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ABSTRACT

In the under mentioned model, the stream of Poisson-type units arrive at a singular service station with two distinct arrival rates
A, and A, from two separate input sources. The two separate input sources make an input source for a singular server. The input
source switches between three presumable states, (i) operative, (ii) semi operative, and (iii) inoperative. When the units arrive at a
service facility with mean rate (4, + 4,), the input is said to be in operative state (0, 0) . When units arrive with arrival rate 4, or

A, , the input is said to be in semi operative state (0,1)or (i,0), and when units do not arrive, i.e., mean arrival rate is 0, the

input is assumed to be in inoperative state (i, ). The service time is considered to be exponentially distributed with parameter
for all states of the input.

Laplace transforms of the various probability generating functions are acquired and the steady state outcomes are clearly derived.

KEY WORDS : Queuing theory, Markovian process, Exponential distribution, Poisson distribution, Probability generating
function

1. INTRODUCTION

In the present day society, human beings are very busy in day by day recurring works and no person loves to wait. Every second
waiting at a bus stop, gasoline centre, a traffic signal, post office, banks, grocery store or an elevator, all have waiting issues.
Waiting lines are playing very vital role in our day by day life. Waiting of time is believed to be a nugatory of time. So study to
decrease the waiting time is the call for our society. Scarcity of waiting time calls for greater investments. Before decisive whether
to invest or not, it is play key position to understand the impact of the investment on the waiting time..

A.K. Erlang firstly unearths out queue in 1913 in the reference of telephone facilities. Queuing theory is a mathematical access in
Operations Research used to the explication of queue. It plays a crucial function in modeling real life issues combining
congestions in massive areas of science, technology and management. The waiting frames with heterogeneous system are
extremely compatible as comparison to their homogeneous counterparts, therefore in real-life phenomena’s the arrival pattern
work at different rates. Morse [1] brings the concept of heterogeneous service. The heterogeneous service mechanisms are
programming structures that permit customers to get several quality of service. Most of the manipulations in manufacturing
systems have heterogeneous service mechanism. That is why; the queuing systems with heterogeneous servers have reached
meaningful contemplation in the literature. Saaty [2] forward argues Morse’s saying and draw conclusion the steady-state
probabilities and the mean number in the system. Sharma and Dass [3] unearth the initial busy time of multichannel Markovian
queueing framework and find the mainifestation of its density function in closed form. Dharmaraja [4] makes the transient
solution of a two-processor heterogeneous system with Poisson arrival of jobs having exponentially distributed processing times.
Krishanamoorthy [6] make consideration for a Poisson queue with two-heterogeneous servers with modified queue disciplines.
Singh [7] fit up the work of Krishanamoorthy [6] on heterogeneous servers by incorporating balking to compare inferences with
homogeneous servers queue to show that the conditions under which the heterogeneous system is preferable than relevant
homogeneous system. Kumar and Sharma [8] get the transient solution of a two-heterogeneous servers Markovian queuing model
with retention of reneging customers. Numerous other researches [13], [14], [15], [16] etc. have processed queuing models in the
domain of heterotypical in arrival and services.

2. STATEMENT OF QUEUING MODEL

We consider a queuing frame where into, the count input sources operating at a time is random count which may take value 0, 1 or
2. For instance it, we imagine two officers in an institution, are given a common steno typist. Let the officers wear the label 1 and
2. If the officer of label 1 emits a steady Poisson stream of letters with mean arrival rate 4, and the officer of label 2 emits a
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steady Poisson stream of letters with mean arrival rate A, , then the arrival rate of letters to steno typist is (4, +4,). Here we
consider that two officers are the two input sources for steno-typist. When both the officers are in functioning (functioning in the
sense that both are emitting a steady Poisson stream of letters with rate A, and A, respectively, then the number of input sources

acting at a time is 2 (and the system is assumed to be in operative state). If officer of label 1 is in working and the officer of label 2
is out for some reason, then a input source of label 1 is operating and of label 2 is inoperative and vice-versa. In this case, the

mean rate of arrival to the service facility is either A, or A, and the number of input sources operating at a time is 1 (and the

system is considered to be in semi operative state). Also, if both the officers are out, e.g., when they are attending a meeting called
by higher officer of the institution, then not a single letter is emitted by the officers and the arrival rate of letters to steno-typist
become zero. In this case, the number of input source acting at a time is 0 (and system is considered to be in operative state).
Thus, the following model consists of two input sources out of which no input source or one input source or two input sources are
functioning at a period. The system under view strikes the below mentioned characteristics:

A flow of Poisson-type units reach at a singular employ station with two different coming rates 4, and A, from two distinct input

sources. The two distinct input sources make an input source for a singular server. The input source switches between three
presumable states, (i) operative, (ii) semi operative, and (iii) inoperative. When the units reach at a employ facility with mean

rate (4, + A,), the input is said to be in operative state. When units arrive with arrival rate A4, or A, , the input is said to be in
semi operative state, and when units do not arrive, i.e., mean arrival rate is 0, the input is considered to be in inoperative state. For
the sake of facility, we notify the operative state by (0,0), when both the input sources are operating. There are two stages of
semi operative state, viz., (0,i) and (i,0) i.e., when the first or the second input source is operating. The state (i,i) is that

when both the input sources are not operating. The time gap during which the input sources affair in any one case is an
exponentially distributed random variable and the transition rate from one case to another case is display in the down diagram:

OPERATIVE STATE
INOPERATIVE STATE
(0.0) .
, i.9)
=
m
v - -
m 4 <2 21 4 Y
m
SEMIOPERATIVE STATE
SEMI OPERATIVE STATE
(0.1) (i.0)

The operative state (0, 0)tends to move to the semi operative state (0,1) with rate £, and to semi operative state (i,0) with

1
rate & . Thus, the time during which both the input sources are operating exponentially distributed with average rate( ] .
+
1 2

The inoperative state (i, 1) tends to move to the semi operative state (0,1) with rate 7, or to the semi operative state (i,0) with

rate77, . Thus, the time during which none of the input sources are operating is exponentially distributed with average

1
period( . Similarly the times during which only the first input source is operating or only the second input source is
=+,

1 1
operating are exponentially distributed with average periods ( j and ( ] respectively.
M+ Th+e,

Further, the service period is assumed to be exponentially distributed with parameter g for all cases of the input. It is also

supposed that if at any instant the units in the system are N, then the coming unit will be accepted lost for the channel. The
stochastic processes involved, viz., inter-arrival period of clientages are unmatched of each other.
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3. SOLUTION OF QUEUING MODEL

In this section, the computed framework of the queuing model is presented. The time-dependent and steady state conclusion of the
problem have been deduced.

3.1 TRANSIENT SOLUTION
Define,

P (t) =The probability that both the input sources are operating, system has n units at time t;

0,0,n
Po,i,n (t) =The probability that the input source of label 1 is operating, and the input source of label 2 is not operating, system has
n units at time t;
F{O’n(t)EThe probability that the input source of label 1 is not operating, and the input source of
label 2 is operating, system has n units at time t;
F’LLn (t)z The probability that both the input sources are not operating, system has n units at time
t;
R, (t) = The probability that system has n units at time t.

Obviously,

Rn(t) oon(t)+ 0|n(t)+ |on()+Plln()

Let the time be computed from the instantly when the queue distance is zero, and both the input sources are operating. The initial
conditions become

1, n=0
, othrewise

0)=0,P,,(0)=0,P, (0)=0; V¥nx0

0|n '1io,n

Define the under described probability generating function of P, (t),P,; (t),P, . (1),P,,(t) and R, (t)

Po(z,t) = Zz
Pi(z.t)= Zz Pyin(t)
RL@0 =Y 2R, 0
DL RLINC

R(z,t) :ZN:ann(t)

KOLMOGOROV’S forward equations representing the model lead to the under-described differential equations:
d

N ROEE TRV RN SRORST IRV IRORTAINC @
0= {6+ &t b )P O+ Gl )Py 04 0Py O 1P (07,0
1<n<N (L2)
P )= ~(E &+ 0P O Ut 2)Pr s O+ 7Py O+ 1Py, ) @y
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P00 =&+ 4 2)Poig 0+ 4P, O+ 0+ 6P ). @

d
a l:)o,i,n (t) = _(§1+772 +2’l+/u) Po,i,n(t)+Alpo,i,n—l(t)+:upo,i,n+l(t)+771Pi,i,n (t)+§2P0,o,n (t) 1£ n< N """" (1'5)

RO =&+ 4 10RO PO R O+ £y O @

R0 =&+ )P O+ 4Ry O+ 716 O+ 5P o) )

% I:)i,o,n (t) = _(52 + 771 + /12 + ,Ll) I:)i,o,n (t) + ﬂ’ZPi,o,n—l(t) + :upi,o,n+1(t) + 772Pi,i,n (t) + é:lPo,o,n (t)

1<n<N (18

P O =+ 0 O+ 2P a0+ 1P O+ &P () @9)
R0 =00 )P0+ 4RO+ 5P o0+ &R ) 10
R =0+ 0P O+ PO +ER O+ ER,, (O 1n<N @
SR =01+ 1+ 0P O+ 6P, 1O+ 6RO (112)

Multiplying (1.1) to (1.12) by apposite powers of Z , applying their related probability generating function (p.g.f.”), taking L.T."®
and applying initial conditions, we get

Koo(Z,5)P,,(2,8) =2+ u(z-DP, . (s) +27,P (z,5) +zn,P,;(2,5) - 2" (2 -D)(A + L)P, n ()  (1.13)

Koi (2:9)R,i(2,9) = 1z =1)R, o (8) + 213 R;(2,5) + 2&,P, o (2,5) = 2" (2 ~D) AR, () (1.14)
Kio(Z:S)R,(2,5) = 1z =1)R,,4(8) + 213,R,(2,5) + 2&P, 1 (2,9) — 2" (2~ D 4R, (5) (1.15)
Kii(2,9)P,(z,5) = t(z-1)P,; o(s) + 2&P, 1 (2,9) +2&,P,(z,5) (1.16)

Where,

Koo(2,8) =[2{S+ (A +L)U-2)+ &+ & + 1} — ]

Koi(2,8) =] 2{s+ A(1-2)+& +m,+ 1} — |

Kio(2,8) =] 2{s+4,(—-2)+&+m+u}—u |

Kii(z,8) =|:Z(S+771+772 +;u)_/-l]
Solving equations (1.13) — (1.16)
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ZK,:(2,9)K; ,(z,5)K;(z,8) - ZBUZQKOJ(Z,S)
_ZgnlérlKi,o(z’S)+:u(z_1)[l:_)o,o,0(s){Ko,i(Z1 $)Kio(z,9)K;(z,9)
_22772§2 KO,i (Z’ S) - 22771§1Ki,o (Z’ S)}_ I:_>o,i,0 (S){237722§2
—zm,Ki, (z,8) Kii (z,8)— 237717724:1}"' I:_)i,o,o (S){anKo,i (z,5) Kii (z,9)
~Z PG+ 20 &} P o (SHZ° K 4 (2,8) + 2° 1, K, (2,9)3]
— 2"z -DI(4 + 4)R, (MK, (2.9)K; . (2,9)K,(2,5) - 2°11,6,K,, (2,5)
_22771§1Ki,o (z,8)}- ﬂ'lF_)o,i,N (S){23 772252 - Z772Ki,o (z,8) Ki,i (z,8)— z° .5}
+4,P on SHZ 11,8, = 2° 06 + 20K, (2, 5)K(2,9)}]
Ko,o (Z’ S) Ko,i (Z! S) Ki,o (21 S) Ki,i (27 S) - 22772§Z{K0,0 (Z! S) Ko,i (Z’ S) + Ki,o(zl S) Ki,i (Z' S)}
—Zzﬂlfl{Ko,o(Z, s) Ki’O(Z, s)+ Ko,i (z,9) Ki,i (z,8)}+ 24(7712‘;:12 +7722§22 —2m,1,6,&,)
(L17)
22§2Ki,o(z’ $)Ki(z,8) - 24772522 + 2477151@ + /U(Z_l)[lso,o,o (){z &K, (z,9)K, i (z,8)
_23772522 + 23771514:2}"' I:_)o,i,o (S){KO’O(Z, s)Ki,o (21 S)Ki,i (21 S) _22 772§2K0,0(Z’ S)
~7 771§1Ki,i (z,8)}+ ISi,o,o (S){szé:z Ko,o(z! S)+ z° nlé:ZKi,i (z,8)}+ F_)i,i,o (s)
{znK, o (2,9)K;,(2,8) + 2,8, = °ni &3 - 2" (2 =D[(4 + 4,)P, 0 (5)
{2&,K,,(2,9)K; (2,8) = 2°m,8] + & &3+ AP, (SHK, 0 (2,5)K, (2, 9)K; (2,9)
_2277252 Koo (z,8)— z? mé& K, (z,9)}+ j’ZF_)i,o,N (S){22 m& Koo (z,8)+ z? mé& K (z,9)}]
Ko,o (21 S) Ko,i (Z! S)Ki,o (Z! S) Ki,i (Z’ S) - ZZUZéZ{KO,O (Z! s)Ko,i (Z’ S) + Ki,o(z! S)Ki,i (Z’ S)}
LK, (25K, (2,5) + Ky (2, 5)K (2 S+ 2° (20 + 12— 2mm )
(1.18)
22981{2277252 +K,,(2,9)K;;(z,8) - 22U1§1}+/1(Z_1)[F_)<J,o,0 (H{z&.K,i(z,9)K;:(z,5)
_23U1§12 + 237725152}"' ISo,i,o (5){2277251'(0,0 (2,9)+7° 16K (2,9)}+ I5i,o,o (s)
{Ko0(2,9)K,;(z,9)K;;(z,8) - 22771§1Ko,o(2’ s)-2° 11,6,K;i(2,8)}+ F_)i,i,o (s)
{zn, Ko,o (z,8) Ko,i (z,8)+ 2377177251 - 23772?52}] - ZN+1(Z -D[(4+4,) ISo,o,N (s)
{z2&K, (2,5)K, (2,8) = °n&] + °n, & &3+ AP,y (H{Z° 1,6 K, (2,9)
+2° 11,5 K, (2, 8)}+ P, oy (K, o (2.9)K 5 (2,9)K, (2,8) - 2° &K, (2,9)
-z ﬂzfzKi]i(Z,S)}]
Ko,o (21 S) Ko,i (Z! S)Ki,o (Z, S) Ki,i (Z’ S) - Zznzé:z{Ko,o(Z! S) Ko,i (Zv S) + Ki,o(z’ S)Ki,i (Z’ S)}
~1E{Ko 0 (2,9)Ki o (2,9) + Ky (2,9)K; (2, 9)}+ 2" (&) + 11,87 — 2n1,6.8,)
(1.19)

P.(z,5)=

|50,i(zls) =

fae]

o(2,8) =
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258K o (2.8) + Koy (2,5} p@Z-DIP, o0 (SHZ° SEK o (2,9) + 27 §EK, (2,9)}
+|So,i,o (S){Zé:lKo,o (Z' S) Ki,o (Z, S) +27° 7725152 -z’ 77151252}+ ISi,o,o (S){ZézKo,o(Z’ S) Ko,i (Z, S)
+288 20 183+ P o (SHKo o (2,9)K, (2,9)K, (2,9) = 2°7,6,K , (2,9)
~2' &Ko, (2, =2V Nz =D[(4 + 4,)P, o (SHZ° £E,K o(2,5)
+2° 88K, o (2,1 AP, (SHZE K, (2,9)K 4 (2,5) + 2° 11,68,
B (2,5) = -7’ 771§1Z}+ A ISi,o,N (sH{z&,K, 0 (2,9)K,;(z,8) + z’ A= -z’ 772522}]
e Ko,o (Z, S) Ko,i (Z’ S)Ki,o (Z’ S) Ki,i (Z’ S) - Zznzgz{Ko,o(Z’ S)Ko,i (Zv S) + Ki,o (Z’ S) Ki,i (21 S)}
—2277151{Ko,o (Zv S) Ki,o (Z’ S) + Ko,i (Z! S) Ki,i (Z’ S)}+ 24(7712§1Z + 77226522 - 277177295152)
(1.20)

3.2 STEADY STATE SOLUTION

The steady state solution can be obtained by the well — known property of the L, T., viz.,
LimsF (s) = Lim F(t) (1.21)
s—0 t—oo
If the limit on the right exists.
Thus, if
LimP, (t) =P,
t—w
We have,
LimsP,(s) =P, etc.
s—0

Using property (1.21) to equations (1.13) - (1.16), we obtain

Koo (DR (2) = (2 =1)P, 4(2) + 23R, (2) + 21, 1 (2) = 2" (2 = 1)(A + A,)P, o (1.22)

K,i (2P, (2) = i(z-D)P,; s + 2P, (2) + 2&,P,  (2) - 2" (2D AP, (1.23)

Kio (DR (2) = t(z-DR, +217,R,(2) + 2&P, o (2) - 2" (2 -D AR, (1.24)

Kii(2)R(2) = u(z-DPR, o + 2&R, 1 (2) + 25,P . (2) (1.25)
Where,

Koo (@) =[2{(A+ L)A-2)+ & + &+ u}— ]
Ko, (2)= [2{21(1_ 2)+&+n, +lu} _,U]
Kio(@) =[2{4,A-2)+ &+, + u} - 1]

Ki,i(z) :[2(771 +17, +;U)_/u:|

Fixing Z =1 in equations (1.22) - (1.25) give,

(51 +§2)Po,o L= 771Pi,o @ +17, Po,i ()] (1.26)
(§1+772)Po,i(1) :771Pi,i(1)+§2po,o @ (1.27)
(& +771)Pi,o = 772Pi,i(1)+§1po,o @ (1.28)
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(m,+1m,)P,; (1) = &R, D)+ &R, (D) (1.29)
Equations (1.26) - (1.29) give,

PO’o (1) = The steady state probability that the system will be in the state where both the inputs
are operating,

_ Thi1,
(m+&)m,+ &)

Po'i (1) = The steady state probability that the system will be in the state in which input label 1 is

(1.30)

operating and input of label 2 is not operating,

_ s
(m+&),+ &)

F’L0 (1) = The steady state probability that the system will be in the state in which input label 1 is

(1.31)

not operating and input of label 2 is operating,

_ %
(m+&)m,+&)

PLi (1) = The steady state probability that the system will be in the state in which both the inputs

(1.32)

are not operating,

&
(m+&)m, +<&,)

(1.33)

Computing equations (1.22) - (1.25), we obtain,
H(Z=D)[P, o {K,, (D)Ko (2)K;;(2) = 2°1,&, K, (2)
~'n&Kio (D} PR, {20 8, —21,K; (1)K (2)
~2mé+ Poo{zmKe (DK (2) =2 & + 22 &y}
+P {2, K o (2) +2° 11, K,  (2)}] - 2" (2 - 1)
[(4+ 2,)P ( {Ko (DK, (DK (2) — 2°7,8,K,,5(2)
~2' &Ko (@D} A4PR, {2 128, - 21,K (K (2)
_ —Tamg AR mmé, — 2 i + 20K, (9K (1)}
Koo (2)K,, (2K o (2)K;(2) = 2°17,8,{K,, o (2) K, (2) + K, (2)K 1 (2)}
~2* né{K, 0 (DKo (2) + Ko (DK (203 + 2 (/& + 1287 —2mm,8.8,)

P..(2)

(1.34)

Copyrights @Kalahari Journals Vol.7 No.4 (April, 2022)
International Journal of Mechanical Engineering
103



u(@Z-DIP,, 25K, (DK (2) - 20,85 + ', 68,}

+P,; Koo (DK, (DK, (2) - 2° 1,5, K, (2) - 2° EK,  (2)}

+P {2 1EK, o (2) +2° &K (D)3 P, {2 K, (DK (2)
+2°nm,6, — 2 EN -2 2 =DI(A + 4)P, o {2 6K, (DK, (2)
~2'm,85 + &S AP, Ko, (DK o (DK (2) = 2°1,6,K, , (2)
— 22 &K @D+ 4P {22 mE K, (1) + 22 1,6,K, (D))

Ri(2)= : (1.35)
' Ko,o (Z) Ko,i (Z)Ki,o (Z) Ki,i (Z) —Z nzéz{Ko,o (Z)Ko,i (Z) + Ki,o (Z) Ki,i (Z)}

_22771‘/:1{'(0,0 (Z) Ki,o (Z) + Ko,i (Z) Ki,i (Z)}+ 24(7712512 + 7722%:22 - 27717725152)
,U(Z_l)[Po,o,o{z &Ko, (2) K. (2)- Z3771512 + 23772§1§2}+ Po,i,o{ZzﬂzflKo,o (2)
+ ZZ 772§1Ki,i (Z)}+ Pi,o,O{Ko,o (Z) Ko,i (Z)Ki,i (Z) - ZznlglKo,o (Z)
-7° 17,5 Ki (D)} + B, o{z27,K, (DK, (2) + 2377177251 - 23772252}]
_ZNH(Z _1)[(21 + lz)Po,o,N{Z §1Ko,i (Z) Ki,i (Z) - 23771512 + 23n2§1§2}
+/11Po,i,N{22772§1K0,o (2)+7° 16K (23 4,P o K, 0 (2K, (2K (2)

P.(2)= -7° mé& K, (2) - 2°n,¢, Kii(2)}] (1.36)

Ko,o (Z) Ko,i (Z) Ki,o (Z) Ki,i (Z) - 2277252{'(0,0 (Z) Ko,i (Z) + Ki,o (Z) Ki,i (Z)}
2K, 0 (D)Ko (1) + Ko (DK (D3+ 2 8 + 1,8, = 2mm1,6.8,)

p(@Z-D[P,, {Z° &K, (2) +2° 5K, (D)F+ P, 026K, 0 (DK, (2)

+ 281,88, 2 &S P o{28,K, o (DK, (2) + 2°m&i8, - 27 1,8}

+P,; oK, 0 (DK, (DK (2) - 21,6 K, . (2) - P& K, (D)H]

2" Hz2-D[(4 + 4P, {Z° E&K (1) + PEEK, ()}

+ 4P, 28K, o (DK o (2) + 2 1,88, = Z° &I+ 2P,

25K (DK . (2)+7° -2°n, &l

2= rif(z)o tif}zféfiaKf o zznzgfz,]o(z)m(z) KooK,y O
~2' 6K, o (DK, (D) + K, (DK, (D)} + 2* (0P8 + 1385 — 2, 68,)

CONCLUSION

In the present research paper, the both transient and steady state analysis of a Markovian queuing system with heterogeneity in
arrival process are clearly examined. In transient solution, equations (1.17) — (1.20) obtain the values of L.T.’s of p.g.f. of the
distribution of the count of units for several cases of the input source. These are clearly known if the seven unknowns, viz.,

F_fmyo (9), ISO’L0 (9), F_{OYO(S), F_?,i,o (s), |50’0’N (s), F_?J’LN (s) and F_{’QN (s) mixed in these equations, are determined. We observe
that higher degree of Z in the numerator of each of the above cited equations is (N +7), and higher degree of Z in their
denominator is seven. Additionally, Po,o(zit) etc. are polynomial of N degree. Therefore, seven zeros in denominators of
(1.17) — (1.20) must vanish their numerators giving rise to seven equations in seven above

written unknowns. Solving this set of seven equations, we obtain their values. Therefore, E,O(Z’S)r F_>O’i(z,s),

IZ_’LO(Z, S) and F_’II (z,5) are known and R(z,S) = ISOVo (z,9)+ |So,i (z,s)+ F_’LO(Z, S)+ I5II (z,S) can be completely evaluated.
In steady state solution, equations (1.35) - (1.38), give the p.g.f. of the distribution of the number of units in the system for various
cases of the input. Moreover, each is a polynomial of degree N . Therefore, all zeros in the denominator must satisfy its
numerator. Denominator of each equation has seven zeros of Z and numerator of each equation has (N +7) zeros of Z . Thus
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seven zeros in the denominator must vanish, the numerator of each P, (2),P,;(2),P,,(z) and P;(z) giving rise to six
equations in seven unknowns viz., P, P 0, B0 Pio Poon: Poin @nd P ; because equation corresponding to z =1
becomes an identity. On solving the set of six equations along with the normalizing condition, one easily obtains the clear values
of these unknowns and R(z) = P, ;(z) + P, ;(z) + P ,(2) + B (2) is teetotally computed.
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