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Abstract: Finding the trace of positive integer power of a matrix is an important problem in matrix theory. In Graph theory an
important application of the trace of positive integer power of adjacency matrix is counting the triangle in connected graph. In this
paper, we attempted to extend the formula to third order trace of positive integer power of some special Adjacency matrix of
connected simple graph. The key idea of our formula is to multiply k times, where K is positive integer.
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Introduction

Trace has many applications in fields such as Matrix theory, Network analysis, Differential equations, etc., In Adjacency matrix the
trace TrA>6 is the trace where, A is the adjacency matrix[4]. For the counting of triangles in a graph, it can be drawn into an
adjacency matrix and this formula can be used. Traces of power of integers are connected to Euler congruence [2]

Tr(M?P )= Tr(M? " )(modp™)

Where M is any integer matrix, and p be any prime number, r is the natural number. This condition holds for all integer matrices.
In common trace can be calculated by addition of the diagonal elements i.e., a;; where i=1,2,...,n. But for higher order matrices,

this may be impossible. Trace can also be calculated by the use of Eigen vectors given by [1],
v 39
TrA%=y4,

Where Ak denotes the Eigen values. But this is also impossible in case of higher order matrices. In order to make the calculations

easy and efficient we have developed a new formula for the trace of adjacency matrix. This formula will only depend on the order
of matrix.

Preliminaries

Definition 1: Trace

Trace of an X n matrix A=a, ;, is defined to be the sum of the elements on the main diagonals of A .i.e. TrA = ay; +a,,+...+

ij!
L

Definition 2: Complete graph

A Complete graph is a simple undirected graph in which each pair of distinct vertices is connected by a unique edge. For a given
number of vertices, there is a unique complete graph.

Definition 3: Undirected graph

An Undirected graph is a graph that are connected together, where all the edges are bidirectional.

Definition 4: Adjacency matrix

The Adjacency matrix is a square matrix used to represent a finite graph. It takes the form as 1’s with 0’s on the diagonal.
o 1 1

1 0 1]

1 1 0

Theorem 1: (3)

For even positive integer n and 2 x 2 real matrix A is,

Eg.,

(-7

TrA" =EE=D n[n-(r+1)][n-(r+2)]...[upto r terms] { DetA)" (TrA)"" r

ri
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similarly,
Theorem 2: (3). For odd positive integer n and 2 x 2 real matrix A is,

n—1

TrA"=% 2

:I:'”' n[n-(r+1)][n-(r+2)], . .[upto r terms] (Det}lj r (T]‘"ﬂ) n—"7

Main Results

Theorem 1: If A is an adjacency matrix of a complete simple graph with 72 vertices, then

n

3

Tr AX = Z s(k,r)n(n—1)"(n—2)*3 (n— 3)%3
r=1

For positive integers k divisible by 3.
5]

Tr AX = Z s(k,r)n(n—1)"(n—2)F73 (n— 3)%9¥
r=1

For positive integers k not divisible by 3. Where, s(k, 1) depends on k and r, defined by

s(k,1) =1, s(k,k,fE) =1

Proof:Consider a Adjacency symmetric matrix A=a;;, 1 = { = mn,1 = j = n where

iy’

_ {1, ifi#]
T 0,if =
Now,4* = a;,1<i<n1<j<nwhere

_ {(n —2)(n—3),ifi#+j
T An-1) JAfi=j
Then,A® = n(n — 1) or

iy

1

Tr A% = Z s(3rn(n—1)"(n—2)*%¥ (n—3)=27%
r=1
Again,}l“zaz-}-, 1<i=<n,1=j<nwhere

ij

_ {[n— 1)+ (n—2)%ifi+j
(n—1)(n—2) ,ifi=j

Then,A* = n(n— 1)(n—2) or

1

Tr A* = Z s(4r)n(n—1)"(n—2)"¥ (n—3)**7%
r=1

Again,;ﬂlE':az-}-, 1<i<n,1<j<n where

= {[n— 1)+ (n—2)%+ (n—3)3,if i # j
N (n—1) (n—=2)(n—=3) ,ifi=j

Then,A* = n(n — 1)(n—2)(n— 3)or
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Tr A% = Z s(5,rn(n—1)"(n— 2)*7% (n— 3)*=7%

Againdf=a.., 1 <i=mn,1=j<nwhere

o {[n—l](n—Z)(n—Ej +(m—2)(n—2*+(n—-3)ifi#]
Vol -De-D+ (-2 + (n-3)° ifi=j

ThenA® =n(n—1)*+n(n—1)(n—2)*(n—3)+n(n—(n—-2)(n—3)or

-

Tr A® = Z s(6,r)n(n—1)"(n—2)*% (n—3)*7%
r=1
In similar way ,we may have,

A'=a;;,1<i<n,1<j<nthen,

AT=3nn-1 * n—-2)+2nn—1)(n-2*n0-3)+nn—-1)(n—2)(n—3)%0r

-

Tr A" = Z s(7,rn(n—1)"(n— 2)""% (n— 3)>77%
r=1

And,

A®=a

ipl=i=n,1<j<nthen

AA=nn—-1 nm-2)+3nn—-1)n-2 m-3)+2n(n—1)(n—2)(n—3)%or

-

Tr A% = Z s(8,rIn(n—1)"(n— 2)¥% (n— 3)*873%

Again, A%=a.., 1 <i=<mn,1=j < nthen,

ij!

A=nn—-1PF+3nn— 1" n—-2) * n-3 7 +nn—-1)(n—-2)*n—-3)or

3
Tr A’ = Z s(9,r)n(n—1)"(n— 2)*% (n—3)>*7%
r=1
Continuing in this way , we get a sequence of equation which may be generalized as,

mn

3
Tr A¥ = Z s(k,r)n(n—1)"(n—2)*7% (n— 3)%73"
r=1
For positive integers k divisible by 3.
n
lz]
Tr AF = Z s(k,r)n(n— 1) (n— 2)% (n— 3)29"
r=1

For positive integers k not divisible by 3. Where, s(k, ) depends on k and r, defined by

s(k,1) =1, s(k,kf3) =1

Hence the proof is complete.
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Example: Consider a 6x6 Adjacency matrix and find T'rA2.
Proof: Here n=6, k=3. Then by our theorem,
1
Tr A% = Z s(3rn(n—1)"(n—2)*%¥ (n—3)=27%
r=1
TrA®=s(3,r)(6)(6—1)(6—2)*3(6— 3)%3
TrA*=6x5x1x27=810
TrA%6=135

Conclusion

In this paper, we attempted to extend the trace of adjacency matrix to higher order to check whether it is applicable. As mentioned
above, trace has many applications in the field of mathematics. This idea of finding trace could be extended to other types of
matrices.

Bibliography
[1] N.Higham, Functions of matrices: Theory and Computation,Comput.Math.Appl.,20(1990).
[2] A.V. Zarelua, On congruences for the traces of powers of some matrices, Proc. Steklovinst. Math., 263(2008), pp. 78-98.

[3] Pahade, J. and Jha, M.(2015) Trace of positive Integer Power of real 2x2 matrices. Advances in Linear algebra and Matrix
theory,5,150-155

[4] H. Avron, Counting triangles in large graphs using randomized matrix trace estimation, in proceedings of kdd-ldma’ 10,
acm, 2010.

[5] Michiel. H. (2001) Trace of square matrix, Encyclopedia of Mathematics, Springer.

[6] Pan. V. (1990) Estimating the extremal eigen values of a symmetic matrix, Computers and Mathematics with applications,
20, 17-22.

[7] Chu, M.T. (1985) Symbolic calculation of the Trace of the powers of a Tridiagonal Matrix, Computing, 35, 257-268.
[8] Cisneros-Molina, J.L., An invariant of 2 x 2 matrices, Electron. J. Linear Algebra 13 (2005), 146-152.

[9] Cisneros. J.L. ,Herrera R. and Santana N., A formula for the trace of symmetric power of matrices, math DG 2014,
arXiv:14111.0524v1.

[10] Mathieu Latapy, Main-memory triangle computations for very large graph, Theoretical computer science, 407(2008) 458-
473.

Copyrights @Kalahari Journals Vol.7 No.4 (April, 2022)
International Journal of Mechanical Engineering
882



