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Abstract: In this paper, the authors discuss the fundamental solution of partial differential equation by wronskian method. We
investigate the linear dependence and independence solution of a partial differential equation using partial Wronskian. We
introduced some properties of partial wronskian and verified the results. Furthermore, we establish a theorem and investigate the
result on a linear partial differential equations using partial Wronskian.
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1. Introduction:

A differential equation is a type of equation which links between an unknown function and its derivatives. These equations are
very important in many branches of science; mathematics, chemistry, physics, biochemistry, economics. Differential equation
gives two types of solutions these are, the general solution and the particular solution of a differential equation. In the field of
mathematical modeling of physical systems the rule of differential equations plays an important role. The main aim of the
differential equation is for studying the nature of solutions that satisfy the differential equations. The solution of a partial
differential equation is an expression for the dependent variable in terms of the independent variable which satisfies the
differential equation. In this paper we discuss about partial wronskian to help us determine whether the set of solutions of a linear
partial differential equations be a fundamental set of solutions. The term Wronskian is a practical way of determining whether a
set of solution of a differential equation is independent or dependent solution.

2. Wronskian:

The word Wronskian was first introduced by J6zef Hoene-Wronski (1776) and named by Thomas Muir (1882). Wronskian is used
in the study of differential equations; it is a very important tool for checking whether the nature of solutions is a linear
independent or dependent set of solutions. In [4] the author discussed the theorems and properties of partial Wronskian. In [6] we
discussed theorems and properties of Wronskian. In this paper we extend our work on partial Wronskian.

Suppose that y; (x) and y,(x) are linearly independent solution of a differential equation, then the Wronskian is non vanishing,

V1 V2
W=|0s | =y -y #0
If y;(x) and y,(x) are linearly dependent solution of a differential equation, then
w [}/1' yZ] = 0
3. Partial Wronskian:

Partial Wronskian is used to investigate the dependence or independence solution of a partial differential equation. In this section,
we discuss some properties and theorem of partial Wronskian.

Definition3.1: Let ¢ and ¢ be any two solutions of a partial differential equation of variables x and y which are defined in the

region R, then the partial Wronskian of ¢ and ¢ is defined by, Wb, ¢]= |Dzb¢) sz¢)|

Where, D(§) = (37 +2-) (. Y)) and D) = (57 +2-) ($(x, Y))

If G(x, y) and (X, y) are linearly independent solution then W [¢, ¢ ]+ 0
Example:
Let = e® sinbx and y = e® cos bx are two solution where a and b are constantsand b #= 0
Then, W [b, Y] =W [e* sinbx, e® cos bx ]

_ | e** sinbx e cos bx (1)
~ |D(e*sinbx) D(e% cosbx)
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Where, D( e%sin bx ) = (% + aa_y) (e™ sinbx )
=ae® sinbx + be® coshx , (2)
And D(e* cosbx) = (;—x+;—y) (e®* cos bx )

=ae® cos bx - be® sin bx 3)
From equation (1), (2) and (3) we have,
W [e%* sinbx, e%* cos bx | = - be?®* # 0
Hence the function e®* sinbx and e®* cos bx are the linearly independent functions.

Definition: 3.2. Let ¢ and ¢ be any two functions of variables x and y which are defined in the region R, which are partial
differentiable with respect to x and y on the region R are said to be linearly dependent on R then, W [, ¢ ]=0

Example: Let ¢ = sinx + cosy and = cosx + siny are two functions
Then, W [, ¢] = W [sinx + cosy, cosx + siny]

sinx + cosy cosx + siny

- D(sinx + cosy) D(cosx + siny) *)
D(sinx + cosy) = (% + :—y) (sinx + cosy)
= COSX - Sinx (5)
N _(0 .8 .
And, D(cosx + siny) = ( =t 6y) (cosx + siny)
= - sinX + COSX (6)

Now from equation (4), (5) and (6) we have,
W [sinx + cosy , cosx +siny ] =0
Hence the function sinx + cosy and cosx + siny are the linearly dependent functions.

4. Fundamental set of solutions:

Let us consider partial differential equations,

(D2-D'*+D-D")z=0 )
Now the general solution of (7) can be obtained by,

y (X) = ¢; f(X) + ¢, g(x), where c¢; and ¢, are constants. (8)

Now if, W [f, g] # 0, then the solutions f(x) and g(x) are linearly independent solutions and form a fundamental set of solution
and therefore the general solution (8) is a fundamental solution.

4.1 Examples on fundamental set of solution of partial differential equation using Wronskain method.
Example: Consider a linear homogeneous partial differential equations,

D* - 2D3D/ + 2DD3 -D/* =0 ©9)
A. E, m*-2m3+2m-1=0

=m* -1-2m3®+2m=0

=>m? -1)[m? +1-2m] =0

=m+1)(m—-1)3 =0

=>m=-1,1,1,1
The solution of (9) can be written as

y=a(y— 0+ ca(r+x) +cx(y+x)+ cux*(y+X)

Now, let, &, (x, y)=y - X, &2(x,¥) =y +X ds(x,y)=X(y +x),and d,(x,y) =x* (¥ +x)
are the arbitrary function.

Now,

W [$1d203¢4]
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9. o, P 9
D D D D
= 2(¢1) 2(¢2) 2(¢‘°’) 2(¢4) D(§) = (5= +-) ()
D'¢) D'@) D'@) D'@) o

D'¢) D'¢) D'@) D@)

y—X Y+X X(y+X) x*(y+x)
0 2 y+3x  2xy +4x°

0 0 4 2y +10x
0 0 0 12
= 9% (y-x)#0

Since, W [p1¢,P3d,s] =96 (y—x)#0

Hence, y=c,b; + c;P, +c3d5 + c,d,, is the fundamental solution of the partial differential equation (9).

5. Some properties of Partial Wronskian:

51 Wb, @l=-W I, d]

5.2. W, ¢]=0

5.3. Wb, dp]=0

54.  W[L,¢]=D(@) where D()=(5:+ ) (@)

55. Wip+ag+al =WI[d, gp]+aDW [d-¢]
56 GaWIE, &il+ G2 WL, 621=D (dd2)

Verification of property 5.4:

— a 0

W [1, b] :D(<b)WhereD(<b)=(5+5)(<b)
Let, ¢ = e**cos By

_ 1 e**cos
Now, W [1,0] =|g pcectentpy )

1 e cosfy |
" [0 ae**cosPy — Be**sinfy

ae™cosfy — Be**sinfy — 0
= ae®*cosfBy — PBe™sinfBy
=D (9)
Hence, W [1, ] = D (¢)
Verification of property 5.5:

Let  =e*cosy and =e*sinyand let a be a contants.
Now, W [ +a, g +a]

_ | e*cosy +a e*siny + «
" |ID(e*cosy +a) D(e*siny + a)

= (e* cosy + a)(e*siny + e*cosy) - (e*siny + a)(e* cosy - e* siny)
=e?* + 2ae*siny (10)

| e* cosy e*siny
D(e* cosy) D(e*siny)

=e”* cosy (e*siny + e*cosy) - e*siny (e* cosy - e* siny)
=e?* (11)

Now, W [b, ¢]=

_ a 0 .
And, aD[b-Y]=«a (E + @) [e* cosy - e*siny ]
= a [e*siny + e*cosy - (e*cosy - e* siny)]
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=2ae*siny (12)
Adding, (11) and (12), we have,
W [b, ¢]+ aD[d - P] =e?* + 2ae*siny (13)
From (10) and (13) we conclude that,
Wib+a, g+al=W [, g]+aD[d-¢]
Verification of property 5.6:
Let ¢,= cos(x+y) and ¢, =sin(x +y)

Now, VI_/[%, ¢1]:W[M, cos(x + y)]

cos(x+y)
sin(x+y)
cos(x +y)
| e where, D) - (2 + 2 0)
D( cos(ety) ) D(cos(x+y))
sin(x+y)
— | cos(x+y) COS(X +y) -2 (14 sin?(x+y) (14)
2 9 cos(x+y)
pecTonY 2sin(x +y)
—r &1 _ r cos(x+y) .
And, W[ ot o, 1= W[ preverseel sin(x + y)]
cos(x+y) .
- sin(x+y) sin (x + ) _ 201+ cos?(x+y) (15)
cos (x+y) . sin(x+y)
D( praveres ) D(sin(x+y))
Now using (14) and (15) we get,
GLWIE, &1+ G2 W &)
_ —2 (14 sin?(x+y) . 2 (14 cos?(x+y)
= cos(x+y) {W} + sin(x +y) {75“1(“)}) }
=2C0s2(x +vY) (16)
a @ .
D (¢19,) = (5, +5,) [cos(x +y)sin (x +y)]
=2c0os2(x+vy) an

From (16) and (17) we conclude that,
GrWIE, &1+ G WP, &,1=D (0:1,)
6. Derivative of Partial Wronskian:

If two functions ¢ ( x,y) and P(x, y) which are partial differentiable with respect to x and y on an region R linearly dependent on
R, then

D W [Cbn tI’] = ((b l/)xx - tIJ d)xx) +2 (‘b lpxy' \V(l)xx) + ((1) 1/)yy - \Vcl)yy)

Some properties:

6.1  DWI[d ¢]=-DW [, ]
6.2. DW[b+a g+a]=DWI[p, ¢]+aD?[}-Y]

63. DWlad,B¢P] =afDW[d, ¢]
6.4. W1, b 1=D? ($)
7. Theorem:

If two functions ¢ (x,y) and P(x, y) which are partial differentiable with respect to x and y are the solution of a partial
differential equation of the form,

L (z(X, ¥)) = P(zZxx - 22yy + 2yy ) + Q (25 - 2y) + R (2(X,y)) =0 (18)
on aregion R. Then, W [¢, ] satisfied the partial differential equation
Zy -2y + % z=0
aw ow

. Q77 _
that is, E-E + PW—O.
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The functions ¢ (x,y) and (X, y) also satisfies the equation, ¢ L() - L (p)=0
Verification of theorem 7:
Let us consider a partial differential equation of the form,

r-2s+t-3p+3q+2z=0 (19)
The pde (15) can be written as, (r-2s+t)-3(p-q)+2z=0 (20)
Comparing (18) and (20) we have, P=1,Q=-3andR=1
The fundamental solutions of partial differential equation (19) is,
2= e* p,(y+x)+ e?*P, (y+x), where ¢, and ¢, are being arbitrary function.
Let, ¢ (x,¥) =e*(y +x) and P(x, y) = e**(y + )
So, W[, ¢]#0

Now, W [, ¢] = | , where, D = (i + %)

| ¢ Y
D(¢) D)
_| €0+ e (y + x)
e*(y+ x+2) e**Qy+2x+2)
= e3¥(x? + y? + 2xy)
So, W, ¢]l= e3*(x%*+ y?+ 2xy)

ow

Now, —== e3*(3x% + 3y? + 6xy +2x + 2y) (21)
ow _ 3
3y e>* (2y + 2x) (22)
%VI_/ = _T3 e3*(x® + y% + 2xy) (23)
From, (21), (22) and (23), we have,
aw  aw Q& _
o oy TRWEO (24)
Now,
L(lIJ): lpxx'zwxy+lpyy'3lpx+3lpy+2‘p:0 (25)
L((b)=¢xx'2(bxy+¢yy'3¢x+3¢y+2(b:0 (26)

Now, from (25) and (26) we conclude that,
GLW)-¢L(@)=0

8. Conclusion:

Let us emphasize in brief the results of this work. In our research work we reviewed many research paper and we observed that
the application of Wronskian is limited in the field of partial differential equation. In this paper we discuss about the properties
and fundamental solutions of partial differential equations. We verified some of the properties of Partial Wronskian. We have
discussed a theorem (8) and verified the result (24) using a linear partial differential equation.
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