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Abstract :

In this article we use Taylors formula to approximate expression in terms of expectation and variance simultaneously with
probability density functionin L,,0 <p < 1.

1.1.Introduction
If X is a random variable, have probability density function
f:la, b] > R.We know that the expectation of the random variable X is

EX) = j tf(tdt.

Therefore, the variance of the random vaiable X is
b
o* = [t~ BOf@de? = EX®) - B2
a

In our article we use these inequalities to approximate (estimate) expectation and variance with measurable probability density
functions, in the aid of Taylors formula.

1.2. The Main Results
To prove our main theorem we need the following auxiliary Lemmas
Lemma 1.2.1:[2]

b
f (b—1t)(t—a)f(t)dt = |b— EX)||E(X) — a| — 6*(X), t € [a,b]

Lemma 1.2.2.[1]

If p < g, then
1

(5 ) (5 ).

Now let us introduce our main Theorem.
Theorem 1.2.3

Let X be a random variable defined on [a, b] with the probability density function £ [a, b] — R belongs to L, [a, b],p < 1.Then
we have,

1
b — EQO|IEX) — al — 62(X) < c(b — )" ?|f,,

0 < p < 1,where c is a positive constant.
Proof
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Since
b b
f (b— 1) (t— a)f(D)dt < f b - a)? |f@®)ldt
= (b—a)? [} If(®)ldt, @)

Now

Lett; <t, <tz < - <t,beapartition for [a, b],a = t., A= b;—a,

b 2(b — i(h —
t1=a+—a,t2=a+ ( a),...,tn=a+l( a).
n n n
This implies,
b n
f(t)dt~2f(t)b_a 54 2
[ rwde=y r@)>—2 154 @)
a i=1

If p < 1, by using Lemma 1.2.2 and (2), we get

b b 1 L4 n 1p_ p
[ rae < ( | If(t)lf’> <c (Zvaoﬁ - “)
a a i=1

By using Holder inequality when g > 1,k > 1 and % + % =1, we get

p

b n q /M 1 k %
Jf(t)dt <c(b - a)? (Zlf(tz)|%> (Z |;| )
J i=1 i=1
<c(b—ay (Zm)lv)
1
n P 1
<c(b-a)? (Zlf(ti)|p> k1
i=1

r
1 1
nk

=

k>1

1l
=N

i

Assume % =k — 1, then

1

b—a)| (< b—a)\’
j fwar <= (Zvaav’( n‘”)
i=1

(b — a)
1
b — a)’ ’
Loy ( f |f(t,)|P>
(b — a)l’ a
b —
PGP 3)
(b — a)p

Thus

b
f (b—10) (t - Df@©)dt < c(b - a)* ™ I£ll,

Then by repeating of using of (2), we get,

2+

b 1
f (b0 (t - fOdt < (b — &) PFll,

Then by using Lemma 1.2.1 , we get,
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|b— EX)||EX) — al — 6*(X) < (b~ cl)2+p_"l £l
0<p<1 [
Theorem 1.2.4
Let X be a random variable defined in [a, b] with the probability density function f: [a,b] — R belongs to Ly[a, b], p < 1.Then
we have,
(b—a)
6

(b—)

a3
(b-a)7)_ ((a+x)2+(b+x)2||f(t)||p)+

6

Ib—EX)IEX) —al —6*(X) -

Proof
Recall pre-Gruss inequality when 0 < p < 1

b b b
1 1
mfh(t)g(x, t)dt— fh(t) dtmfg(x, t)dt

b b
<5 {@+ 07+ G+ 22Ol + | hode;— [ g oarl @

Put h(t) = f(t),g(x,t) = (b — t)(t — a), in (4), we get.

1 b b 1 b
mff(t)(b - t)(t—a)dt - ff(t) dtmf(b —t)(t—a)dt

b b
<5 (@+ 07+ G+ 22Ol + | [ F0at— [6-ve-ad  ©)

Now let us compute fab(b —t) (t —a)dt
b
f (b—1t)(t—a)dt

t3 £ at?|
— _ _ 42 - _ 4
= f(bt ab — t* + at)dt 3 abt 3 + 2|

B b3 b b3_|_ab2 a’h ba? a3+a3
“\2 3 2 2 3 2

3 (3b3 — 6ab? — (Sazb — 6ba?

6 6

_(b®-3ab?)—(a®-3ba?) _ b3-3ab?+3ba’-a® _ (b-a)3
6 6 6

2b% + 3ab2> —2a® + 3a3>

(6)

Then using (6) to complete our estimate in (5). Also we have fab f(t)dt = 1, we obtain

(b —a)®
6

1 b
-y f F@O b — )t — a)dt -

_ 2
((a +2)% + (b + 02 f®l,) + ———— ¢ a)

Then,

(b —a)?
6

[ ro®-o¢-aae-

(b—a) (b —a)?
<——(@+x)?+ B +D?f©Ol,) + ——
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Now by using Lemma 1.2.1, we get,

b — 3
b~ EGOIECD) — al - 200 - 22 <
— _ 3
CD @+ 02+ b+ 220fO,) + 22 .
Corollary 1.2.4
b — 3
b~ EGOIIED —al o200 ~ T2 < b + (1 +111,)

Proof:
Since,
By using Theorem 1.2.4, we get,

5 (b —a)?®
|b— E(X)||EXX) — a| —o°(X) — 3 <

(b -a) a?’

(b —
((@+ 0%+ b +22lfOll,) +
Theorem 1.2.5

Let X be a random variable defined in [a, b] with the probability density function f: [a,b] - R.If f,f € L,[a, b],p < 1,then we
have,

< (b +a)?+Ifll,) n

1 4
Ib— EX)|IEX) — a] — 6%(X) < 25+3b5||f||p,0 <p<1

Proof:
Recall the "Pre-Chebychev inequality"

1 ’ d 1 ’ d 1 ’ dx| <
o | F@dn - = [ fe dxy— [ x| <

P
®-a|fl, ‘(— f lg(x)|2dx — <(b f lg()| dx) @)
In(7) put g(x) = (t —a)(b — t), we get
1 [ 1 1
mff(t)(t —a)(b — t)dt — mjf(t) dtmj(t —a)(b —t)dt
1
1 I
f|(t— @b - BlPdt - <(b — [1e-a@ -0 dt) ®)
Since
[ (b - a)®
[Ie-a®-o1ae === ff(t)dt_l
And
i [ (b— )
fl(t —a)(b— ©)|dt = f(t — a)2(b — t)%dt = 30a .
Then (8) become,
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(b-a)

<

1 b
[ roe-ao - oar-

1
P

b
1 (b — a)® b - a)?\’
(b—a)f 30 dt_( 6 ) '

-l

Then,

(b -a?| _

b
[ roe-a®-nac-

1
P

(b-a)* ((b-a)?\
2 ()]

By using Lemma 1.2.1, we get

b -a?||f],

(b — a)? -

|b — EXOIEX) — al — a*(X) -

1
P

b - a2 |,

)

b-a)t ((b-a)?\
w (5]

This implies,

(b — a)?

Ib—EXIEX) — al — 0*(X) —

1
P (b—a)*\P (b —a)?
-2 (g + )

——

4.,/ & 4
2p (bl’+a1’>

Lo L 2 !
<(b-a)? ||f||p2p _— g(b4 +ah
307
S PV S
< (b -a)||f] 2 (br +ar + b* + a4>
o 14/ 4 4 N
< (b-a)? ||f||p2p (bp +aP 4+ bP + al’)
. 1/ 4 4
< ®-a?|f] 27 (bP . al’>
. 1/ 4 4
<202 +a?) |f]] 27 (bP ; al’>
4 4
< 2p (bp + al’> 7]l
1 4

< 22| f]| ,

Then ,we get
b—a)?| 1,54
‘|b ~ ECONE) - al - 0200 — ¢ 6“) <22 pP|f], =

Lemma 5.2.7[4]
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Ifg,h, h € Ly[a, b], then
2

<

b b b
1 1 1
m[ h(t)g(t)dt - mf h(t) dtmf g(t)dt

azb,z 1 ’ 1 K :
) f|h| b_afy(t)zdt—<mfg(t) dt)

a
Is Pre-Lupas inequality, when g, h and h € L,[a, b]
Now let us generalize Pre-Lupas inequality for L,[a, b], p < 1 spaces.
Theorem 1.2.8

Ifg, hh € L,[a,b],0 <p <1,then
b

b b
1 1 1

b
(b—a)yp g ;
C
T”h”p (b = af g(n*dt - fy(t)dt>

a

<

a

Where ¢ is a positive constant.
Proof
By using Lemma 1.2.7 and (2) we get,

<

b b b
1 1 1
m.’- h(t)g(t)dt - mf h(t) dtmf g(t)dt

1
b-a)(wb-a, . N[ 1 | ’
‘-9 (Z n“|h(t,)|2> (m [ o@rac- | g(t)dt>

i=1

Then using (3) secondly, we get
b

b b
1 1 1
mf h(t)g(t)dt - m[ h(t) dtmf g(t)dt

a

b-
-9 a) —— I, <b Jg(t)zdt—jg(t)dt> -

Collorally 1.2.9

<

(b — a)?
6

1
cb-a)’" P b—a ,
= ( 5 1) ”f”p'

‘Ib—E(X)IlE(X)—M—UZ(X)_ 6m

where c is a positive constant.
Proof
Put h(t) = f(t),g(x) = (t —a)(b — t) in Theorem 1.2.8, we get

b b b
ﬁff(t)(t— a)(b - t)dt—ﬁff(t) dtﬁf(t— a)(b — t)dt| <

b —
iU IIfII,, (b f [t~ a)(b — )]at - f t-a)b- t)dt) ©

By using Lemma 1.2.1, we get
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b
f (b - 1) (t — a)f(Odt = b — EX)||EX) — al — 6*(X),

Since
[t —a?®-p?de =" “’ and [ f(t)dt = 1.
Also,

b _ 3
f b0t —aydt =2 6“) ,
So,(9) implies,

b-a®| cb-a)t" )¢ (b-a)
b - EGOIEX) - al - o) - L= < SO Py ( o 09 )
Then , we get,
5 (b —a)3 - c(b— a)5+p_% b—a ,
b~ ECOIEX) - al — 6 (%) - | < =2 ———(Z==-1)|If].

where c is a positive constant [
Theorem 1.2.10

Let X be a random variable with the probability density function f: [a, b] - R.If f € Lj[a, b] {f [a,b] > R, f,f™ €
L2[a, b],0 < p < 1},then we have

i+ Db - ) fO(a) <€

n b — (n+1)p+3
b - EQOIECO - al - 62(0) - ) ¢ T3 S | o
i=0

p(np+2)(np + 3)

where c is an absolute constant.

Proof
The Taylors formula with integral remainder [13] is

F©) = Z( L@+t f (6= )" (s) ds

t € [a,b] (10)
By using Lemmal.2.1 and (10), we have
Ib—EXIEX) — al — o*(X)

=fb(b—t)(t—a)[zn:
a i=0

— n . 1 t
(t i!a) f(‘)(a) +Ef(t _ S)nf(n+1)(s) dS] dt,

n
(t-—a)"
0!

i=0

b
f(i)(a)f (b—1t)(t—a)dt +%

. ¢
J b-t)t—-a) J(t — )t (s) ds‘ dt (11)

Using the transformation t = (1 — u)a + ub, t € [a, b]
If t = a, then

a=1—-wa+ub

a=a—au+ub

0=u(b—a).

This implies, u = 0 where t = a.

Similarly,
If t = b, we obtain u = 1. Also, dt = (b — a)du,
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1

b
f (t —a)** (b —t)dt = (b — a)'*? J- u (1 —uw) du =

0

(i+2)(i+3)

By using (11), we deduce that,
Ib—EMIEX) — al — a*(X)

n . . t
1 -a)*' fO@@) 1| ° n f(n+1)
This implies,
i+1 a)*1fD(q
b= ECOIIEC) — al = 0*(X) - Z L P
1 (P g
< ;f b-t)(t—a) f(t — )" fH D (5) ds| dt (12)
Since
t t
f(t — )M (5) ds| < flt — s f+D(s)] ds.
Then by using (3),this implies,
t ) t %
f(t — )M () ds| < c(b—a)’ P (flt - slp"|f(”+1)(s)|p ds) ,
Then , we get,
1
J (t =" (s)ds| < c(b— )" Ple—sP||f™0|
0<p<1. (13)
Put (13) in (12), we get,
(i +1)(b—a) 1 fO(a
b= ECOIIEX) —al = *(X) = ) A
i=0
: b
b
& IF@+ ) f (b-0(t—ar*ide  (14)
Assume t = (1 — u)a + ub.
So
(i +1)(b—a) 1 fO(a
b= ECOIIEX) — al - 020 - ) R L
i=0
1 1
b —
C( — ) ||f(n+1)|| (b a)np+3J- unp+1(1 _ u) du
0
< b-ay P a) - m+1)] _(b—a)"Pt3
s ”f o ”p (nP+2)(nP+3)
(n+1)1a+3—1
— S| f@mrn)| G- P
T ”f i ”p (nP+2)(nP+3)
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This implies,

1
+1)(b — @) fD(a) (rpt3

(i+3)!

(b—a)
p(nP + 2)(nP + 3)

C
< 2o

b~ EOIIECD —al ~ 000~
i=0

_ (n+1)p+3
< £ ey B
n! p(nP + 2)(nP + 3)
where c is absolute constant. [
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