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Abstract : 

In this article  we use Taylor,s formula to approximate expression in terms of expectation and variance simultaneously with 

probability density function in 𝑳𝒑, 𝟎 < 𝒑 < 𝟏. 

 

1.1.Introduction 

If 𝐗 is a random variable, have probability density function 

𝒇: [𝒂, 𝒃] → 𝑹. We know that the expectation of the random variable 𝐗 is  

𝑬(𝑿) = ∫ 𝒕𝒇(𝒕)𝒅𝒕.
∞

 

Therefore, the variance of the random vaiable 𝑿 is 

𝝈𝟐 = ∫(𝒕 − 𝑬(𝑿)𝒇(𝒕)𝒅𝒕)𝟐 = 𝑬(𝑿𝟐)

𝒃

𝒂

− (𝑬(𝑿))𝟐 

In our  article we use these inequalities to approximate (estimate) expectation and variance with measurable probability density 

functions, in the aid of Taylor,s formula. 

 

1.2. The Main Results 

To prove our main theorem we need the following auxiliary Lemmas 

Lemma 1.2.1:[2] 

∫ (𝒃 − 𝒕)
𝒃

𝒂

(𝒕 − 𝒂)𝒇(𝒕)𝒅𝒕 = |𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿), 𝒕 ∈ [𝒂, 𝒃] 

Lemma 1.2.2.[1] 

If 𝒑 < 𝒒, then  

(∑ |𝒙𝒊|
𝒒

∞

𝒊=𝟏
)

𝟏
𝒒
≤ (∑ |𝒙𝒊|

𝒑
∞

𝒊=𝟏
)

𝟏
𝒑
. 

Now let us introduce our main Theorem. 

Theorem 1.2.3 

Let 𝐗 be a random variable defined on [𝐚, 𝐛] with the probability density function 𝒇: [𝒂, 𝒃] → 𝑹 belongs to 𝑳𝒑[𝒂, 𝒃], 𝒑 < 𝟏.Then 

we have, 

|𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) ≤ 𝒄(𝒃 − 𝒂)
𝟐+𝒑−

𝟏
𝒑‖𝒇‖𝒑,  

𝟎 < 𝒑 < 𝟏,where c is a positive constant. 

 

Proof   
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Since  

∫ (𝒃 − 𝒕)
𝒃

𝒂

(𝒕 − 𝒂)𝒇(𝒕)𝒅𝒕 ≤ ∫ (𝒃 − 𝒂)𝟐
𝒃

𝒂

|𝒇(𝒕)|𝒅𝒕 

= (𝒃 − 𝒂)𝟐 ∫ |𝒇(𝒕)|𝒅𝒕,
𝒃

𝒂
                                                            (1) 

Now 

Let 𝒕𝟏 < 𝒕𝟐 < 𝒕𝟑 < ⋯ < 𝒕𝒏 be a partition for [𝒂, 𝒃], 𝒂 = 𝒕° , ∆=
𝒃−𝒂

𝒏
 , 

𝒕𝟏 = 𝒂 +
𝒃 − 𝒂

𝒏
, 𝒕𝟐 = 𝒂 +

𝟐(𝒃 − 𝒂)

𝒏
,… , 𝒕𝒏 = 𝒂 +

𝒊(𝒃 − 𝒂)

𝒏
. 

This implies, 

∫𝒇(𝒕)𝒅𝒕 ≅∑𝒇(𝒕𝒊)
𝒃 − 𝒂

𝒏

𝒏

𝒊=𝟏

𝒃

𝒂

, [𝟓𝟒]                                                (𝟐) 

If 𝒑 < 𝟏, by using Lemma 1.2.2 and (2), we get 

∫𝒇(𝒕)𝒅𝒕 ≤ (∫|𝒇(𝒕)|
𝟏
𝒑

𝒃

𝒂

)

𝒑𝒃

𝒂

≤ 𝒄(∑|𝒇(𝒕𝒊)|
𝟏
𝒑

𝒏

𝒊=𝟏

𝒃 − 𝒂

𝒏
)

𝒑

 

By using Holder inequality when 𝒒 > 𝟏, 𝒌 > 𝟏 and 
𝟏

𝒒
+
𝟏

𝒌
= 𝟏, we get 

 

∫𝒇(𝒕)𝒅𝒕 ≤

𝒃

𝒂

𝒄(𝒃 − 𝒂)𝒑((∑|𝒇(𝒕𝒊)|
𝒒
𝒑

𝒏

𝒊=𝟏

)

𝒑
𝒒

(∑|
𝟏

𝒏
|
𝒌𝒏

𝒊=𝟏

)

𝒑
𝒌

) 

≤ 𝒄(𝒃 − 𝒂)𝒑((∑|𝒇(𝒕𝒊)|
𝒒
𝒑

𝒏

𝒊=𝟏

)

𝒑
𝒒

∑
𝟏

𝒏𝒌

𝒏

𝒊=𝟏

) , 𝒌 > 𝟏 

≤ 𝒄(𝒃 − 𝒂)𝒑((∑|𝒇(𝒕𝒊)|
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑 𝟏

𝒏𝒌−𝟏
) 

Assume  
𝟏

𝒑
= 𝒌 − 𝟏, then 

∫𝒇(𝒕)𝒅𝒕 ≤

𝒃

𝒂

𝒄(𝒃 − 𝒂)𝒑

(𝒃 − 𝒂)
𝟏
𝒑

((∑|𝒇(𝒕𝒊)|
𝒑

𝒏

𝒊=𝟏

(𝒃 − 𝒂)

𝒏
)

𝟏
𝒑

) 

≤
𝒄(𝒃 − 𝒂)𝒑

(𝒃 − 𝒂)
𝟏
𝒑

(

 
 
(∫|𝒇(𝒕𝒊)|

𝒑

𝒃

𝒂

)

𝟏
𝒑

)

 
 

 

                            ≤
𝒄(𝒃 − 𝒂)𝒑

(𝒃 − 𝒂)
𝟏
𝒑

‖𝒇‖𝒑 .                                          (𝟑) 

Thus  

∫ (𝒃 − 𝒕)
𝒃

𝒂

(𝒕 − 𝒂)𝒇(𝒕)𝒅𝒕 ≤ 𝒄(𝒃 − 𝒂)
𝟐+𝒑−

𝟏
𝒑  ‖𝒇‖𝒑 

Then by repeating of using of (𝟐), we get, 

∫ (𝒃 − 𝒕)
𝒃

𝒂

(𝒕 − 𝒂)𝒇(𝒕)𝒅𝒕 ≤ (𝒃 − 𝒂)
𝟐+𝒑−

𝟏
𝒑‖𝒇‖𝒑. 

Then by using Lemma 1.2.1 , we get, 
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|𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) ≤ (𝒃 − 𝒂)
𝟐+𝒑−

𝟏
𝒑   ‖𝒇‖𝒑, 

𝟎 < 𝒑 < 𝟏                                                                                       ∎ 

Theorem 1.2.4 

Let 𝐗 be a random variable defined in [𝐚, 𝐛] with the probability density function 𝐟: [𝐚, 𝐛] → 𝐑 belongs to 𝐋𝐩[𝐚, 𝐛], 𝐩 < 𝟏.Then 

we have, 

||𝐛 − 𝐄(𝐗)||𝐄(𝐗) − 𝐚| − 𝛔𝟐(𝐗) −
(𝐛 − 𝐚)𝟑

𝟔
| ≤

(𝐛 − 𝐚)

𝟐
((𝐚 + 𝐱)𝟐 + (𝐛 + 𝐱)𝟐‖𝐟(𝐭)‖𝐩) +

(𝐛 − 𝐚)𝟑

𝟔
 

Proof 

Recall pre-Gruss inequality when 𝟎 < 𝒑 < 𝟏 

|
𝟏

𝒃 − 𝒂
∫𝒉(𝒕)𝒈(𝒙, 𝒕)𝒅𝒕 − ∫𝒉(𝒕)

𝒃

𝒂

𝒃

𝒂

𝒅𝒕
𝟏

𝒃 − 𝒂
∫𝒈(𝒙, 𝒕)𝒅𝒕

𝒃

𝒂

| 

≤
𝟏

𝟐
{(𝒂 + 𝒙)𝟐 + (𝒃 + 𝒙)𝟐‖𝒉(𝒕)‖𝒑} + |∫𝒉(𝒕)𝒅𝒕

𝟏

𝒃 − 𝒂
∫𝒈(𝒙, 𝒕)𝒅𝒕

𝒃

𝒂

𝒃

𝒂

| (𝟒) 

Put 𝒉(𝒕) = 𝒇(𝒕), 𝒈(𝒙, 𝒕) = (𝒃 − 𝒕)(𝒕 − 𝒂), in (4), we get. 

|
𝟏

𝒃 − 𝒂
∫𝒇(𝒕)(𝒃 − 𝒕)(𝒕 − 𝒂)𝒅𝒕 − ∫𝒇(𝒕)

𝒃

𝒂

𝒃

𝒂

𝒅𝒕
𝟏

𝒃 − 𝒂
∫(𝒃 − 𝒕)(𝒕 − 𝒂)𝒅𝒕

𝒃

𝒂

| 

≤
𝟏

𝟐
((𝒂 + 𝒙)𝟐 + (𝒃 + 𝒙)𝟐‖𝒇(𝒕)‖𝒑) + |∫𝒇(𝒕)𝒅𝒕

𝟏

𝒃 − 𝒂
∫(𝒃 − 𝒕)(𝒕 − 𝒂)𝒅𝒕

𝒃

𝒂

𝒃

𝒂

| .               (𝟓) 

Now let us compute ∫ (𝒃 − 𝒕)
𝒃

𝒂
(𝒕 − 𝒂)𝒅𝒕 

∫ (𝒃 − 𝒕)
𝒃

𝒂

(𝒕 − 𝒂)𝒅𝒕 

= ∫(𝒃𝒕 − 𝒂𝒃 − 𝒕𝟐 + 𝒂𝒕)𝒅𝒕 =
𝒕𝟑

𝟑
−𝒂𝒃𝒕 −

𝒕𝟑

𝟑
+
𝒂𝒕𝟐

𝟐
|
𝒂

𝒃𝒃

𝒂

 

= (
𝒃𝟑

𝟐
− 𝒂𝒃𝟐 −

𝒃𝟑

𝟑
+
𝒂𝒃𝟐

𝟐
) − (

𝒂𝟐𝒃

𝟐
− 𝒃𝒂𝟐 −

𝒂𝟑

𝟑
+
𝒂𝟑

𝟐
) 

= (
𝟑𝒃𝟑 − 𝟔𝒂𝒃𝟐 − 𝟐𝒃𝟑 + 𝟑𝒂𝒃𝟐

𝟔
) − (

𝟑𝒂𝟐𝒃 − 𝟔𝒃𝒂𝟐 − 𝟐𝒂𝟑 + 𝟑𝒂𝟑

𝟔
) 

=
(𝒃𝟑−𝟑𝒂𝒃𝟐)−(𝒂𝟑−𝟑𝒃𝒂𝟐)

𝟔
=
𝒃𝟑−𝟑𝒂𝒃𝟐+𝟑𝒃𝒂𝟐−𝒂𝟑

𝟔
=
(𝒃−𝒂)𝟑

𝟔
                 (𝟔)  

Then using (6) to complete our estimate in (5). Also we have ∫ 𝒇(𝒕)𝒅𝒕 = 𝟏
𝒃

𝒂
, we obtain 

 

|
𝟏

𝒃 − 𝒂
∫𝒇(𝒕)(𝒃 − 𝒕)(𝒕 − 𝒂)𝒅𝒕 −

(𝒃 − 𝒂)𝟑

𝟔
  

𝒃

𝒂

| 

≤
𝟏

𝟐
((𝒂 + 𝒙)𝟐 + (𝒃 + 𝒙)𝟐‖𝒇(𝒕)‖𝒑) +

(𝒃 − 𝒂)𝟐

𝟔
 .  

Then, 

|∫𝒇(𝒕)(𝒃 − 𝒕)(𝒕 − 𝒂)𝒅𝒕 −
(𝒃 − 𝒂)𝟑

𝟔
  

𝒃

𝒂

| 

≤
(𝒃 − 𝒂)

𝟐
((𝒂 + 𝒙)𝟐 + (𝒃 + 𝒙)𝟐‖𝒇(𝒕)‖𝒑) +

(𝒃 − 𝒂)𝟑

𝟔
, 
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Now  by  using Lemma 1.2.1 , we get, 

||𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) −
(𝒃 − 𝒂)𝟑

𝟔
| ≤ 

(𝒃 − 𝒂)

𝟐
((𝒂 + 𝒙)𝟐 + (𝒃 + 𝒙)𝟐‖𝒇(𝒕)‖𝒑) +

(𝒃 − 𝒂)𝟑

𝟔
                     ∎ 

Corollary 1.2.4 

||𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) −
(𝒃 − 𝒂)𝟑

𝟔
| ≤ (𝒃 + 𝒂)𝟑(𝟏 + ‖𝒇‖𝒑) 

 

 

Proof: 

Since, 

By using Theorem 1.2.4, we get, 

||𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) −
(𝒃 − 𝒂)𝟑

𝟔
| ≤ 

(𝒃 − 𝒂)

𝟐
((𝒂 + 𝒙)𝟐 + (𝒃 + 𝒙)𝟐‖𝒇(𝒕)‖𝒑) +

(𝒃 − 𝒂)𝟑

𝟔
≤ (𝒃 + 𝒂)𝟑(𝟏 + ‖𝒇‖𝒑)                                              ∎ 

Theorem 1.2.5 

Let 𝐗 be a random variable defined in [𝐚, 𝐛] with the probability density function 𝒇: [𝒂, 𝒃] → 𝑹.If 𝒇, �́� ∈ 𝑳𝒑[𝒂, 𝒃], 𝒑 < 𝟏,then we 

have, 

|𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) ≤ 𝟐
𝟏
𝒑
+𝟑
𝒃
𝟒
𝒑‖�́�‖

𝒑
, 𝟎 < 𝒑 < 𝟏 

Proof: 

Recall the "Pre-Chebychev  inequality" 

|
𝟏

𝒃 − 𝒂
∫𝒇(𝒙)𝒈(𝒙)𝒅𝒙 −

𝟏

𝒃 − 𝒂
∫𝒇(𝒙)

𝒃

𝒂

𝒃

𝒂

𝒅𝒙
𝟏

𝒃 − 𝒂
∫𝒈(𝒙)𝒅𝒙

𝒃

𝒂

| ≤ 

(𝒃 − 𝒂) ‖�́�‖
𝒑
|

𝟏

(𝒃 − 𝒂)
∫|𝒈(𝒙)|𝟐𝒅𝒙 − (

𝟏

(𝒃 − 𝒂)
∫|𝒈(𝒙)|

𝒃

𝒂

𝒅𝒙)

𝒑𝒃

𝒂

|

𝟏
𝒑

       (𝟕) 

In (7) put 𝒈(𝒙) = (𝒕 − 𝒂)(𝒃 − 𝒕), we get 

|
𝟏

𝒃 − 𝒂
∫𝒇(𝒕)(𝒕 − 𝒂)(𝒃 − 𝒕)𝒅𝒕 −

𝟏

𝒃 − 𝒂
∫𝒇(𝒕)

𝒃

𝒂

𝒃

𝒂

𝒅𝒕
𝟏

𝒃 − 𝒂
∫(𝒕 − 𝒂)(𝒃 − 𝒕)𝒅𝒕

𝒃

𝒂

| 

≤ (𝒃 − 𝒂) ‖�́�‖
𝒑
|

𝟏

(𝒃 − 𝒂)
∫|(𝒕 − 𝒂)(𝒃 − 𝒕)|𝟐𝒅𝒕 − (

𝟏

(𝒃 − 𝒂)
∫|(𝒕 − 𝒂)(𝒃 − 𝒕)|

𝒃

𝒂

𝒅𝒕)

𝒑𝒃

𝒂

|

𝟏
𝒑

                  (𝟖) 

Since  

∫|(𝒕 − 𝒂)(𝒃 − 𝒕)|

𝒃

𝒂

𝒅𝒕 =
(𝒃 − 𝒂)𝟑

𝟔
,∫𝒇(𝒕)𝒅𝒕

𝒃

𝒂

= 𝟏. 

And  

∫|(𝒕 − 𝒂)(𝒃 − 𝒕)|𝟐𝒅𝒕 = ∫(𝒕 − 𝒂)𝟐(𝒃 − 𝒕)𝟐𝒅𝒕 =

𝒃

𝒂

(𝒃 − 𝒂)𝟓

𝟑𝟎

𝒃

𝒂

. 

Then (8) become, 
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|
𝟏

𝒃 − 𝒂
∫𝒇(𝒕)(𝒕 − 𝒂)(𝒃 − 𝒕)𝒅𝒕 −

(𝒃 − 𝒂)

𝟔

𝒃

𝒂

| ≤ 

(𝒃 − 𝒂) ‖�́�‖
𝒑
|

𝟏

(𝒃 − 𝒂)
∫
(𝒃 − 𝒂)𝟓

𝟑𝟎
𝒅𝒕 − (

(𝒃 − 𝒂)𝟐

𝟔
)

𝒑𝒃

𝒂

|

𝟏
𝒑

. 

Then, 

|∫𝒇(𝒕)(𝒕 − 𝒂)(𝒃 − 𝒕)𝒅𝒕 −
(𝒃 − 𝒂)𝟐

𝟔

𝒃

𝒂

| ≤ 

(𝒃 − 𝒂)𝟐 ‖�́�‖
𝒑
|[
(𝒃 − 𝒂)𝟒

𝟑𝟎
− (

(𝒃 − 𝒂)𝟐

𝟔
)

𝒑

]|

𝟏
𝒑

 

By using Lemma 1.2.1, we get 

||𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) −
(𝒃 − 𝒂)𝟐

𝟔
| ≤ 

(𝒃 − 𝒂)𝟐 ‖�́�‖
𝒑
|[
(𝒃 − 𝒂)𝟒

𝟑𝟎
− (

(𝒃 − 𝒂)𝟐

𝟔
)

𝒑

]|

𝟏
𝒑

, 

This implies, 

 

||𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) −
(𝒃 − 𝒂)𝟐

𝟔
| ≤ 

(𝒃 − 𝒂)𝟐 ‖�́�‖
𝒑
𝟐
𝟏
𝒑
−𝟏
((
(𝒃 − 𝒂)𝟒

𝟑𝟎
)

𝟏
𝒑

+
(𝒃 − 𝒂)𝟐

𝟔
) 

≤ (𝒃 − 𝒂)𝟐 ‖�́�‖
𝒑
𝟐
𝟏
𝒑
−𝟏

(

  
 
𝟐
𝟒
𝒑
−𝟏
(𝒃

𝟒
𝒑 + 𝒂

𝟒
𝒑)

𝟑𝟎
𝟏
𝒑

+
𝟐

𝟔
(𝒃𝟒 + 𝒂𝟒)

)

  
 

 

       ≤ (𝒃 − 𝒂)𝟐 ‖�́�‖
𝒑
𝟐
𝟏

𝒑
−𝟏
(𝒃

𝟒

𝒑 + 𝒂
𝟒

𝒑 + 𝒃𝟒 + 𝒂𝟒) 

           ≤ (𝐛 − 𝐚)𝟐 ‖�́�‖
𝐩
𝟐
𝟏
𝐩
−𝟏
(𝐛

𝟒
𝐩 + 𝐚

𝟒
𝐩 + 𝐛

𝟒
𝐩 + 𝐚

𝟒
𝐩) 

           ≤ (𝒃 − 𝒂)𝟐 ‖�́�‖
𝒑
𝟐
𝟏
𝒑 (𝒃

𝟒
𝒑 + 𝒂

𝟒
𝒑) 

         ≤ 𝟐(𝒃𝟐 + 𝒂𝟐) ‖�́�‖
𝒑
𝟐
𝟏
𝒑 (𝒃

𝟒
𝒑 + 𝒂

𝟒
𝒑) 

        ≤  𝟐
𝟏
𝒑
+𝟐
(𝒃

𝟒
𝒑 + 𝒂

𝟒
𝒑) ‖�́�‖

𝒑
 

       ≤  𝟐
𝟏
𝒑
+𝟑
𝒃
𝟒
𝒑‖�́�‖

𝒑
, 

Then ,we get 

||𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) −
(𝒃 − 𝒂)𝟐

𝟔
| ≤ 𝟐

𝟏
𝒑
+𝟑
𝒃
𝟒
𝒑‖�́�‖

𝒑
    ∎ 

Lemma 5.2.7[4] 
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If 𝒈, 𝒉, �́�  ∈ 𝑳𝟏[𝒂, 𝒃], then 

|
𝟏

𝒃 − 𝒂
∫𝒉(𝒕)𝒈(𝒕)𝒅𝒕 −

𝟏

𝒃 − 𝒂
∫𝒉(𝒕)

𝒃

𝒂

𝒃

𝒂

𝒅𝒕
𝟏

𝒃 − 𝒂
∫𝒈(𝒕)𝒅𝒕

𝒃

𝒂

|

𝟐

≤ 

(
𝒃 − 𝒂

𝝅
)

𝟐

∫|�́�|
𝟐
[
𝟏

𝒃 − 𝒂
∫𝒈(𝒕)𝟐𝒅𝒕 − (

𝟏

𝒃 − 𝒂
∫𝒈(𝒕)

𝒃

𝒂

𝒅𝒕)

𝟐𝒃

𝒂

]

𝒃

𝒂

 

Is Pre-Lupas inequality, when 𝒈, 𝒉 and  �́� ∈ 𝑳𝟐[𝒂, 𝒃]  

Now let us generalize Pre-Lupas  inequality for 𝑳𝒑[𝒂, 𝒃], 𝒑 < 𝟏 spaces. 

Theorem 1.2.8 

If 𝒈, 𝒉, �́�  ∈ 𝑳𝒑[𝒂, 𝒃], 𝟎 < 𝒑 < 𝟏, then  

|
𝟏

𝒃 − 𝒂
∫𝒉(𝒕)𝒈(𝒕)𝒅𝒕 −

𝟏

𝒃 − 𝒂
∫𝒉(𝒕)

𝒃

𝒂

𝒃

𝒂

𝒅𝒕
𝟏

𝒃 − 𝒂
∫𝒈(𝒕)𝒅𝒕

𝒃

𝒂

| ≤ 

𝒄(𝒃 − 𝒂)
𝒑−
𝟏
𝒑

𝝅
‖�́�‖

𝒑
(

𝟏

𝒃 − 𝒂
∫𝒈(𝒕)𝟐𝒅𝒕 − ∫𝒈(𝒕)𝒅𝒕

𝒃

𝒂

𝒃

𝒂

) 

Where c is a positive constant. 

Proof  

By using Lemma 1.2.7 and (2) we get, 

|
𝟏

𝒃 − 𝒂
∫𝒉(𝒕)𝒈(𝒕)𝒅𝒕 −

𝟏

𝒃 − 𝒂
∫𝒉(𝒕)

𝒃

𝒂

𝒃

𝒂

𝒅𝒕
𝟏

𝒃 − 𝒂
∫𝒈(𝒕)𝒅𝒕

𝒃

𝒂

| ≤ 

𝒄(𝒃 − 𝒂)

𝝅
(∑

𝒃− 𝒂

𝒏

𝒏

𝒊=𝟏

|𝒉(𝒕𝒊)́ |
𝟐
)

𝟏
𝟐

(
𝟏

𝒃 − 𝒂
∫𝒈(𝒕)𝟐𝒅𝒕 − ∫𝒈(𝒕)𝒅𝒕

𝒃

𝒂

𝒃

𝒂

) 

Then using (3) secondly, we get 

|
𝟏

𝒃 − 𝒂
∫𝒉(𝒕)𝒈(𝒕)𝒅𝒕 −

𝟏

𝒃 − 𝒂
∫𝒉(𝒕)

𝒃

𝒂

𝒃

𝒂

𝒅𝒕
𝟏

𝒃 − 𝒂
∫𝒈(𝒕)𝒅𝒕

𝒃

𝒂

| ≤ 

𝒄(𝒃 − 𝒂)

𝝅
‖�́�‖

𝒑
(

𝟏

𝒃 − 𝒂
∫𝒈(𝒕)𝟐𝒅𝒕 −∫𝒈(𝒕)𝒅𝒕

𝒃

𝒂

𝒃

𝒂

)                             ∎ 

Collorally 1.2.9 

||𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) −
(𝒃 − 𝒂)𝟑

𝟔
| ≤

𝒄(𝒃 − 𝒂)
𝟓+𝒑−

𝟏
𝒑

𝟔𝝅
(
𝒃 − 𝒂

𝟓
− 𝟏) ‖�́�‖

𝒑
 , 

where c is a positive constant. 

Proof 

Put 𝒉(𝒕) = 𝒇(𝒕), 𝒈(𝒙) = (𝒕 − 𝒂)(𝒃 − 𝒕) in Theorem 1.2.8, we get 

|
𝟏

𝒃 − 𝒂
∫𝒇(𝒕)(𝒕 − 𝒂)(𝒃 − 𝒕)𝒅𝒕 −

𝟏

𝒃 − 𝒂
∫𝒇(𝒕)

𝒃

𝒂

𝒃

𝒂

𝒅𝒕
𝟏

𝒃 − 𝒂
∫(𝒕 − 𝒂)(𝒃 − 𝒕)𝒅𝒕

𝒃

𝒂

| ≤ 

𝒄(𝒃 − 𝒂)
𝒑−
𝟏
𝒑

𝝅
‖�́�‖

𝒑
(

𝟏

𝒃 − 𝒂
∫[(𝒕 − 𝒂)(𝒃 − 𝒕)]𝟐𝒅𝒕 − ∫(𝒕 − 𝒂)(𝒃 − 𝒕)𝒅𝒕

𝒃

𝒂

𝒃

𝒂

)                                              (𝟗) 

By using Lemma 1.2.1, we get 
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∫ (𝒃 − 𝒕)
𝒃

𝒂

(𝒕 − 𝒂)𝒇(𝒕)𝒅𝒕 = |𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿), 

Since   

∫ (𝒕 − 𝒂)𝟐(𝒃 − 𝒕)𝟐
𝒃

𝒂
𝒅𝒕 =

(𝒃−𝒂)𝟓

𝟑𝟎
 and ∫ 𝒇(𝒕)𝒅𝒕

𝒃

𝒂
= 𝟏. 

Also, 

∫ (𝒃 − 𝒕)
𝒃

𝒂

(𝒕 − 𝒂)𝒅𝒕 =
(𝒃 − 𝒂)𝟑

𝟔
, 

So ,( 9) implies, 

||𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) −
(𝒃 − 𝒂)𝟑

𝟔
| ≤

𝒄(𝒃 − 𝒂)
𝟐+𝒑−

𝟏
𝒑

𝝅
‖�́�‖

𝒑
(
(𝒃 − 𝒂)𝟒

𝟑𝟎
−
(𝒃 − 𝒂)𝟑

𝟔
). 

Then , we get, 

||𝐛 − 𝐄(𝐗)||𝐄(𝐗) − 𝐚| − 𝛔𝟐(𝐗) −
(𝒃 − 𝒂)𝟑

𝟔
| ≤

𝒄(𝒃 − 𝒂)
𝟓+𝒑−

𝟏
𝒑

𝟔𝝅
(
𝒃 − 𝒂

𝟓
− 𝟏)‖�́�‖

𝒑
 ,                            

where c is a positive constant                                                                ∎ 

Theorem 1.2.10 

Let 𝐗 be a random variable with the probability density function 𝒇: [𝒂, 𝒃] → 𝑹.If 𝒇 ∈ 𝑳𝒑
𝒏[𝒂, 𝒃] = {𝒇: [𝒂, 𝒃] → 𝑹, 𝒇, 𝒇(𝒏) ∈

𝑳𝒑
𝒏[𝒂, 𝒃], 𝟎 < 𝒑 < 𝟏},then we have  

||𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) −∑
(𝒊 + 𝟏)(𝒃 − 𝒂)𝒊+𝟏𝒇(𝒊)(𝒂)

(𝒊 + 𝟑)!

𝒏

𝒊=𝟎

| ≤
𝒄

𝒏!
‖𝒇(𝒏+𝟏)‖

𝒑

(𝒃 − 𝒂)(𝒏+𝟏)𝒑+𝟑

(𝒏𝒑 + 𝟐)(𝒏𝒑 + 𝟑)
, 

where c is an absolute constant. 

 

Proof 

The Taylor,s formula  with integral remainder [13] is 

𝑓(𝑡) = ∑
(𝑡 − 𝑎)𝑛

𝑖!

𝑛

𝑖=0

𝑓(𝑖)(𝑎) +
1

𝑛!
∫(𝑡 − 𝑠)𝑛𝑓(𝑛+1)(𝑠)

𝑡

𝑎

𝑑𝑠  

𝑡 ∈ [𝑎, 𝑏]                                                                                                     (10) 

By using Lemma1.2.1 and (10), we have 

|𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) 

= ∫ (𝑏 − 𝑡)
𝑏

𝑎

(𝑡 − 𝑎) [∑
(𝑡 − 𝑎)𝑛

𝑖!

𝑛

𝑖=0

𝑓(𝑖)(𝑎) +
1

𝑛!
∫(𝑡 − 𝑠)𝑛𝑓(𝑛+1)(𝑠)

𝑡

𝑎

𝑑𝑠] 𝑑𝑡, 

 

=∑
(𝑡 − 𝑎)𝑛

𝑖!

𝑛

𝑖=0

𝑓(𝑖)(𝑎)∫ (𝑏 − 𝑡)
𝑏

𝑎

(𝑡 − 𝑎)𝑑𝑡 +
1

𝑛!
[∫ (𝑏 − 𝑡)

𝑏

𝑎

(𝑡 − 𝑎)∫(𝑡 − 𝑠)𝑛𝑓(𝑛+1)(𝑠)

𝑡

𝑎

𝑑𝑠] 𝑑𝑡      (11) 

Using the transformation 𝑡 = (1 − 𝑢)𝑎 + 𝑢𝑏, 𝑡 ∈ [𝑎, 𝑏] 

If 𝑡 = 𝑎, then 

𝑎 = (1 − 𝑢)𝑎 + 𝑢𝑏 

𝑎 = 𝑎 − 𝑎𝑢 + 𝑢𝑏 

0 = 𝑢(𝑏 − 𝑎). 

This implies, 𝑢 = 0 where 𝑡 = 𝑎. 

Similarly, 

If 𝑡 = 𝑏, we obtain 𝑢 = 1. Also, 𝑑𝑡 = (𝑏 − 𝑎)𝑑𝑢, 
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∫ (𝑡 − 𝑎)𝑖+1
𝑏

𝑎

(𝑏 − 𝑡)𝑑𝑡 = (𝑏 − 𝑎)𝑖+3∫𝑢𝑖+1(1 − 𝑢)

1

0

𝑑𝑢 =
1

(𝑖 + 2)(𝑖 + 3)
 

By using (11), we deduce that, 

|𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) 

=∑
𝟏

(𝒊 + 𝟐)(𝒊 + 𝟑)

(𝒃 − 𝒂)𝒊+𝟏𝒇(𝒊)(𝒂)

𝒊!

𝒏

𝒊=𝟎

+
𝟏

𝒏!
[∫ (𝒃 − 𝒕)

𝒃

𝒂

(𝒕 − 𝒂)∫(𝒕 − 𝒔)𝒏𝒇(𝒏+𝟏)(𝒔)

𝒕

𝒂

𝒅𝒔] 𝒅𝒕    

This implies, 

||𝑏 − 𝐸(𝑋)||𝐸(𝑋) − 𝑎| − 𝜎2(𝑋) −∑
(𝑖 + 1)(𝑏 − 𝑎)𝑖+1𝑓(𝑖)(𝑎)

(𝑖 + 3)!

𝑛

𝑖=0

| 

≤
1

𝑛!
∫ (𝑏 − 𝑡)
𝑏

𝑎

(𝑡 − 𝑎) |∫(𝑡 − 𝑠)𝑛𝑓(𝑛+1)(𝑠)

𝑡

𝑎

𝑑𝑠| 𝑑𝑡             (12) 

Since 

|∫(𝑡 − 𝑠)𝑛𝑓(𝑛+1)(𝑠)

𝑡

𝑎

𝑑𝑠| ≤ ∫|𝑡 − 𝑠|𝑛|𝑓(𝑛+1)(𝑠)|

𝑡

𝑎

𝑑𝑠. 

Then by using  (3),this implies, 

|∫(𝑡 − 𝑠)𝑛𝑓(𝑛+1)(𝑠)

𝑡

𝑎

𝑑𝑠| ≤ 𝑐(𝑏 − 𝑎)
𝑝−
1
𝑝 (∫|𝑡 − 𝑠|𝑝𝑛|𝑓(𝑛+1)(𝑠)|

𝑝

𝑡

𝑎

𝑑𝑠)

1
𝑝

, 

Then , we get, 

|∫(𝒕 − 𝒔)𝒏𝒇(𝒏+𝟏)(𝒔)

𝒕

𝒂

𝒅𝒔| ≤ 𝒄(𝒃 − 𝒂)
𝒑−
𝟏
𝒑|𝒕 − 𝒔|𝒑𝒏‖𝒇(𝒏+𝟏)‖

𝒑
,  

𝟎 < 𝒑 < 𝟏.                                                                                                       (𝟏𝟑) 

Put (13) in (12), we get, 

||𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) −∑
(𝒊 + 𝟏)(𝒃 − 𝒂)𝒊+𝟏𝒇(𝒊)(𝒂)

(𝒊 + 𝟑)!

𝒏

𝒊=𝟎

| 

≤
𝒄(𝒃 − 𝒂)

𝒑−
𝟏
𝒑

𝒏!
‖𝒇(𝒏+𝟏)‖

𝒑
∫ (𝒃 − 𝒕)
𝒃

𝒂

(𝒕 − 𝒂)𝒑𝒏+𝟏𝒅𝒕.         (𝟏𝟒) 

Assume 𝒕 = (𝟏 − 𝒖)𝒂 + 𝒖𝒃.  

So 

 

 

||𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) −∑
(𝒊 + 𝟏)(𝒃 − 𝒂)𝒊+𝟏𝒇(𝒊)(𝒂)

(𝒊 + 𝟑)!

𝒏

𝒊=𝟎

| 

≤
𝒄(𝒃 − 𝒂)

𝒑−
𝟏
𝒑

𝒏!
‖𝒇(𝒏+𝟏)‖

𝑷
(𝒃 − 𝒂)𝒏𝒑+𝟑∫ 𝒖𝒏𝒑+𝟏(𝟏 − 𝒖)

𝟏

𝟎

𝒅𝒖 

          ≤
𝒄(𝒃−𝒂)

𝒑−
𝟏
𝒑

𝒏!
‖𝒇(𝒏+𝟏)‖

𝒑

(𝒃−𝒂)𝒏𝒑+𝟑 

(𝒏𝑷+𝟐)(𝒏𝑷+𝟑)
 

  =
𝒄

𝒏!
‖𝒇(𝒏+𝟏)‖

𝒑

(𝒃−𝒂)
(𝒏+𝟏)𝒑+𝟑−

𝟏
𝒑 

(𝒏𝑷+𝟐)(𝒏𝑷+𝟑)
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This implies, 

||𝒃 − 𝑬(𝑿)||𝑬(𝑿) − 𝒂| − 𝝈𝟐(𝑿) −∑
(𝒊 + 𝟏)(𝒃 − 𝒂)𝒊+𝟏𝒇(𝒊)(𝒂)

(𝒊 + 𝟑)!

𝒏

𝒊=𝟎

| ≤
𝒄

𝒏!
‖𝒇(𝒏+𝟏)‖

𝒑

(𝒃 − 𝒂)
(𝒏+𝟏)𝒑+𝟑−

𝟏
𝒑 

(𝒏𝑷 + 𝟐)(𝒏𝑷 + 𝟑)
  

≤
𝒄

𝒏!
‖𝒇(𝒏+𝟏)‖

𝒑

(𝒃 − 𝒂)(𝒏+𝟏)𝒑+𝟑 

(𝒏𝑷 + 𝟐)(𝒏𝑷 + 𝟑)
 

where c is absolute constant.                                                                            ∎ 
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