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Abstract

For any subset of the discernment frame; the belief function and the plausibility function
are lower and upper bounds for the probability function respectively. By replacing the prob-
ability function with its lower and upper bound, we get the lower bound and upper bound of
statistical quantities such as mean, variance, raw and central moments, coefficient of skew-
ness and coefficient of kurtosis, and so on. Now, it becomes important to study some results
about the probability function‘s lower bound (belief function) and upper bound (plausibil-
ity function). In this paper, by using the principle of generalization, we have obtained a
formula for the summation of cardinalities of all subsets of a given set with cardinality n.
Also, for any subset of the discernment frame; we have obtained formulas for the summation
of the belief functions, the commonality functions, and the plausibility functions when the
probability mass function of an underlying discrete probability distribution is given.

Keywords:- cardinality of a set, Basic probability number, Belief function, Common-

ality function, plausibility function, probability mass function, probability distribution, etc.
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1 INTRODUCTION

The number of elements in the given set is called the Cardinality of the set and is denoted
by |- |. All subsets of a given set are listed by its powerset. In [2, 9], recurrence relations
are used to calculate the next term in a sequence with help of a few previous terms. Here,
we provide the necessary preliminaries about the discrete belief function theory [8] and the

discrete probability distribution theory [1].

1.1 The Discrete Belief Function Theory

discernment frame :

Dictionary meaning of discernment frame is a good judgment insight frame. The word
discerns means to recognize or find out or hear with difficulty. If the discernment frame ©
is

O ={01,0s,...,0,}
then every element of © represents a proposition. A one-to-one correspondence exists be-
tween the proposition of interest and a subset of ©. The set of all subsets of propositions of
interest corresponds to the set of all subsets of @, that is the power set of @, and is denoted

by 2©. A function m2 : 2® — [0,1] is called basic probability assignment whenever
1. m(@) =0.

2. Y acom(4) =1
Here, m(A) is the amount of the belief committed or assigned exactly to the subset A. The
total belief assigned to A is a sum of m(B), where B is the proper subset of A.

Bel(A) = > m(B). 1)

BCA

If © is a discernment frame, then a function Bel : 2© — [0,1] is called a belief function

over @ if it satisfies above condition (1). A function Bel : 2© — [0,1] is belief function if
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and only if it satisfies following conditions

1. Bel() =0.
2. Bel(©) =1.
3. For every positive integer n and every collection Ay, Ag, ..., A, of subsets of ©

Bel(AjUApU...UAy) > > (=) Bel([") 4s). 2)

I1c{12,,n} icl
The Degree of doubt : Dou(A) = Bel(A) or Bel(A) =1 — Dou(A4).

The quantity pi(4) = 1— Dou(A4) =3~ 4~p.m(B) expresses the amount to which one
finds A credible or plausible. A relation between the belief function, the probability mass (

or density ) function, and the plausibility function is

Bel(4) < p(A) < PI(4), ¥ AcCO. (3)

1.2 The Discrete Probability Distribution Theory

For discrete distribution, the probability mass function p: © — [0, 1] have properties:
10<p{a)) <1,V {a)cO.
20<pl4)<1,VACSO.
3 Z{a}e@ p({a}) = 1.

Theorem 1.1. A function m : 2° — [0,1] is defined by

p(4)
m(A) = on—1’

15 a basic probability assignment, where A is the subset of ©, n is the cardinality of ©, and

p(A) is the probability of A by discrete probability distribution under study [6].

If p(#) = 0 then Bel(?) = 0 and PI(#) = 0 hence Bel(0) = p(0) = PI(0) = 0.
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In section II, using the method of generalization, a result about the summation of car-
dinalities of all subsets of the set having cardinality n. In section III, using this recurrence
relation, a result of the summation of cardinalities of set having cardinality k-1 hence for
cardinality n. In section IV, the question is raised about the set having denumerable and
countably infinite cardinality. In section V, using the basic belief assignment of interest and
results from the discrete belief function theory and the discrete probability distribution; a
discussion about the summation of belief functions, commonality functions, and plausibility
functions of all subsets of the set having cardinality up to 5 is explained hence for cardinality
n, in section VI. In section VII, the result of the summation of commonality functions of
all subsets of the set having cardinality n is obtained. Also, the result about the relation
between the summation of belief functions and the summation of commonality functions of
all subsets of the set having cardinality n. In section VIII, the result of the summation of
plausibility functions of all subsets of the set having cardinality n is obtained. In section
IX, the conclusion is quoted, and in section X, the relevance and applications of existing
theory is explained. Finally, references are provided. The main aim is to identify patterns
present in the result for the subset having cardinality & and the subset of cardinality & + 1

containing this subset having cardinality k.

2 Recurrence Relation in Summation of Cardinalities

of Subsets

Theorem 2.1. If cardinalities of subsets Ay and Ay of discernment frame © are k and
k + 1 respectively, where Ayy1 is obtained from Ax by adding one more element, then
recurrence relation between the summation of cardinalities of all its subsets of A and Agia
is D1 = 2Dp + 2%k = 0,1,2,3,4,5,. .., where Dy is the sum of cardinalities of all the

subsets of Ay having cardinality k.
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Proof: Here by considering some initial values in the generalization principle, we obtain
a formula for the summation of cardinalities of all subsets of a given set.
Case 1: [4] =0
Here A is empty set @ and empty set has only one subset viz. empty set @ itself. Thus, the
summation of cardinalities of all subsets of A is 0.
Case 2: |[A| =1
Here A = {a} have two subsets viz. empty set ) and A itself. Thus, the summation of
cardinalities of all subsets of A is 1.
Case 3: |4] =2

If A = {a,b}, then A has the following subsets with cardinalities as shown below:

Subset 0 {a} {b} {a,b} Z||

Cardinality 0 1 1 2 4.

Thus, the summation of cardinalities of all subsets of A is 4.
Case 4: |4] =3

If A ={a,b,c}, then A has the following subsets with cardinalities as shown below:

Subset 0 {a} {b} {c} {a,b} {a,c} {b,c} {a,b,c} Z| -

Cardinality 0 1 1 1 2 2 2 3 12

Thus, the summation of cardinalities of all subsets of 4 is 12.

Case 5 |4 =4
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If A ={a,b,c,d}, then A has the following subsets with cardinalities as shown below:

Subset
Cardinality
Subset
Cardinality
Subset

Cardinality

{a,c,d}

{a,d}

{a} {8}
11
(b} {b,d}

2 2

{b,c,d} {a,b,c,d}

3 4

{e} {d} {a,b} {a,c}
11 2 2
{¢,d} {a,b,c} {a,b,d}
2 3 3
>l
32

Thus, the summation of cardinalities of all subsets of A4 is 32.

Case 6: |[A] =5

If A={a,b,c,d} then A has the following subsets with cardinalities as shown below:

Subset
Cardinality
Subset
Cardinality
Subset
Cardinality
Subset
Cardinality
Subset

Cardinality

Subset

Cardinality

Copyrights @Kalahari Journals

{a,b}

{b, e}

{a,b,e}

{b,c,e}

{a,b,d, e}

4

{a} {&}
11
{a,c} {a,d}
2 2
{e,d} {c.e}
g B
{a,e,d} {a,c,e}
3 3
(b,d,e} {cd,e}

3 3

{a,c,d,e} {b,c,d, e}

4 4

e {d) e}
11 1
{a,e} {b,c} {b,d}
v 2
{d,e} {a,b,c} {a,b,d}
2 3 3

{a,d,e} {b,c,d}

3 3

{a,b,c,d} {a,b,c,e}

4 4

{a,b,c,d, e} Z| -

5 80
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Thus, the summation of cardinalities of all subsets of A is 80. In short, we have

|4 : 0 1 2 3 4 5

M1 : 0 1 4 12 32 80.

The pattern that occurred in the above process can be visualized as:

0
0 1
01 12

01 11 22 23
01 11 12 22 22 23 33 34

01 11 11 22 22 22 22 22 33 33 33 33 33 44 44 45

We observe that the pattern in the line above, is present in the line below and the
remaining pattern also contains the same number of elements. This remaining pattern can
be obtained from a pattern in the line above by adding 1 to every element. Since such pattern
in the line above consists of 2% elements and 1 is added to every element pattern in the line
above to get the remaining pattern and finally, we have written both patterns combined in
ascending order. Therefore we have added 2* for obtaining the remaining pattern for the
next cardinality. Here pattern for the previous cardinality (i.e. pattern in the line above)
is repeated twice. In these repetitions, one pattern in the line above is kept as it is, and
in the remaining pattern, we have added 1 to every element of the pattern for the previous
cardinality ( i.e., the pattern in the line above). Thus, the pattern for the next cardinality

(pattern in the line below) is given by
Diys =2D4+ 25,k =0,1,2,3,4,5,.<. (4)

Where, Dy is the sum of cardinalities of all subsets of 4 having cardinality k. By putting
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values k we can verify the above relation with earlier discussion viz. Dy =0,D1 =1, Dy =

4,D5 =12,D, = 32, D5 = 80 and so on.

3  Formula for Summation of Cardinalities of Subsets

Now, we obtain explicit formula to get the summation of cardinalities of all subsets of a

given set.

Theorem 3.1. If cardinality of subset Axy1 of discernment frame © is k+1 then summation

of cardinalities of all its subsets is Dypy1 = (k +1)2%.
Proof: Consider recurrence relation
Diy1 = 2Dy + 2%

= (D)1 + 251y 9*
= 22Dk — 1+ 2(2%)
= 222Dk — 2+ 2872 1 2(2%)
=0%Dg_o+2%12(2%)
=2%Di_5+30")
=B%OD;. 512594308

=0 Dy_a+2%+3(2%)

Dy = 22 Dy_3 +4(2F)

= Q(k_l)'HDk_(k_l) -+ k(Qk)
= B* Dy - k0%
= 28(1) + K (2%)

= (k+ 1)2%.
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Therefore, Dy 1 = (k+ 1)2".

Remark: Above formula satisfies Dy = 0,D1 =1,D5 =4,D3 =12,D4 = 32, D5 = 80
and so on ie. equation (4).
Thus, we have an explicit formula to get the summation of cardinalities of all subsets of

a given set of cardinality n as:
f(r) =n2"Y, n=0,1,2,3,4,5,.... (5)

where; n is the cardinality of a given set and f(n) is the summation of cardinalities of all

subsets of a given set.

4 Generalization to Further Sets

Above formula is useful and gives an appropriate answer if n is finite. If we take n as
countably infinite i.e. denumerable then we have a cardinality of an infinite set as N (aleph
not). We have result showing relation between ¥y and continuum C as: 2% = C [3, 7).
Keeping these results in mind and applying our formula for n to the countably infinite set

then we have

F(Rg) = Rp2Ro—1 = 9% — RC =C.

It raises a question: whether this concept can be extended to higher cardinalities viz. 2°, 92°

and so on.
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5 The Summation of Belief, Commonality, and Plausi-
bility Functions

Here, we use basic probability assignment nz : 2© — [0,1] defined by

p(4)

m(A) = on—17

where A is the subset of ©, n is the cardinality of ©, and p(A) is the probability of 4 by
discrete probability distribution under study [6]. We consider some simple cases and apply

the principle of generalization.

Case 1: |4] =1

Let A= {a}.
Sr. No. | Subset of A | |-] | m(:) | Bel(-) | q(-) | PI(")
| {0 0 0 0 1 0
2 | {a) 1] 1 1 1| 1
Total 1 1 1 2 1
Case 2: |4A| =2
Let A= {a,b}.
Sr. No. | Subset of A | || | m() | Bel(-) | q(-) | Pi()
1 0 0 0 0 1 0
2 | {a) 1| 1/4| 1/4 | 34| 1
3 | {b 1| 1/4| 1/4 | 34| 1
4 | {ab) 2o l12 | 1 | 24| 2
Total 4| 1 | 6/4 |12/4] 10/4
Case 3: |A]| =3
Let A = {a,b,c}.
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Sr. No. | Subset of A | |-| | m() | Bel(") | q() | PI()
1 i 0| 0 0 1 0

2 {a} 1| 1/12 | 1/12 | 8/12 | 8/12

3 {b} 1| 1/12 | 1/12 | 8/12 | 8/12

4 {c} 1| 1/12 | 1/12 | 8/12 | 8/12

5 {a, b} 2 | 2/12 | 4/12 | 5/12 | 11/12

6 {a, c} 2 | 2/12 | 4/12 | 5/12 | 11/12

7 {b, c} 2 | 2/12 | 4/12 | 5/12 | 11/12

8 {a, b, c} 3 |8/12| 1 | 3/12 | 12/12

Total 12| 1 | 27/12 | 54/12 | 69/12

Case4: |4 =4

Let A = {a,b,c,d}.
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Sr. No. | Subset of A | |-| | m(:) | Bel(") q(-) PI()
1 0 0 0 0 1 0
2 | {a) 1 |1/32| 1/32 | 20/32 | 20/32
3 | (b} 1 |1/32| 1/32 | 20/32 | 20/32
4 | {a 1 |1/32 | 1/32 | 20/32 | 20/32
5 | {d) 1 |1/32 | 4/32 | 20/32 | 20/32
6 | {a b} 2 |2/32 | 4/32 | 20/32 | 28/32
7 | {ac} 2 |92/32 | 4/32 | 20/32 | 28/32
s | {ad) 2 |2/12 | 4/32 | 12/32 | 28/32
9 | {b,c} 2 |2/12 | 4/32 | 12/32 | 28/32
10 | {b,d} 2 |2/12 | 4/32 | 12/32 | 28/32
1| {e, d} 2 [2/12 | 4/32 | 12/32 | 28/32
12 | {ab,c} 3 [3/32| 12/32 | 7/32 | 31/32
13 | {a,b,d} 3 |3/32| 12/32 | 7/32 | 31/32
14 | {acd) 3 |3/32| 12/32 | 7/32 | 31/32
15 | {b, c, d} 3 [3/32| 12/32 | 7/32 | 31/32
16 | {abcd | 4 |432] 1 432 | 32/32
Total 32 1 108/32 | 216/32 | 404/32
Now, we present the above information, in short, in the following table as:
Sr. No. | [-[ | 22|+ | 2 Bel() | 22q() | X PI()
1 1 1 1 2 )
2 |2 4 6/4 12/4 | 10/4
3 |3 | 12 | 21712 | s4/12 | 69/12
4 |4 | 32 | 108/32 |216/32 | 404/32
5 |5 | 80 | 405/80 | 810/80 | 2155/80

Now, we discuss the summation of belief functions, commonality functions, and plausi-
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bility function with m(#) = 0 hence Bel(f)) = 0,q(@) = 1 and pl(#) = 0, as follows:

6 The Summation of Belief Functions of all subsets of

©

Theorem 6.1. If cardinality of discernment frame © is n then summation of belief functions

of all its subsets is ) 4o Bel(A) = (g)n_l, provided basic probability assignment m : 2° —

[0,1] ¢s defined by m(A4) = ;Silz, where A is the subset of © and p(A) is the probability of

A by the discrete probability distribution under study.

Proof: We apply principle of generalization on |©].
Case 1:|0| =1

Let © = {a}.

Z Bel(A) = Bel(D) + Bel({a}) = 0+ m({a}) =m({a} =1 -m({a}.

AC®
Case 2:|0| =2
Let © = {a,b}.

Z Bel(A) = Bel(D) + Bel({a}) + Bel({b}) + Bel({a,b})

ice
=0+ m({a}) + m({b}) + m({a}) + m({b}) + m({a,b}) ©)
=m({a}) + m({b}) + m({a}) + m({b}) + m({a}) + m({b})
=3-{m({a}) + m({b}H)}.
Case 30| =3
Let © = {a,b,c}.
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Z Bel(A) = Bel(D) + Bel({a}) + Bel({b}) + Bel({c})

ice
+ Bel({a,b}) + Bel({a,c}) + Bel({b, c} + Bel({a,b,c})
=04+ m({a}) +m({b}) + m({c}) + m({a}) + m({b}) + m({a,b})
+m({a}) +m({c}) +m({a,c}) +m({b}) + m({c}) +m({b,c})
+m({a}) +m({b}) + m({c}) +m({a,b})
+m({a, c}) +m({b, c}) + m({a,b,c})
= m({a}) + m({6}) + m({e}) + m({a}) +m(Y) + m({a}) + m(p}) 7
+m({a}) + m({c}) + m{{a}) + m({c})
+m({b}) +m({c}) +m({b}) + m({c})
+m({a}) +m({b}) + m({c}) + m({a}) +m({b})
+m({a}) + m({c}) +m({b}) + m({c}) + m({a}) + m({b}) + m({c})
=9-m({a}) +9-m({b}) + 9 - m({c})
=9 {m({a}) + m({b}) + m({c}h)}.

Here {a}, {b},{c} are repeated the same number of times therefore we concentrate on

the repetition of {a} only. We summarise all the observations in the following table as:
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Sr. Cardinality Cardinality Repetition of | Number Total number
No. of set © of subset of | {a} for calcu- | of subsets | of repetitions
(€] lating belief of | containing of {a}
subset {a}
1 n=1 | 1 | I =30
2 n=2 1 1 1
2 1+1 1 5 =5
3 n=3 1 1 1
2 1+1 2
3 1+2+1 1 9 =32
4 n=4 1 1 1
2 1+1 3
3 14241 3
4 14+34+3+1 1 g7 =488
5 n=>5 1 1 1
2 1+1 4
3 14241 6
4 1+3+3+1 4
5 1+44+6+4+1 1 gL =

From the above table, we can generalize our formula as If |©| = n then the total number
of repetitions of {a} is 3"~ 1. Therefore 3 , - Bel(4) = 371 >ia)co m({a}).
Also, we have noticed that in any discrete probability distribution, the sum of probabil-

ities of singleton sets is 1 [1] and the sum of cardinalities of © is n2"~1, where n = |©| (5).

Therefore basic probability number for singleton set is m({a}) = pz(;[fi) [6]. Hence,

Y mifa)) = gy 3 pal) = g 1= ey

{a}€© {a}€O®
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Finally, Z Bel(A) =31 Z m({a})

ACO {a}€© (8)

s S
ot =) -

_ an—1

7 The Summation of Commonality Functions of all sub-
sets of ©

Theorem 7.1. If the cardinality of discernment frame © is n then the summation of com-

n—1
monality functions of all its subsets is ZAQG) q(4) = 2(5) , provided basic probability
assignment m : 2° — [0,1] 4s defined by m(A) = gffi, where A is the subset of © and p(A)

is the probability of A by the discrete probability distribution under study.

Proof: We apply principle of generalization on |©].
Case 1:|0]| =1

Let © = {a}.

> a(4) = ¢@ +q({a}) =1+ m({a}) =1+ 1-m({a}
ACe
Case 2:|0| =2

Let © = {a,b}.

> a4 = a(® +a({a}) + a({b}) + a({a,b})

P
— 14 m({a}) + m({a, b)) + m((8}) + m({a,b}) + m({a,b})
— 14 m({a}) +m({a}) + m({b})
(b)) + m({a}) + m({b}) + m({a}) + m({(B)) ®)
— 144 {m({a}) + m({E})}
—144-(1/2)

=3
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Case 3:|©| =3

Let © = {a,b,c}.

> a(4) = a® + a{a}) + a({b}) + a({e})

ACO

+a({e,b}) +a({a,c}) + g({b, e} + a({a, b, ¢})

=14+ m({a}) +m({a,b}) + m({a,c}) + m({a,b,c})
+m({b}) +m({a,b}) +m({b, c}) + m({a,b,c})
+m({e}) +m({a,c}) + m({b,c}) + m({a,b,c})
+m({a,b}) + m({a,b,c}) + m({a, c}) + m({a,b,c})
+m({b,c}) + m({a, b,c}) + m({a,b,c})

=14+ m({a}) +m({a}) + m({b})

+m({a}) +m({c}) + m({a}) + m({b}) + m({c})
+m({b}) +m({a}) +m({b})

+m({b}) +m({c}h) + m({a}) + m({b}) + m({c})
+m({e}) + m({a}) +m({c})

+m({b}) +m{c}) + m({a}) + m({b}) + m({c})

(10)

+m({a}) +m({b}) +m({a}) + m({b}) +m({c})
+m({a}) +m({c}) + m({a}) + m({b}) + m({c})
+m({b}) +m({c}) + m({a}) + m({b}) + m({c})
+m({a}) +m({b}) +m({c})

=1+14-{m({a}) + m({8}) + m({c})}
—1+14-(1/4)

— 18/4.

Here we have observed that every singleton set is repeated the same number of times.
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Therefore WOLG, we concentrate on the repetition of a singleton set {a}. We will classify

according to cases:

1 subset of © contains {a} directly and
2 subset of © contains {a} indirectly.
We summarise it in the following table as:
Sr, Cardinality Cardinality | Total no. of | No. of sub- | Total no. | Total Directly
No. of set © of  subset | repetition sets do mot | repetitions | no. of | + Indi-
of © con-| of {a} for| containing | of {a} for | repeti- | rectly
taining calculating {a} calculating | tions
{a} commonality common- of {a}
of subset ality of
subset
1 n=1 1 1 0 0 1 140
2 n=2 1 2 1 1 3
3 2 1 0 0 1 341
4 n=23 1 4 2 4 8
5 2 4 1 1 5
6 3 1 0 0 1 9+5

By analogy of above procedure for |0 = 4 1.e © = {a,b,c,d}, we get

Y a(4) =1+ 46 {m({a}) + m({b}) + m({c}) + m({d})}.

ACO

and for |©| =5 1e © = {a,b,c,d, e}, we get

Y a(A) =1+ 146 - {m({a}) +m({b}) + m({c}) + m({d}) + m({e})}.

ACO

and for |©| =6 i.e © = {a,b,¢,d,e, [}, we get

> a(4) =1+ 454 {m({a}) +m({b}) + m({c}) + m({d}) + m({e}) + m({f})}.

ACO
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By observing the above results, we get the relation:

Yoad)=1+K-{> m{a}k

ACO {a}€®
Now we will see the nature of K. For this purpose, we summarize some values of K as

follows:

8] =n: 01 2 3 45 6 7

K: 0 1 4 14 46 146 454  1394.

Values of K are written as:

0=0
1=140

=% ed ¢4

14=442+2+1+2+1+1+1 (11)

46=84+4+4+2+4+2+24+1+4+44+44+2424+24+1+1

146=16+84+84+44+84+4+4+2+8+4+4+2+4+2+241
+44+2424+14+24+1+14+14+24+1+1+1.

Here, in values of K, values obtained by subsets of ©, containing {a} are written in

boldface numbers, and values obtained by subsets of ©, not containing {a} are written in

usual numbers. These values of K are written for different values of n as,
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1=1
4=3+1
14=9+3+2(1)
46 =27+9+2(3+2+1)
146 =81 4+27+2(9+2-3+4-1)

454 =243+ 81 +2(27+2-9+4-3+8-1).

Therefore we have a formula, for |©] = n,

n—3 n—3
Pn — 37’1—1 _|_ 3?1—2 _|_ 2(2 22‘377/—3—2') — 4 . 3?1—2 _|_ 2(2 2i3n—3—i)
=0 =0

n—1
Now, we have for || = n, ZA(;@ Bel(A) = (g) and

n—3
D) =1+@-3"2+2(> 213",
ACO i=0
18024900, 2N
2n—1

ks
n2n—1

=1+

1 n—2__2n—2

= Qn—l

1
2n—1

1
2n—1

1
Zn—l
2.3
= 2n—1

3
n—1 n—2
@432 4 2 —)

27’1—1 + 4 N 3?7.—2 _'_ 2 . 32’1—2 _ 2 N 2?’1—2)

(@1 +3"2(4+2) 2" ) (12)

3"72(6))

(32)

o (3
3n—1

= QHZT
3 n—1

~2(5)
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Remark: If the cardinality of discernment frame © is n then the relation between the
summadtion of belief functions and summation of commonality functions of all its subsets is
1

Yay =2 =2 Y Bei(a), (13)

ACO ACO

provided basic probability number m : © — [0, 1] defined by m(4) = g?(fz, where p(4) is

probability of A by discrete probability distribution under study.

8 The Summation of Plausibility Functions of all sub-

sets of ©

Theorem 8.1. If the cardinality of discernment frame © is n then the summation of plau-

stbility functions of all its subsets is EAQG) Pl4) =271 & z:fz_ll (n_l) (1—277), provided

T

p(A)

n=1 where A is the

basic probability assignment m : 2° — [0,1] is defined by m(A) =

subset of © and p(A) is the probability of A by the discrete probability distribution under

study.

Proof: We apply the principle of generalization on |O)|.
Case 1:|0| =1
Let © = {a}.
Y PUA) = PUB) + Pi({a}) = 0+ m({a}) = 1-m({a}.
ACe
Case 2:|0| =2

Let © = {a,b}.
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S PU(A) = PI@) + Pi({a}) + PI({b}) + Pi({a,b})

Ace
=0+ m({a}) + m({a,b}) + m({b}) + m({a,b})
+m({a}) +m({b}) +m({a,b})
=m({a}) + m{{a}) +m({b})
+m({b}) + m({a}) +m({b})
+m({a}) +m({b}) +m{a}) +m({b})

=5+ {m({a}) + m({b}))
_sied) | rith),

(14)

_ st rd),

=5-(1/2)
=5/2 = 10/4.
Case 3:|0| =3

Let © = {a,b,c}.
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3" Pi(A) = pl(B) + Pi({a}) + PI({b}) + Pi({c})

ice
+ Pl({a,b}) + Pi({a,c}) + Pi({b,c} + Pi({a,b,c})
=m({a}) + m({a,b}) + m({a, c}) + m({a,b,c})
+ m({b}) + m({a,b}) + m({b,c}) + m({a,b,c})
+m({ch) +m{a,c}) + m({b,c}) + m({a,b,c})
+m({a}) + m({b}) + m({a,b}) + m({a,b,c})
+m({a}) + m({c}) + m({a,c}) + m({a,b,c})
+m({b}) + m({c}) + m({b,c}) + m({a,b,c})
+m({a}) + m({b}) + m({c}) +m({a,b})
+m({a,c}) + m({b,c}) + m({a,b,c})
=m({a}) + m({a}) +m({b})
+m({a}) +m{c}) + m{{a}) + m({b}) +m({c})
+ m({b}) + m({a}) + m({b})
+m({8}) +m({c}) + m({a}) + m({b}) + m({c})
+m({c}) +m{{a}) + m({c})
+m({b}) +m({c}) + m({a}) + m({b}) + m({c})
+m({a}) + m({b}) + m({a}) + m({b})
+m({a}) +m{c}) + m{{b}) + m({c}) + m({a}) + m({b}) + m({c})
+m({a}) + m({c}) + m({a}) + m({b})
+m({a}) + m({c}) + m({b}) + m({c}) + m({a}) + m({b}) + m({c})
+m({b}) + m({c}) + m({a}) + m({b})
+m({a}) +m({c}) + m({b}) +m({c})
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> Pi(4) =23 {m({a}) + m({b}) + m({c})}

ACO

+m({a}) +m({b}) +m({c})
+m({a}) +m({b}) +m({c}) + m({a}) + m({b})

+m({a}) +m({c}) + m({b}) + m({c})

+m({a}) +m({b}) +m({c})

g, (2eh) , 20

4

N p(ic})}

_ g5, () D) £ )

=23.(1/4)

=23/4.

(15)

Here, every singleton set is repeated the same number of times therefore WOLG, we con-

centrate on the repetition of {a}. Now we have the formula:

We summarise the values of K in the following table as:

S PUA) =K (Y mi{a)

{a}€©

ACO

Sr. 9| > Pl > rayco m{a}) Multiplier
No. K

1 1 1 1 1

2 2 10/4 2/4 5

3 3 69/12 3/12 23

4 4 404/32 4/32 101

Now we inspect pattern of K as repetition of {a} directly (i.e. presence of {a} in subset of

© while calculating sum of plausibilities all subset of © ) and indirectly (i.e. absence of {a}

in subset of © while calculating sum of plausibilities all subset of © ) in the following table as:
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Sr. 9| Cardinality | Total no. of | No. of sub- | Total no. | Total | Directly
No. of  subset | repetitions sets do mot | repetitions | no. of | + Indi-
of © con-| of {a} for | containing | of {a} for | repeti- | rectly
taining calculating {a} calculating | tions
{a} plausibility plausibility | of {a}
of subset of subset
1 n=1 1 1 0 0 1 140
2 n=>2 1 2 1 J 3
3 2 2 0 0 2 441
4 n=23 1 4 2 4 8
5 2 8 1 3 11
6 3 4 0 0 4 1647

Now, we will write the pattern of K differently:

O] Pattern of K
1 1=1
2 5=242+41

3 28=4+4+4+4+4+24243

4 101 =8+4+8+4+8+8+8+8+8+8+4+44+44+64+6+647.

In above table, we have written repetitions of {a} by subsets of & containing {a} (i.e.

directly) by boldface numbers and repetitions of {a} by subsets of # not containing {a} (i.e.

indirectly) by usual face numbers. From above observations and results from Hall‘s book [4]

and Jolley‘book [5], we have generalized formula for K as: for |©] = n,
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K = 2n—1(2n—1) g (TLI 1) . 2n—2 g (TL; 1) (Zn—Q 5 2n—3)

+ (n 3 1) RS gee | gy (n ' 1) @2+ 2n P 2r 4 2

o oo o (Z:i) (zn—2+2n—3++2n—(n—1)+2n—n)

r+1

n—1
-1
:2n—1 n—1 n n—gq
@+ Y (") e
r=1 g=2
n—1 n 1 r=41
— 2n—1 2n—1 2n—1 u - 21—q
@ H+2mt Y () ;

r=1
41

n—1
-1
-y, T (’n ) ) 3oty
r=1 g=2

=p-lggn-l.4. § (n B 1) (1-2"7)}

»
, Therefore, the formula for summation of plausibilities of all subsets of © is

S PA) =K (Y m({a})

ACe {a}eo

g " n—1 S| 'r'-‘,—ll #
__Hn— n— —
—rite 3 (MU Yy

=2

q
| 21—(7‘+2) _ 21—2
51 _1

(- - - geometric series sum) (16)

9 Conclusion

In this paper, We have very important results about the summation of cardinalities of all

subsets of a given set, the relation between the sum of beliefs, and the sum of commonal-
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ities of all subsets of the discernment frame. Also, we have obtained formulae for the sum
of beliefs, commonalities, and plausibilities which are dependent only on the cardinality of

subsets of the discernment frame.

10 Applications

For any set, the belief function and plausibility function are the lower and upper bounds of
the probability function respectively. Every statistical quantity is dependent on probability
function and statistical quantities represent medical parameters. For the statistical quan-
tities consisting of the summation of probabilities of all subsets of a given set of interest,
the summation of belief functions and summation of plausibility functions are helpful in ob-
taining the lower and upper bounds of such statistical quantities hence medical parameters
representing them. In almost all phenomenons viz. pollution, growth, and decay; all sub-
sets of the set of interest are involved hence the summation of belief functions, probability
functions, and plausibility functions become important in further analysis of the statistical

quantities consisting of the summation of probabilities of all subsets of a given set of interest.
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