐℱ𝑀𝑂 at a ℐℱ point 𝑥𝑡,𝑠 if the image of each ℐℱ-𝑄 neighbourhood of 

𝑥𝑡,𝑠 is an ℐℱ-𝑀𝑄 neighbourhood of 𝚤(𝑥𝑡,𝑠) ∈ 𝜎.  

  

Theorem 4.2  A mapping 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) is ℐℱ𝑀𝑂 iff it is ℐℱ𝑀𝑂 at every ℐℱ point 𝑥𝑡,𝑠 ∈ 𝜏.  

  

Theorem 4.3  Let (𝛺, 𝜏) and (𝜔, 𝜎) be ℐℱ𝒯𝒮’s and 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) be a mapping. Then   

    1.  𝚤 is ℐℱ𝑀𝑂 function.  

    2.  𝚤(𝜆) is an ℐℱ𝑀𝑜 set in (𝜔, 𝜎) ∀ ℐℱ𝑜 set 𝜆 in (Ω, 𝜏).  

    3.  𝚤 is ℐℱ𝑀𝐶 function.  

    4.  𝚤(𝜆) is an ℐℱ𝑀𝑐 set in (𝜔, 𝜎) ∀ ℐℱ𝑐 set 𝜆 in (Ω, 𝜏).  

    5.  ℐℱ𝑀𝐶(𝚤(𝜆), ) ≤ 𝚤(ℐℱ𝐶(𝜆))∀𝜆 ∈ 𝜏.  

    6.  ℐℱ𝐼(ℐℱ𝜃𝐶(𝚤(𝜆))) ∧ ℐℱ𝐶(ℐℱ𝛿𝐼(𝚤(𝜆))) ≤ 𝚤(ℐℱ𝐶(𝜆)) ∀ 𝜆 ∈ 𝜏.  

    7.  𝚤(ℐℱ𝐼(𝜆)) ≤ ℐℱ𝐶(ℐℱ𝜃𝐼(𝚤(𝜆))) ∨ ℐℱ𝐼(ℐℱ𝛿𝐶(𝚤(𝜆))) ∀ 𝜆 ∈ 𝐼Ω.  

    8.  𝚤(ℐℱ𝐼(𝜆, )) ≤ ℐℱ𝑀𝐼(𝚤(𝜆)) ∀ 𝜆 ∈ 𝜏.  

    9.  ℐℱ𝐼(𝚤−1(𝜆)) ≤ 𝚤−1(ℐℱ𝑀𝐼(𝜆)) ∀ 𝜆 ∈ 𝜎  

are equivalent.  

    Proof. (i)⇒(ii), (iii)⇒(iv), (v)⇒(vi), (vii)⇒(viii), are direct to prove, other results are provided here. 

(ii)⇒(iii): Let 𝜛 be an ℐℱ𝑜 set in (Ω, 𝜏), by (ii), we have 𝚤(𝜛) is an ℐℱ𝑀𝑜 set of (𝜔, 𝜎). Therefore 𝚤(𝜆) is an ℐℱ𝑀𝑐 set of 

(𝜔, 𝜎)  ∀𝜆  ∈ (Ω, 𝜏), ℐℱ𝑐 set. 

(iv) ⇒ (v): Since ℐℱ𝐶(𝜆) is an ℐℱ𝑐 set, then 𝚤(ℐℱ𝐶(𝜆)) is an ℐℱ𝑀𝑐 set in 𝑌. Hence  

 ℐℱ𝑀𝐶(𝚤(𝜆)) ≤ ℐℱ𝑀𝐶(𝚤(ℐℱ𝐶(𝜆))) = 𝚤(ℐℱ𝐶(𝜆)). 

(vi) ⇒ (vii): Let 𝜛 instead of 𝜆 in (vi), then, (vii) will follows directly. 

(viii)⇒(ix) Let 𝜆 ∈ 𝜎, by (viii) we have  
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 𝚤(ℐℱ𝐼(𝚤−1(𝜆))) ≤ ℐℱ𝑀𝐼(𝑓𝑓−1(𝜆)) ≤ ℐℱ𝑀𝐼(𝜆), 

then 𝐼(𝚤−1(𝜆))) ≤ 𝚤−1(ℐℱ𝑀𝐼(𝜆)). 

(ix)⇒(i): For each 𝜆 ∈ 𝜏, since ℐℱ𝐼(𝜆) = 𝜆, 𝚤(𝜆) ≤ ℐℱ𝑀𝐼(𝚤(𝜆)) ≤ 𝚤(𝜆). Thus 𝚤(𝜆) = ℐℱ𝑀𝐼(𝚤(𝜆)). 𝚤(𝜆) is ℐℱ𝑀𝑜 in 𝜔.              

Theorem 4.4  Let (𝛺, 𝜏) and (𝜔, 𝜎) be ℐℱ𝒯𝒮’s. Let 𝚤: 𝛺 → 𝜔 be a ℐℱ𝑀𝐶 mapping iff 𝚤 is surjective, then ∀ subset 𝜇 of 𝜔 

and each ℐℱ𝑜 set 𝛼 in 𝛺 containing 𝚤−1(𝜇), there exists an ℐℱ𝑀𝑜 set 𝛽 of 𝜔 containing 𝜇 such that 𝚤−1(𝛽) ≤ 𝛼.  

  Proof. Suppose that 𝛼 is an ℐℱ𝑜 set of Ω containing 𝚤−1(𝜇). Then by hypothesis, 𝛽 is ℐℱ𝑀𝑜 in 𝜔. But 𝚤−1(𝜇) ≤ 𝛼, then 

𝜇 ≤ 𝚤(𝛼) and 𝜇 ≤ 𝛽, 𝚤−1(𝛽) ≤ 𝛼. 

Conversely, let 𝛿  be a ℐℱ𝑐  set and 𝑦𝑡,𝑠  be any ℐℱ  point of 𝚤(𝛿).  Then 𝚤−1(𝑦𝑡,𝑠) ∈ 𝛿  which is ℐℱ𝑜  set in Ω.  Hence by 

hypothesis, ∃  ℐℱ𝑀𝑜  set 𝛽  containing 𝑦𝑡,𝑠  such that 𝚤−1(𝛽) ≤ 𝛿. But 𝚤 is surjective, then 𝑦𝑡,𝑠 ∈ 𝛽 ≤ 𝚤(𝛿) and 𝚤(𝛿) is the 

union of ℐℱ𝑀𝑜 sets and hence 𝚤(𝛿) is ℐℱ𝑀𝑐 set in 𝜔. Therefore, 𝚤 is ℐℱ𝑀𝐶 map.            t 

 

Theorem 4.5   Let (𝛺, 𝜏) and (𝜔, 𝜎) be ℐℱ𝒯𝒮’s and 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) be a ℐℱ𝑀𝑂 (resp. ℐℱ𝛿𝑠𝑂, ℐℱ𝛿𝑝𝑂) mapping. If 𝜇 ∈
𝜎 and 𝜆 ∈ 𝜏, such that 𝚤−1(𝜇) ≤ 𝜆, then there exists an ℐℱ𝑀𝑐 (resp. ℐℱ𝛿𝑠𝑐, ℐℱ𝛿𝑝𝑐) set 𝜈 of 𝜔 such that 𝜇 ≤ 𝜈, 𝚤−1(𝜈) ≤ 𝜆.  

    Proof. Since 𝚤−1(𝜇) ≤ 𝜆, we have 𝚤(𝜆) ≤ 𝜇. Since 𝚤 is ℐℱ𝑀𝑂 map, then 𝜈 is ℐℱ𝑀𝑐 in 𝑌 and 𝚤−1(𝜈) = 𝜆. The other cases 

of the theorem can be proved in a same manner.               

 

Theorem 4.6   If 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) be a ℐℱ𝑀𝑂 mapping. Then ∀ 𝜇 ∈ 𝜎, 𝚤−1(ℐℱ𝐶(ℐℱ𝜃𝐼(𝜇))) ∧ 𝚤−1(ℐℱ𝐼(ℐℱ𝛿𝐶(𝜇))) ≤
ℐℱ𝐶(𝚤−1(𝜇)).  

    Proof. Since 𝜇 ∈ 𝜔, ℐℱ(𝚤−1(𝜇)) ∈ Ω and 𝚤−1(𝜇) ≤ ℐℱ𝐶(𝚤−1(𝜇)) ∀ 𝜇 ∈ 𝜎, it follows from Theorem 4.5, that there exists an 

ℐℱ𝑀𝑐 set 𝜆 of 𝜔, 𝜇 ≤ 𝜆 such that 𝚤−1(𝜆) ≤ ℐℱ𝐶(𝚤−1(𝜇)). So 𝜆 ≥ ℐℱ𝐶(ℐℱ𝛿𝐼(𝜆)) ∧ ℐℱ𝐼(ℐℱ𝜃𝐶(𝜆)), hence  

 𝚤−1(𝜆) ≥ 𝚤−1(ℐℱ𝐶(ℐℱ𝛿𝐼(𝜆))) ∧ 𝚤−1(ℐℱ𝐼(ℐℱ𝜃𝐶(𝜆))) 

 ≥ 𝚤−1(ℐℱ𝐶(ℐℱ𝛿𝐼(𝜇))) ∧ 𝚤−1(ℐℱ𝐼(ℐℱ𝜃𝐶(𝜇))). 

 Thus it concludes the proof.               

 

Theorem 4.7  If 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) be a bijective mapping such that 𝚤−1(ℐℱ𝐶(ℐℱ𝛿𝐼(𝜇))) ∧ 𝚤−1(ℐℱ𝐼(𝜃𝐶(𝜇))) ≤ ℐℱ𝐶(𝚤−1(𝜇)), ∀ 

𝜇 ∈ 𝜎, then 𝚤 is ℐℱ𝑀𝑂 map.  

  Proof. Let 𝜆 ∈ 𝜏  Then, hypothesis, 𝚤−1(ℐℱ𝐶(ℐℱ𝛿𝐼(𝚤(𝜆)))) ∧ 𝚤−1(ℐℱ𝐼(ℐℱ𝛿𝐶(𝚤(𝜆)))) ≤ ℐℱ𝐶(𝚤−1(𝚤(𝜆)))  = ℐℱ𝐶(𝜆) = 𝜆  and 

so ℐℱ𝐶(ℐℱ𝛿𝐼(𝚤(𝜆))) ∧ ℐℱ𝐼(ℐℱ𝛿𝐶(𝚤(𝜆))) ≤ 𝚤(𝜆), which shows that 𝚤(𝜆) is an ℐℱ𝑀𝑐 set of 𝜔. Since 𝚤 is bijective, then 𝚤(𝜆) is 

an ℐℱ𝑀𝑜 set of 𝜔, therefore 𝚤 is ℐℱ𝑀𝑂 map.             

 

Theorem 4.8  Let (𝛺, 𝜏) and (𝜔, 𝜎) be ℐℱ𝒯𝒮’s. Let 𝚤: 𝛺 → 𝜔 be a ℐℱ𝑀𝐶 mapping. Then the following statements hold.   

    1.  If 𝚤 is a surjective map and 𝚤−1(𝛼)𝑞𝚤−1(𝛽) in Ω, then there exists 𝛼, 𝛽 ∈ 𝜎 such that 𝛼𝑞𝛽.  

    2.  ℐℱ𝑀𝐼(ℐℱ𝑀𝐶(𝚤(𝜆))) ≤ 𝚤(ℐℱ𝐶(𝜆)), ∀ 𝜆 ∈ Ω.  

  

  Proof. (i) Let 𝛾1, 𝛾2 ∈ Ω such that 𝚤−1(𝛼) ≤ 𝛾1 and 𝚤−1(𝛽) ≤ 𝛾2 such that 𝛾1𝑞𝛾2. Then there exists two ℐℱ𝑀𝑜 sets 𝜇1 and 

𝜇2  such that 𝚤−1(𝛼) ≤ 𝜇1 ≤ 𝛾1,  𝚤−1(𝛽) ≤ 𝜇2 ≤ 𝛾2.  But 𝚤  is a surjective map, then 𝑓𝑓−1(𝛼) = 𝛼 ≤ 𝚤(𝜇1) ≤ 𝚤(𝛾1)  and 

𝑓𝑓−1(𝛽) = 𝛽 ≤ 𝚤(𝜇2) ≤ 𝚤(𝛾2). Since 𝛾1𝑞𝛾2, then also 𝚤(𝛾1 ∧ 𝛾2) = 0. Hence 𝛼 ∧ 𝛽 ≤ 𝚤(𝜇1 ∧ 𝜇2) ≤ 𝚤(𝛾1 ∧ 𝛾2) = 0. Therefore, 

𝛼𝑞𝛽 in 𝜔. that is 𝛼 ∧ 𝛽 = 0. 

(ii) Since 𝜆 ≤ ℐℱ𝐶(𝜆) ≤ 1  and 𝚤  is a ℐℱ𝑀𝐶  mapping, then 𝚤(ℐℱ𝐶(𝜆))  is ℐℱ𝑀𝑐  set in 𝜔.  Hence 𝚤(𝜆) ≤ ℐℱ𝑀𝐶(𝜆) ≤
𝚤(ℐℱ𝐶(𝜆)). So ℐℱ𝑀𝐼(ℐℱ𝑀𝐶 (𝚤(𝜆))) ≤ 𝚤(ℐℱ𝐶(𝜆)).             

Proposition 4.1  Let 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) be a ℐℱ𝑀𝑂 mapping and if for any ℐℱ𝒮 𝜆 of 𝜔 is ℐℱ nowhere dense then 𝚤 is 

ℐℱ𝛿𝑝𝑂 map.  

  Proof. Let 𝜇 ∈ Ω. Since 𝚤 is an ℐℱ𝑀𝑂 mapping, then 𝚤(𝜇) is an ℐℱ𝑀𝑜 set in (𝜔, 𝜎). Put 𝚤(𝜇) = 𝜆 is an ℐℱ𝑀𝑜 set in 𝜔. 
Hence 𝜆 ≤ ℐℱ𝐶(ℐℱ𝜃𝐼(𝜆)) ∨ ℐℱ𝐼(ℐℱ𝛿𝐶(𝜆)). But ℐℱ𝜃𝐼(𝜆) ≤ ℐℱ𝐼(𝜆) ≤ ℐℱ𝐶(𝜆), and since 𝜆 is ℐℱ nowhere dense, then  

 ℐℱ𝜃𝐼(𝜆) ≤ ℐℱ𝐼(ℐℱ𝐶(𝜆)) 

we have ℐℱ𝜃𝐼(𝜆) = 0. Using Lemma ??, 𝚤 is ℐℱ𝛿𝑝𝑂 map.             

 

Theorem 4.9  If 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) be a ℐℱ𝜃𝑏𝑖𝐶𝑡𝑠 mapping then the image of each ℐℱ𝑀𝑜 set in (𝛺, 𝜏) under 𝚤 is ℐℱ𝑀𝑜 set 
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in (𝜔, 𝜎).  

  Proof. Let 𝚤 be a ℐℱ𝜃𝑏𝑖𝐶𝑡𝑠 and 𝜇 be a ℐℱ𝑀𝑜 set in (Ω, 𝜏)). Then  

 𝜇 ≤ ℐℱ𝐶((ℐℱ𝜃𝐼(𝜇)) ∨ ℐℱ𝐼(ℐℱ𝛿𝐶(𝜇)). 

This implies that  

 𝚤(𝜇) ≤ 𝚤(ℐℱ𝐶(ℐℱ𝜃𝐼(𝜇))) ∨ 𝚤(ℐℱ𝐼(ℐℱ𝛿𝐶(𝜇))) 

 ≤ ℐℱ𝐶(𝚤(ℐℱ𝜃𝐼(𝜇))) ∨ 𝚤(ℐℱ𝐼(ℐℱ𝛿𝐶(𝜇))). 

 Since 𝚤 is an ℐℱ𝜃𝑏𝑖𝐶𝑡𝑠 mapping, then 𝚤 is ℐℱ𝜃𝑂 map and ℐℱ𝜃𝐶𝑡𝑠 map. Then 𝚤 is ℐℱ𝜃𝑠𝐶𝑡𝑠 map and ℐℱ𝜃𝑝𝐶𝑡𝑠 map. Hence 

𝚤(𝜇) ≤ ℐℱ𝐶(ℐℱ𝜃𝐼(𝚤(𝜇))) ∨ ℐℱ(ℐℱ𝛿𝐶(𝚤(𝜇))). This shows that 𝚤(𝜇) is ℐℱ𝑀𝑜 set in (𝜔, 𝜎).             

 

Theorem 4.10  Let (𝛺, 𝜏), (𝜔, 𝜎) and (𝑍, 𝛾) be ℐℱ𝒯𝒮’s. If 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) and 𝚥: (𝜔, 𝜎) → (𝑍, 𝛾) are mappings, then 𝚥 ∘ 𝚤 
is ℐℱ𝑀𝑂 mapping if   

    1.  𝚤 is ℐℱ𝑂 and 𝚥 is ℐℱ𝑀𝑂.  

    2.  𝚤 is ℐℱ𝑀𝑂 and 𝚥 is ℐℱ𝜃𝑏𝑖𝐶𝑡𝑠 mapping.  

  

  Proof. (i) Let 𝜇 ∈ Ω.  Since 𝚤  is ℐℱ𝑂  then 𝚤(𝜇) ∈ 𝜔.  Since 𝚥  is ℐℱ𝑀𝑂,  then 𝚥(𝚤(𝜇)) = (𝚥 ∘ 𝚤)(𝜇)  is ℐℱ𝑀𝑜  set in (𝑍, 𝛾). 
Hence 𝚥 ∘ 𝚤 is ℐℱ𝑀𝑂. 

(ii) Let 𝜇 ∈ Ω. Since 𝚤 is ℐℱ𝑀𝑂, then 𝚤(𝜇) is an ℐℱ𝑀𝑜  set in (𝜔, 𝜎). Since 𝚥 is ℐℱ𝜃𝑏𝑖𝐶𝑡𝑠, by Theorem 4.9, (𝚥 ∘ 𝚤)(𝜇)  is 

ℐℱ𝑀𝑜 set in (𝑍, 𝛾). Hence 𝚥 ∘ 𝚤 is ℐℱ𝑀𝑂.             

 

Theorem 4.11  Let (𝛺, 𝜏), (𝜔, 𝜎) and (𝑍, 𝛾) be ℐℱ𝒯𝒮’s. If 𝚤: (𝛺, 𝜏) → (𝜔, 𝜎) and 𝚥: (𝜔, 𝜎) → (𝑍, 𝛾) are mappings, then   

    1.  If 𝚥 ∘ 𝚤 is ℐℱ𝑀𝑂 mapping and 𝚤 is a surjective ℐℱ𝐶𝑡𝑠 map, then 𝚥 is ℐℱ𝑀𝑂 map.  

    2.  If 𝚥 ∘ 𝚤 is ℐℱ𝑂 mapping and 𝚥 is an injective ℐℱ𝑀𝐶𝑡𝑠 map, then 𝚤 is ℐℱ𝑀𝑂 map.  

  

  Proof. (i) Let 𝜇 ∈ 𝜔. Since 𝚤 is ℐℱ𝐶𝑡𝑠, then 𝚤−1(𝜇) is an ℐℱ𝑜 set in (Ω, 𝜏). But 𝚥 ∘ 𝚤 is ℐℱ𝑀𝑂 map, then (𝚥 ∘ 𝚤)(𝚤−1(𝜇)) is 

ℐℱ𝑀𝑜 set in (𝑍, 𝛾). Hence by surjective of 𝚤, we have 𝚥(𝜇) is ℐℱ𝑀𝑜 set of (𝑍, 𝛾). Hence, 𝚥 is ℐℱ𝑀𝑂 map. 

(ii) Let 𝜇  is an ℐℱ𝑜  set in (Ω, 𝜏).  and 𝚥 ∘ 𝚤  be an ℐℱ𝑂.  Then (𝚥 ∘ 𝚤)(𝜇) = 𝚥(𝚤(𝜇))  is an ℐℱ𝑜  set in (𝑍, 𝛾).  Since 𝚥  is an 

injective ℐℱ𝑀𝐶𝑡𝑠 map, hence 𝚤(𝜇) is 𝑓𝑀𝑜 set in (𝜔, 𝜎). Therefore 𝚤 is ℐℱ𝑀𝑂.              
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